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r I MLE present work on Hydromechanics is designed as a 
-L text-book for Scientific Schools and Colleges, and is 
prepared on the same general plan as the author's Analytic 
Mechanics, which it is intended to follow. Like the Ana- 
lytic Mechanics, it involves the use of Analytic Geometry 
and the Calculus, though a geometric. proof has been intro- 
duced wherever it seemed preferable. 

The book is divided into two parts, namely. Hydrostatics 
and* Hydrokinetics. The former is subdivided into three, 
and the latter into four chapters ; and at the ends of the 
chapters a large number of examples is given, with a view 
to illustrate every part of the subject. Many of these ex- 
amples were prepared specially for this work, and are prac- 
tical questions in hydraulics, etc., taken from every-day life. 

In writing this treatise, the aim has been to enunciate 
clearly the fundamental principles of the theory of Hydro- 
mechanics, to explain some of the most important applica- 
tions of these principles, and to render more general the 
study of this interesting science, by presenting as simple a 
view of its principles as is consistent with scientific accu- 
racy. Throughout the work a careful distinction has been 
made between those propositions which are necessarily true, 
being deduced from the definitions and axioms of the sub- 
ject^ and thpgo r^sult^ wbkU ?i$^ ev!CL^\Tv^"?5K. 
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IV PREFACE, 

In an elementary work of this kind there is not room for 
much that is new. I have drawn freely upon the writings 
of many of the best authors. The works to which I am 
principally indebted, and which are here named for con- 
venience of reference by the student, are those of Besant, 
Lamb, Kankine, Boucharlat, Weisbach, Cotterill, Bland, 
Jamieson, Fanning, Pratt, Renwick, Stanley, Tate, Descha- 
nel, Bossut, d'Aubuisson, Poncelet, Eytelwein, Prony, 
Starrow, Goodeve, Galbraith, Gregory, Twisden, Bartlett, 

Wood, Smith, Olmsted, Morin, Humphreys and Abbot, 
Fairbairn, Colyer, Barrow, and the Encyclopaedia Britan- 

nica. 

My thanks are again due to my friend and former pupil, 
Mr. R. W. Prentiss, of the Nautical Almanac Office, and 
formerly Fellow in Mathematics at the Johns Hopkins 
University, for reading the MS. and for valuable sugges- 
tions. 

B. A. B. 
BxTTGERS College, 
New Brunswick, N. J., April, 1886. 
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PART I. 

HYDROSTATICS 



CHAPTER I. 

EQUILIBRIUM AND PRESSURE OF FLUIDS. 

1. Definitions.— Hydromechanics is the science wliich 
treats of the equilibrium and motion of fluids. It is accord- 
ingly divided into two parts, Hydrostatics and Hydrokinetics. 

Hydrostatics treats of the equilibrium of fluids. 

HydroJcinetics treats of the motion of fluids. 

The object of the science of Hydrostatics is to detennine 
the equilibrium and pressure of fluids, the nature of the 
action which fluids exert upon one another and upon bodies 
with which they are in contact, and the weight and pressure 
of solids immersed in them, and to explain and classify, 
under general laws, the different phenomena to which they 
give rise. 

2. Tliree States of Matter.— Bodies exist in three 
different states, depending upon the manner in which their 
particles are held together. They are either solid or fluid ; 
and the latter are either liquid or gaseous. 

Solid bodies are those whose particles are held together so 
firmly that a certain force i^ nece^sas:^ \ft 0M6jDL^Sic>sis.^ss«sjj 



3 ,1 PEBFECT FLUID. 

or to prodiice a separation of their particles. If a solid be! 
reduced to the finest powder, still each grain of the powder i 
is a solid body, and its particles are held together in a de- I 
terminate shape. 

Fluids are bodies, the poeitiou of wJiosc particles in ref-ij 
erence to one another is changed by the smallesfc force. 
The distinguishing property of a fluid is the perfect facil- - 
ity with which its piirticlea move among one another, and 
as a consequence its readiness to change its form under the _ 
influence of the slightest effort. 

Fluids are of two kinds, UqniiJs and ijases. In a liquid"} 
there is a perceptible cohesion among its particles; but in , 
a <}as the particlea nintually repel one another. Every solid' , 
body possesses a peculiar form of its own, and a definite 
volume; liquids have only a definite volume, but no pecu- 
liar ■form ; and gases have neither one nor the other. If » j 
liquid, sncli as water, be poured into a tumbler, it will lid. \ 
at the bottom, and will be separated by a distinct surFaca ] 
from the air above it; but if ever so small u quantity of ^cu 
be introduced into an empty and closed vessel, it will im- 
mediately expand so as to fill tije whole vessel, and will 
exert some amount of pressure upon the interior surface. 

3. A Perfect Fluiil. — Fluids differ from each other in 
the degree of cohesion of their particles, and the facility 
with which they will yield to the action of a force. Many 
bodies which are met with in nature, such as water, mer- 
' cury, air, etc., possess the properties of fluids in an eminent 
ee, while others, such as oil, tallow, the sinips, etc., 
possess a less degree of fluidity. The former are called 
perfect fiuida, and the latter viscous or imperfect fiuids. 
In this work, only perfect fluids will be considered. 

.'/ perfect fiitUl is an aggregation of pavtirlen which 
!/iel<l at once to the slightest effort made to separate ' 
't from one another. 



DIRECTION OF PRESSURE, 3 

Fluids are divided into two classes, incompressible and 
compressible. The former are sometimes called inelastic 
and the latter elastic fluids. 

Incompressible fluids are those which retain the same 
volume under a variable pressure. Compressible fluids are 
those in which the volume is diminished as the pressure 
upon it is increased, and increased as the pressure upon it 
is diminished. 

The term incompressible cannot strictly be applied to 
any body in nature, all being more or less compressible. 
But on account of the enormous power required to change, 
in any sensible degree, the volumes of liquids, they are 
treated in most of the researches in hydrostatics as incom- 
pressible or inelastic fluids. It was shown by Canton, in 
1761, that water under a pressure of one atmosphere, L «., 
of about one ton on each square foot of surface, undergoes 
a diminution of forty-four millionths of its total volume.* 
All liquids are therefore regarded as incompressible. Water, 
mercury, wine, etc., are generally ranged under this class. 
The gases are highly compressible, such as air and the dif- 
ferent vapors. 

4. The Direction of the Pressure of a Fluid on 

a Surfacet — If an indefinitely thin plate be made to di- 
vide a fluid in any direction, no resistance will be offered 
to the motion of the plate in the direction of its plane, i, e., 
there will be no tangential resistance of the nature of fric- 
tion, such, for instance, as would be exerted if the plate were 
pushed between two flat boards held close to each other. 
Hence the following fundamental property of a fluid is 
obtained from its definition : 

The pressure of a fluid is always normal to any sur- 
face ivith which it is in contact. 

* Galbraith^s Hydrostatics ; Gregory^s Hydrostatics. 

The compressibility of water per atmosphere at 8° C, as ©ivetL Usk En^x&\*! 
UhUe ana Physical OonstoMs, is 4SA isM\\\oTi\Xxa. 'aci'^i ,^t\\.,0^^,"SSN-Oi««6S^- 
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MEASURE OF FRESbVliE. 



5. Solidifying a Fluid.— 7/ a mass of fluid be 
rest, any portion of it may he supposed to become 
solid ud-thoiit affecting its et/uitibrimn or the pressure 
of the surrounding fluid. 

For tliere will be no alteration in the forces acting on the 
Huid, and the action between the solidified portion and the 
rest of the fluid, or between the Bolidified portion and any 
surface with which it may be in contact, will still be nor- 
mal to il« surface (Art. 4) ; therefore the equilibrium of the 
solid can be conaidereil as uiaintained by the external forces 
which act uiwu it, and the pressure of the i-emaiuing fluid. 

This pruposition enables us to employ the principles of 
statics in the discussiou of the equilibrium uf fluid& 

6. Measure of the Pressure of Fluids. — The press- 
ure of a fluid on a ]ilane is measured, when uniform over 
the plane, by the force exerted on a unit of area. Consider 
a mass of fluid at ■'est under the action of any forces, 
and let A be the area of a plane surface in contact with the 
fluid, and P the force which is required to counterbalance 
the action of the fluid upon A. Then it the action of the 



the area A, and this is usually represeiiled hy p. 

If the ])ressurc be variable, as, for instance, on the verti- 
cal side of a vessel, it must be considered as varying con- 
tinuously from point to point of the area A, and the pressure 
at any point is moaanred by that which would be exerted on 
a unit of area, supposing the pressure over the whole unit 
to bo exerted at the same rate as at the point considered. 
If we suppose the area A, and the pressure P, to diminish 
indefinitely, the jjressure may l>e regarded as uniform on the 

iufiuitesimiil area ilA, and we shall have -r-. =^) to express 

the rale of pressure at the point considered. 
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PRESSURE TSE SAME IX EVERY DIRECTION. 

By the rate of pressure at a jmnt is meant tiie force 
which would be exerted on a unit of ai-ea, if the rate ol 
pressure over the unit were uuiform and the same aa at the 
point considered. J 



J. The Pressure at any Point of a Fluid at Rest 
is the same in every Direction. — By this statement is 
meant that, if at any point of a fluid, there bo placed a small 
pluue area containing the puiut, the pressure of the fluid 
upon the plane at that point will be independent of the posi- 
tion of the plane. 

This is the most important of the characteriatic properties 
of a fluid. It is often established by experiments; it maj 
however, be deduced, independently of experiments, in tl 
following manner ; 

Ijet a small tetrahedron of fluid be supposed solidified 
(Art. 5) ; then it is kept at rest by the pressures on its faces, 
which are always normal {Art. 4), and by the impressed * 
forces on its mass. The jiresaures on the faces depend on 
the areas of tlie faces, and the impressed forces depend on 
the volume and density. Wlien the flnid is considered 
homogeneous, the former forces vary as the square, and the 
latter vary as tlie cube of one of the edges of the solid ; sup- 
posing thereforc the solid to be indefinitely diminished, 
while it always retains a similar form, the latter forces, 
being small quantities of the third order, vanish in com- 
parison with tlie pressures on the faces, 
whicli are small quantities of the second 
order; and lience these pressures form 
a system of foi-ces in equilibrium. 

Let p, p^ be the rates of pressure 
{Art. 6) on the faces, ABD, BCD, and 
resolve these forces parallel and per|)en- 
dicular to tlie edge AC; let {i and y he 
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the aoglca which u. plane perpendicular to AO makes with 
the platies, ABD and BCD, respectively ; then we have 
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^■ABD-coa (3 =^,- BCD -cos y. 



(1) 



But ABD'Cos/S = BCD-cosy = thn projections of the 
areas ABD and BCD on a plane perpendicular to AO; 
therefore (1) h 



And Bimilarly it may be shown that the pressures on 1 
other two faces are each equal to p or p,. As the tetrab^ 
drou may be taken with its faces in any direction, it follow 
that the pressure at any point ia the same in every dire 
tiou.* 

Cor. — Hence the lateral pressure of a Huid at any jwirf 
is eijual to its perpendicular pressure. 

ScH.^ — This property constitutes a remarkable distinotitrf 
between fluids and solids, the latter pressing with thrf 
whole weight in the direction of gravity alone. This prop: 
erty of fluids can be conceived to arise only from the 
trerae facility with which the particles move among t 
another. It is not easy to imagine how this can take plao6a 
if the particles be snpposed to be in immediate contaotg 
they are therefore probably kept at a distance from onj 
another by some repulsive force. 

8. Equal Transmission of Fluid Pressure. — (1) Let 

AB be a tube of uniform boro, and of any shape whatcvi 
flUed with a liquid, and closed at its 
extremities by two pistons A and B, 
which fit the bore exactly, but yet 
can move along it with perfect free- 
dom ; and let the interior of the tube 
be perfectly smooth, so as not to offer the least resistance % 
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the motion of the liquid along it. Then it may be aBsumec 
as Belf-evident, that if any force be applied to the piston A 
perpendicHlar to ite surface, and directed inwards, it \ 
pnBh tiie liquid forward, aud thus produce a pressure on the 
piston B, which will drive it out of the tube, unless there 
be an equal force at B, pusliing in the opposite direction, to 
counteract the force at A aud keep the liquid at rest. Thi^ 
property of liquids is a direct result of experiment. 

(2) Let ABCD i-epreBCnt a closed vessel of any shapf 
filled with a liquid ; let A and B be any two points in thfl^ 
surface of the vessel, and lot two circular holes be made a£| 
these points, having the same area; 
into these let two abort tubes be in- 
serted, each tube eiiteriug-a little way 
into the liquid, aud pi-ovided with a 
piston that fits it accurately, and 
which may move within it with the 
utmost freedom. Now suppose that 
the two orifices, A and B, are couuect- 
ed by a tube of li(]uid AEB, in the interior of the vessel, ( 
uniform bore, and of any form, and imagine all the Jiquidj 
in the vessel, except that contained in the tube, to be solidiJ 
fied. This will not affect the equilibrium (Art. 5). BuIl 
under tlieso circumstances, if a pressure be applied to tbtn 
piston A, and directed inwards, it will, as shown in {IjJ 
above, be transmitted to B, and will I'equire an equal foro 
at B to counteract it aud keep tlie fluid at rest 

If we suppose the piston B, to be taken anywhere on the^ 
surface, it is evident from what has been said that any prosfriS 
nre applied to the piston A wiU - be transmitted to B, andj 
will require an equal pressure at B to counteract i 
also evident that if we have several oiwnings, eacli equal t 
B, closed by pistons, any pressure applied to one piston wilU 
be transmitted undivided to every other piston, and will ' 
require an eijuul pressure at each of those pistuua ta cavs.vi- 
teniet it. The above leasoum^ ^emawaa \iToaj ■»» -kis&msv 




8 EQUILIBRIUM OF FRESSUBES. 

where we suppose the point B to be taken. Hence any 
pressure, applied to the surface of an incompressible 
fluid at rest, is transmitted equally to all parts of the 
fluid and to its whole surface. 

Cor, — If a point E, be within a liquid, the preseure 
trans 111 it led from the piaton A, to a plane surface of given 
ttrea, and haviiig its centre at E, is conatant for every pos- 
sible position of tlie plane, and is always perpendicular 
to it. 



ft. The Pressures on Two Pistons are in Equi- 
Ubriiitu when Proportional to their Areas. — Let 

Fig. 4 represent a vessel with two aperfnres, in which pis- 
tons are fitted ; and let the vessel be 
filled with any liquid. Now, any 
pressure applied to the small piston p. 
will be traasmitted by the liquid to 
the large piston P, so that every por- 
tion or surface in the large piston 
will be pressed upwards witJi the same 
force that an ei^ual portion of surface 
in the aniull piston is pressed down- 
wards (Art. 8). Let a = the area ol' the piston p, A ^ the 
urea of the piston P, p = the whole pressure applied to the 
small piston p, and P = the whole ])resBnre produced upon 
the large piston P; theu, since the whole pressure on the 
large piston is equal to that on the small one taken as many 
times aa the area of the small one is contained in tliat of 
the large, we have for eqnihbriiim, 




Fig. 4 



- P^-\ 



(1) 



That is. two forces applied to pistons which are con- 
nected with each other through the intervention of 
fiimie eofifiiied liquiiA, wiH be in equilibrium when 
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they are directly proportional to the areas of the 
pistons upon which they act. 

This result is wholly independent of the relative dimen- 
sions and positions of the pistons. Let a be the unit of 
area, say a square inch or square foot, then will p be the 
pressure applied to the unit of area, and (1) becomes 

P = pA. (3) 

That is, the pressure transmitted to any portion of the 
surface of the vessel is equal to that applied to the 
unit of surface multiplied hy the area of the surface 
to which the pressure is transm,itted. 

If the area » of the piston P be one square foot, and a 
pressure of 10 lbs. is applied at the piston p, it follows from 
(2) that a pressure of 1440 lbs. will be transmitted to the 
piston P, and this must be counteracted by a pressure of 
1440 lbs. on that piston. Also, the interior of the vessel 
will sustain an outward pressure of 10 lbs. on every square 
inch of its surface. And if the pressure on the piston p, is 
increased till the vessel bursts, the fracture is as likely to 
occur in some other part as in that towards which the force 
is directed. 

CoR. — If in the vessel (Fig. 4) the piston A, be made 
sufficiently large, the pressure transmitted from a to A may 
be increased indefinitely; a very great weight upon A may 
be raised by a small pressure at a, the weight lifted being 
greater in proportion to the size of A, or inversely to the 
size of a. To increase the upward force at A, we must 
enlarge the surface of A or diminish the surface of a, and 
the only limitation to the increase of the force at A will be 
the want of sufficient strength in the vessel to resist the 
increased pressure. 

On this principle, machines of immense mechanical 
power are constructed, which will be described in a future 
chapter. 
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1. If the areii of the pistuii « hu a 3i|iiarL' inch, uutl if ifc 
be presaeil b^ ii force of 25 lbs.. Hud l.liu pressure which wil|y 
be trail am it ted to a Buriaee of 'Ao 8i|nare inches. 

Ans. 875 Iba. 

3. If the area of tlie piston be 3 Hquare inclies, and if t 
pressure on it be 96 Iba,, find tlie pressure which will 1 
traiiBtnitt«d to a surface of 17.5 square iucbes. 

Aug. 560 IbB. 

3. If the area of the piston be 3.5 sq. in., ami if the preea 
lire oa it be 50 lbs., what pressure will this transmit to t 
portion of the surface of the vessel whose shape is cin 
and whose diameter is one foot ? Am. 2261.1)5 li 



10. Pressure of a Litiuid at any Depth.— Thus fai 
only the transmission of external pressures has been 
sidei'ed; we shall now determine the effects of the internal 
pressure due to the weight of the partielcfi of the liquid"! 
itselt 

Iiet DAE be the surface of the ^ 
liquid at rest, and take any point B, ~ 
in the liquid; draw BA yertically to -„"-;. 
the surface, and describe a small cyl- ? . 
inder about BA with its base horizon- V . 
tal. Imagine this cylinder to become -■" 
solid (Art, 5). Then this solid body -^_ 
is at rest nnder its own weight, the ^^-"^ 
' pressure of the fluid on the end B, and '^'°'' , 

the fluid pressures on the curred surface. ' 

The fluid prcaaurea on the curved surface are all horizon- 
tal (Ai't. 4), and the fluid pressure on the end B, and t 
weight of the solid are vertical forces, and each group i 
separately in equilibrium. Hence the fluid pressure on ] 
must be equal to the weight of the solid AB; if a be t 
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area of the base AB =zz, w the weight of a unit of volume, 
and p the pressure at B, we have 

pa = waz; or, p =z wz; (1) 

that is, the pressure at any depth varies as the depth 
below the surface. 

Similarly, let B and C be any two points in the same ver- 
tical line, and let the cylinder BC, be solidified ; then, 
from what has just been shown, the pressures at B and C 
must differ by the weight of the cylinder BC, i. e., the press- 
ure at e is greater than that at B by the weight of a column 
of liquid whose base is equal to the area C, and whose 
height is BC. 

Hence, if p and p' be the pressures at B and C, and 
BC = z, we have 

p'a —pa = waz; or, p' —p = wz ; (2) 

that is, the difference of the pressures at any two points 
varies as the vertical distance between the points. 

CoR. 1. — ^If W be the weight of a mass M, of fluid, then 
(Anal. Mechs., Art. 24), we have 

W=Mg. (3) 

If F be the volume of the mass M, of fluid, and p be its 
density, then (Anal. Mechs., Art. 11), we have 

M= Vp. (4) 

.-. W = gpV, (5) 

For a unit of volume we have F = 1, therefore (5) be- 
comes 

W=gp. 
Prom (1) we have, 

pa = waz = W = gpV ^EtoTa ^^W, 



or, pa := gpnz (since r = ni); (6) 

-■■ P = .'/P^- (') 

CoK. S. — If A be tbe ureu uf the buso of a vessel, h its 
height, and P tlie whole pressure ou the base, wo have, 
from (6), 

P = gphA. (8) 

That is, the pressure of a liquid on any horizontal 
area is equal- to the weight o/' a coluTnn of the liquid 
wJtose base is equal to the area, and whose height is 
equal to the height of the surface of the liquid above 
the area. 

It is evidently immaterial whether the surface pressed is 
that of the huae of the vessel or a horizontal surface of an 
immersed solid. 

CoH. 3. — Since the weight of a cubic foot of water = 1000 
oze, = 03.5 lbs., we have, for the pressure on the bottom 
of any vessel containing water, 

P = 62.5AJ Iba,, (9) 

where A is the height in feet of the surface of the water 
above the base, and A the area of the base in square feet. 

CoK. 4. — The pressure on the base of any vessel is 
independent of the form of the vessel. 

Thus, if a hollow cone, vertex upwards, bo filled with 
water, and if r be tbe radius of the base and !i the height 
of the cone, we have for the pressure on the base, 

P = gpTTT^h [from (8)], 
or, P = 62.5nr»/( [from (9)] ; 

that is, the pressure on the base is the same as if the cone 
were a cylinder of liquid of the same base and height as the 
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cone ; the pressure is three times the weight of the enclosed 
water. 

This increased presanrc on the base is caused by the re- 
action of the cuiTed surface of the cone. Tlie pressare on 
the curved surface consists of an assemblage of forces whose 
vertical components all point downwards and react upon the 
base. 

exampi.e:5. 

I. If a surface of one square inch be placed in a vessel 
completely filled with water, and if the pressure upon it be 
% lbs., what will be the pressure on one square inch placed 
at a level 75 inches lower ? 

Here A = one sqnare inch, A = 75 inches, and F and 
P' are the pressures at the upper and lower points; there- 
fore we have, from (2) and (8), 

P' — P^: 353.5* X 75 ^M 

— 18937.5 grains ^M 

= 2.706 lbs. ^B 
/. P' = 3.705 + 2 = 4.705 Iba. 

3. If the pressure on the upper surface, whose area is a 
cirole of half an inch radius, is 1.5 lbs., find the pressure on 
another circuUr area whose radius is one inch, placed at a 
depth 10 feet lower in the water, Ans. 19.6986 lbs. 

II. The Free Surface of a Liquid at Best is a 
Horizontal Plane.— Let ABCD represent the section of a 
vessel containing a liquid subject to the 
action of gravity; then will its free 
surface be horizontal. For, if the free 
surface is not horizontal, suppose it to 
be the curved line, APB. Take any 
point P, of the surface where the tan- 
gent to the curve is not horizontal ; let ""' ' 
• nwwel^ol one cable tDch of «rUeiU.UntXiiiiM^\nDi'voaUu:«>a.'H 
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the vertical liue PO, be drawn to represent the weight 
the particle of liquid ut P, and resolve this weight iuto two 
componentB PR and PQ, the former perpendicular, and the 
latter parallel to the surface. The first of these is opposed 
by the reaction of the surface ; the second, being unopposed, 
causes the particle to move downwards to a lower level. It 
is evident, therefore, that if the free surface ha one of equi- 
librinm, it must at each point be perpendicular to the direi 
tion of gravity, i. e., it must he horizontal. 

CoK. 1. — Since the directions of gi'avity, acting on 
cleB remote from each otiier, are convergent to the earthV 
centre, nearly, large surfaces of liquids itro not plane, bot 
cnrved, and confonn to the general figure of the earth. 
But, for small areas of surface the curvature cannot be de- 
tected, because the deviation from a plane is infinitesimal, 

CoE. 2. — The pressure of the atmosphere is found to bo 
about 14.73 lbs. to a sfpiare inch, or very nearly 15 lbs, I 
The pressure, therefore, on any given area can be calculated,J 
and if TT be the atmospheric pressure on the unit of area,a 
the pressure at a depth i of a liquid, the surface of which, 
ia exposed to the pressure of the atmosphere, will be, from 
(7)of Art. 10, 

]?=ffpZ+ TT. {1)| 

CoK. 3. — Since the pressures are equal when the depths 
are equal (Art. 10), it follows that the areas of equal press- 
ure are also areas of equal depth ; therefore, since the 
surface of a liquid is a horizontal plane, an area of eqnal 
pressure ia everywhere at the same depth below a horizontol 
plane, i. e., tin area of egual pressure is a Jiorix-ontal 
plane ; and, conversely, the pressure of a, liquid at 
rest at all points of a liorizontal plane is the same. 

Hence it appears that when the pressure on the surface 
of a hquid is either zero or is equal to the constant atmos- 
pheric presaorej all pointa on iUi surface must be in the 
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COMMON SURFACE OF TWO FLUIDS. 



iir 



same homontol plane, evea though the contmuity of thaj 
Kurfaee bo interrupted by the immeraion of solid boclie8,a 
// ntii/ number of vessels, containing the sameM 
liquid, are in com,m,iLnication, the liquid stands a 
the same height in each vessel. 

This aometimeB appeal's tinder the form of the afisertioil 
that liquids maintain their level. 

Reh. — The constraetioQ by which towns are anppli 
with water furnishes a practical lUuBtration of this princi- 
ple. Pipes, leading from a reservoir pkceil ou a height, 
cariy the water, undergronnd or oyer roads, to the tops of 
houses or to any point provided that no portion of a pipe 
higher than the surface of the water in the reservoir. 



12. The Common Surface of Two Fluids— Let ADj 

be the upper surface of the lighter flnid, and BC the ooi 
mon surfactf ,of the two fluids; AU is hori- 
zontal (Art. 11). Let P and Qbe two points 
in the heavier liquid, both equally distant 
from the surface AD, and therefore in the 
same horizontal plane. Draw the vertical 
lines Prt and Q6, meeting the common sur- 
face of the fluids in c and d. Let «• be the 
weight of a unit of volume of the upper fluid, 
and w' that of the lower. 
Then wo have 



I 






at P = w' 
pressure at Q = Mt' 



■cP + w-ac; 
(fQ + wbd. 



Since the pressures at P and Qare equal {Art. 11, Cor. 3), 
they being in the same horizontal plane, we have 

?u'-cP 4- iv-ac ^= 7D'-dQ + w 

But cP + ac = dQ. -V Wl 



I 

ll.Cor.3),^H 
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multiplying (2) by w, and snbtractiug the result from {1^ 
we have 

(w' - w) cV = (m' -= w) d% 

.: cV = rfQ, 

and hence BC ie horizontal. 

That is, the common surface of two fluids that do^ 
not mix is a horizontal plane. 

CoH. — This proposition ia trne, whatever be the numbord 
of fluids; the common surfaces arc nil horizontal, 
therefore, the number he infinite, or the density of the flui 
vary according to any law, the surface of each will still 1 
horizontal.* 



IS. Two Flnids in & Bent Tnte Let A and be| 

the two sni-faccs, B the common surfat'e, 
and p, p' the densities of AB and BC. 
Let z and z' represent the heights of 
the sprfacea A and C, above the com- 
mon surface B, and take B' in the 
denser fluid in the same horizontal 
plane as B. 

Then we have, Fig, s 

the pressure at B = gpz [(7) of Art. 10] ; 

the pressure at B' = gp'^, 

and these are equal (Art. 11, Cor. 3). 




Hence, when two fluids that do not mix together^ 
meet in a bent tube, the heights of their upper 8ur~ f 

• See Sesaut's B^drogtstlce, p. 31 ; kIbo Bluid'a BrdiOBtatIca, p, H. 
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faces above their common sn-rfaee are inversely pro- 
portional to their densities.' 

14. Frrasare on Planes. — To find the pressure on 
a plane area in the form of a rectangle when it is 
jvist immersed in a liquid, with one edge in the 
surface, and its plane inclined at an angle to the 
vertical. 

Let ABCD be a vertical section perpendicular to the plane 
of the rectangle ; then AB is the section of the Burfece of 
the liquid, and AC (= a) ia the 
section of the rectangle, the up- 
per edge b, of the rectangle being 
in the surface of the liqnid per- 
pendicular to AC at A. 

Pass a vertical plane BC, 
through the lower edge of the 
rectangle, and suppose the fluid 

in ABC to become solid. The weight of this solid is sup- 
ported by the plane AC, since the pressure on BC is 
horizontal (Art, 4). Let R be the uormal pressure on the 
plane AC ; resolving R horizontally and vertically, we have, 
for vertical forces. 

Band = weight of ABC 

= gp-iAB-BC-b [(5) of Art. 10] 
= igpa^b sin d cob 9. 

.; R = gpab-^a cos 9; (1) 

that is, the pressure on the rectangle is equal to the 
weight of a column of fluid whose base is the ree- 

• The cninmon bBrameter nuf be considered aa an example o( this pttnelple. 
The air and mercurr are Uie two Bolde. If Ihe Bdnriephere hnd Ihe wme deodt; 
thraURbont ae al the enrface of the eartb. Its heigbt conld be determtned. Fv 
height of mercury In barometer : lieigfal ol ali ;: denaltiot lie '. d«<»ll.i •A'o* 
cnry. A* mercnryfa 10J84 ilmea BB dOnsB » tii.ftia ^iA^ A "iW^BW* 
would be ivm >3I) incbw, or neuly S mUw. 



18 TBE WHOLE PRESSURE. 

tangle, and whose height is equal to the depth ts/'l 
the middle point of the rectangle below the au,r- 
face. 



Cor.— When 8 = 0, (1) I 

li =gpahia (2) J 

= gp (area BC) {depth of middle of BO), 

which is the pressure on the vertical plane BC ; hence thel 
law is the same as for the inclined plane AC. 

15. The Whole Pressure. — The whole pressure of \ 
a fluid on any surface with which it is in oontacfm 
is the sum of the normal pressures on each of ££»■ 
elements. 

If the surface is a plane, the presBure at every point is , 
in the same direction, and the whole pressure is the same 
as the resultant pressure. If it is a curved surface, the 
whole pressure is the arithmetic sum of all the pressures 
acting in various directions over the surface. The follow- 
ing proposition is genera], and applies to curved or plane 
surfaces, for unit area. 

Let S be the surface, and p the pressure at a point of an 
element dS, of the surface. Then 

pdS = the pressure on the element ; (1) 

and since the pressure is the same in every direction (Art 7), I 
p will he the normal pressure on this element, whatever be 
its position or inclination. Hence, 



//''*' 



the whole normal pressure, (2) 

the integration extending over the whole of the surface 
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If gravity be the only force acting on the fluid,* we have, 
from (7) of Art. 10, 

P = gpzy (3) 

z being measured vertically and positive downwards from 
the surface of the liquid. From (2) and (3) we have, 

ffpdS = ffgpz dS. (4) 

Calling H the depth of the centre of gravity of the surface 
8y below the surface of the liquid, we have [Anal. Mechs., 
Art. 84, (1), p and k being constant], 

z-8= J-fzdS, 
which in (4) gives, 

ffpdS = gpz8, (5) 

for the whole pressure on the surface S. That is, the 
whole pressure of a liquid on any surface is equal 
to the weight of a cylindrical column of the liquid 
whose base is a plane area equal to the area of the 
surface and whose height is equal to the depth of 
the centre of gravity of the surface below the sur- 
face of the liquid. 

Bem. — The student will now be able to appreciate more 
clearly the nature of fluid pressures, and to see that the 
action of a fluid does not depend upon its quantity, but 
upon the position and arrangement of its continuous por- 
tions. It must be borne in mind that the surface of an 
incompressible fluid or liquid is always the horizontal plane 
drawn through the highest point or points of the fluid, and 
that the pressure on any area depends only on its depth 
below that horizontal plane (Art. 10). For instance, in the 
construction of dock-gates, or canal-locks, it is not the 

* The fluSd l>e)Bg a \iomog|6ii<QO'<Q0^^V«]SQ^ 



EXAMPLES. 



ei^nat of sea outside which will affect the preesnre, bat tlri 
height of the surface of the sea. 
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BXAMPL.BS. 

1. If a cubical vessel be filled with a liquid, find the m 
of the pressures against the bottom aud one of its sides. 

The area of the surface pressed, iu each case, is the san 
but the depth of the centre of gravity of the bottom is twiot 
that of the centre of gravity of the side ; therefore the ratid 
is S : I. 

2. Find the pressure on the internal surface of a sphrael 
when filled with water. 

Let a = the radius of the sphere; then the area of the 
surface = 4Trfl', and the depth of the centre of gravity ot 
the surface below the surface of the water = a ; therefore, J 
calling the pressure P, we have, from (5), 
P = gpa-ina^ = igpnt^, 
which ia three times the weight of the water, 

3. A rectangle is immersed with two opposite sides hori'l 
zontal, the upper one at a depth c, and its plane inclined ail 
an angle to the horizontal. Find the whole pressure onf 
the plane. 

[Let a be the horizontal side, aud b the other side.] 

Atis. Pressure = gpab Ic + = sin f 

4. If a cnbical vessel ia filled with water, and each edgi 
of the vessel is 10 ft., find the pressure on the bottom s 
on a side, a cubic foot of water weighing 62^ lbs. 

j Pressure on bottom = 62500 lbs. 
"^' j Pressure on side - 31350 lbs. 

6. A rectangular surface, 10 ft. by 5 ft., is immersed i 
trater with ita abort sides horisontal, the ap^r eide beind 
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20 ft. and the lower 26 ft, below the aurlace of the water. 
Find the pressure it sustains. Ans. 32 tons.* 

6. A cylinder, closed at both ends, is immersed in a 
liquid 80 that its axis is inclined at an angle 0, to the hori- 
zon) and the highest point of the cylinder just touches the 
surface of the liquid. Find the whole pressure on the cyl- 
inder, including its plane ends. 

[Let r = the radius of the base and /* = the length of 
the cylinder.] Ans. yp-nr {k + t) (A sin fl + 3r cos 9). 

7. A hemispherical cup is tilled with water, and placed 
with its base vertical. Find the pressures on the curvi 
and plane surfaces. 

. J Pressure on the curved surface = Zgp-no?. 
\ Pressure on the plane surface = gpn^. 

This example shows the distinction between the total 
pressure of a fluid on a curved sarface, and on that portion 
of it which is perpendicular to any given piano. The press- 
ure on the vertical plane side of the hemispherical cop 
might be obtained by finding the sum of the horizontal 
components of the actual pressures on all the elements of 
the curved surface. This latter pressure, called the result- 
ant horizontal pressure of the liquid on the surface, is 
equal to the pressure of the liquid on the plane base, other- 
wise the cup would have a tendeucy to move in a horizontal 
direction. 

16. Centre of Pressnre The centre of pressure 

of a plane area immersed in a fluid is the point 
of action of the resioltant fluid pressure upon the 
plane area- It is therefore that point in an immersed 
plane surface or side of a vessel containing a fluid, to which, 
if a force equal and opposite to the resultant of all the press- 
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urea npon it be applied, this force would keep the surface ] 

at rest. 

In the ease of a liquid, it is clear that tlie centre of press- 
ure of a homontal area, the pressure on every point of I 
which is the same, is its centre of gravity; and since the 
pressure varies as the depth (Art. 10), the centre of pressure I 
of any plane area, not horizontal, 
is below its centre of gravity 

Let ABCD be any immersed 
plane area; take the rectangular 
axes OX and OY, in the plaue 
of the area Let (j-. y) be any 
point P, of the area referred to 
these axes, and p the pressure at 
this point, and let EH be the line _ 
of intersection of the plane with ^_ ■^_ 

the surface of the fluid. Fig ig 

Then the pressure on the element of area 

= pdxdy; 

.: the resultant pressure = / f pdx dy. 

Let (x, y) he the centre of pressure; then the moment of 
the resultant pressure about OY 




^S Jp^^^V'^ 



and the sum of the moments of the pressures ou all the ele- 
ments of area about OY 



= //< 



px dx dy. 

Therefore, since the moment of the resultant pressure is 
equal to the sum of the moments of the component press- 
ures (Anal Mechs., Art, 59), we haye 
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xj J pdxdy = J J pxdxdy, 

I I pxdxdy 

'- ^ = -r7 ' (1) 

/ j pdxdy 

I I Py^xdy 

and, similarly, y = --pr-^ , (2) 

/ I pdxdy 

the integration extending over the whole of the area con- 
sidered. 

If polar co-ordinates be used, a similar process will give 
the-equations, 

/ / pi^ cos 6 dr do 

5 = 4=v , (3) 

/ I prdr dS 

I I pr^ sin B dr dS 

y = "^ (4) 

/ I pr dr dB 

If the fluid be homogeneous and incompressible, and if 
gravity be the only force acting on it, we bave [Art. 10, 

(7)]. 

p = gph, 

where A (= PK) is the depth of the point P below the sur- 
face of tbe fluid, K being tbe projection of P on this sur- 
face, and KM being perpendicular to EH. Substituting 
this value of ^ in (1) and (2), we get 

/ I hxdxdy 

5 = '^ , (6) 

/ I hdxdy 
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/ fhy dx dy 

y = —^ , (6) 

/ I hdxdy 



If we take for the axis of y the line of intersection EH, 
of the plane with the surface of the fluid, and denote the 
incliuatiDii of the plane to the horizon by 9, we have 

PK = PM sin PMK, 

or, A — ^sinfl; 

which in (5) aud (6) give us, 

/ I 3?dx dy 



4 



fjxdziy' 
J" Jxydxdy 



(t) 



(8) 



COE. 1, — If the axis of z be taken so that it will be Hym- 
metrical with i-espect to the immersed plane, the pressures 
on opposite sides of this axis will obviously be equal, and 
the centre of pressure will be on this axis, or y = 0. 

CoE. 2. — Since (7) and (8) are independent of fl it ap- 
pears that the centre of pressure is independent of the iucli- 
nation of the plane to the horizon, so that if a plane area be 
immersed in a fluid, and then turned about its line of inter- 
section with the surface of the fluid as a fixed axis, the 
centre of pressure will remain unchanged. 

Rem. — The position of the centre of pressure is of great 
importance in practical problems. It is often necessary to 
know the exact effect of the pressure exerted by fluida 
^^Bst the sides of vessels and obstacles exposed to t 
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actioii, in order to adjuBt the dimensione of tl 
that they may be strong enough to reBiBt this pressure. 
Examples are furuished us in the conBtruction of reBervoirs, 
in which large quantities of water are collected and retiiined 
for purposes of irrigation, the supply of cities and towns, or 
to drive machinery, and of dykes to protect low districts 
from being inundated by seas and lakes and rivers in timei- 
of freshets. 



1, Find the centre of pressure of a rectangle vertical!] 
immersed, and haying one aide parallel to the surface of tl ' 
fluid, and at a given distance below it. 

Let a and i be the distances of the bottom and top of the 
rectangle from the snrface of the fluid, and d the width ; 
take the intersection of the plane of the rectangle with the 
snrface of the fluid for the axis of y, and the middle point 
of this side for the origin, the axis of x bisecting the rectan- 
gle. Then from (7) we have, ~ 



ieg.^_ 
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/w /iW pa 

I I 7?dxdy I x'dx 

I I xdxdy I xdx 



Cob. — If the upper side of the rectangle is in the surfao 
of the fluid, d = 0, and therefore we have 
5 = fa, 

or the centre of pressure of a vertical rectangle, one side 
being in the surface of the fluid, is two-thirds the height of 
the rectangle below the surface of the fluid. The value of 
y is evidently zero. 
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%. Find the centre of pressure of aa isosceles triangltf 
whose baao is horizontal and opposite vertex in the surface 
of the fluid. 

Let a be the altitude of the triangle and b its base. Take 
the intersection of the plane of the triangle with the surface 
of the fluid for the axis of y and the vertex for the origin, 
the axis of z bisecting the triangle. Then from (7) wi 
have, 

na fSa" pa 

f J 3?dxdy J ^dx 

3. A quadrant of a circle is just immersed yertically in I 
fluid, with one edge in the Burfuce. Find its centre of 
pressure. 

Take the edge in the surface for the axis of y, and the 
vertical edge for the axis of x, and let a be the radius. 
Then, from (7) and (8), we have 

ff "^d'xdy fa? (a^ - 3!>)i dx 

a'n a» 3 
= 16-^3=16"''' ^^ 

ff xfdxdy \fx{<^-7?)dx ^H 

/ / xdxdy I x{a^ — a?}^ dx 



n* ff» 3 



a Besanfs Hydromechanics, p. 41.) 
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4 Find the centre of pressure of the triangle in Ex. 3, 
vben it is inverted so that tlie ba.^ ia in the surface of the \ 
fluid. 

Ans. At a distance of Jn below the surface of the fluid. 

5. An immersed rectangle haa two sides horizontal, the 
inclination of the plane of the rectangle to the horizon is 
B, the de])th of its upper side helow the surface of the fluid 
18 c, the aidea of the rectangle are a and b, tJie latter hori- 
zontal. Find its centre of pressure. 

[Take the upper side for the axis of y, and its middle , 
point for the origin.] 

- _ « 3c -f 3a sin 9 



Ans. 



c + a sin 9 



and y ~ 0. 



17. Enibankmeitts. — An embankment generally con- 
sists of a large mass of earth and other material. When 
used for the side of a reservoir or canal, to bank up a river,* 
to keep out the sea.f or in general to dam back water, they 
are constructed on certain principles, and are ojiposed to the 
effort made by the water to spread itself. The effort to 
overthrow the embankment arises from the force which the 
water exerts horizontally ; and the stability is caused by the 
weight of the embankment. When therefore there is an 
eqnilihrium, the former of these forces must be equivalent 
to the latter. 

An embankment is generally made wider than is abao- i 
lutely necessary, to give Bti-ength and stability sufficient to 
insure it against all risks. Frequently they slant only on 
the side that is away from the water. In every case t 
embankment should be built much stronger at the bottom 
than at the top, for the pressure of water increases as the , 
depth. 

18. Enibanbnient when the Face on the Water 
Bide is Tertical.— Find the stability of an embankment 
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whose section has the form of it trapezoid when the water 
stands at its brim. 

Let ABOD be the croBs-secHon of the embankment ; 
draw DE parallel to the Yertical eiile BC; let and g l)e 
the centres of gravity of the rectuugle 
and triangle respectively; draw the 
vertical lines GH and ^K ; let AB 
= a, DO = b, BC = k, w = the 
weight of each cubic foot of the ma- 
terial, and 10, ^ the weight of a 
cubic foot of water. 

The forces acting are the weight 
of the wall, and the fluid pressure on 
BC. As the embankment ie uniform 
throughout its length, and ulso the pressure on it, we 
determine the stwhilitj by taking only one foot in length. 
Take BM = ^BC, and M will be the centre of pressure 
(Art. 16, Ex. 1, Cor.). The resultant P, of the pressure of 
the water against the wall acta at M, and tends to torn the 
embankment over its outer edge A. Hence, wo have 



ter^^ 




Fig. II 



ire I 




= pressure of water on BC x M 

(Art. 15) 
= \mu^Xi,h = \mL', ; (1)| 

= weight of AEDxAK 

= \{a—b)hwx%{a-b) 

.i{a-hfhw: (aj 

= weight of EBCD x AH 

= SAwx(«-iA); 

= n{a-hY-»rb{a-\b)'\hw. 

If the embankment be upon the point of overturning c 
A, the moments in (1) and (4) are eqnal to each other, (tot 
we bare 



the moment of P 



the moment of AED 



the moment of EBCD 



the moment of ABCD 
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or, h* = [S(a-6)» + 36(8a-J)] — , (5) 

and the embankment will be overturned or not, according ae 



ft > or < AJ[Z(a—bY + 36(2a-A)]^- 
OoB. — If the embankment ib rectangular, b = a, and (6) 



If the embankment is triangnlar, b^Q, and (5) becomes 
A» = 2a» — ■ 



c 



19. Emb&nkment when the Face on the Water 
Side is Slanting. — Find the stability of an embankment 
whose section is a trapezoid which 
slants on both sides, viz., towards the 
water and away from it. 

(1) Suppose the embankment to 
yield to the pressure of the fluid by 
turning round the outer edge A. 

Let ABCD .be the crosH-section of 
the embankment Since the pressure 
of a fluid is always normal to the sur- 
face with which it is in contact (Art. 
4), the pressure on the slanting face BC, of this embank- 
ment ia inclined to the horizon, and hence the atablHty of 
the embankment is caused by its weight and the yertical 
preaanre of the fluid on the face BC, while the effort to 
overthrow it is caused by the horizontal pressure of the 
flnid. 

Let Pj and P, be the horiioiit8.\ au^Netfcwsi. w^V3w«i». 
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of the norma! pressure P, and a the angle which the direo^ 
tion of the norniiil prcBsnro makes with t]ie horizon ; thn 
we have, for the horizontal compoaent. 



p. 


= ^00.0 










= area ot BC 


xJCExre, 


cos €1 


(Art. 16) 




= area of CE 


X !/.«,,, 






where A = 


= CE, and w, 


8 the weigh 


iota. 


cubic foot of tl 


fluid. 










Simitar 


y. Pa = area of BE X 


\lm. 





bat area of CB is the projection of BC on CE, and area < 
BE is the projection of CB on EB ; i. e., the pressun 
exerted by it, fluid in any diPection upon a surfeit 
is equal to the weight of a column of the fluid, ' 
whose base is the projection of the surface at right 
angles to the given direction, and whose height ia 
the depth of the centre of gravity of the aurfaea 
below the surface of the fluid. 

Hence, since the projection at right angles to the Tertical 
direction ia the horizontal projection, and that at right 
angles to a horizontal direction is a vertical one, Wfe find 
the vertical pressure of the fluid against a surface by treaU 
ing its horizontal projection as the surface pressed upon, and, 
on the contrary, the horizontal pressure of the fluid in any 
direction by treating the vertical projection of the surface at 
right angles to the given direction oe the surface pressed 
upon, and in both cases we must regard the depth of the 
centre of gravity of the surface below the surface of the 
fluid as the " height of the column," 

Let (/, (?, and j-, bo the centres of gravity of AFD, 
FEOD,' and EBC ; let AB = «, DC = b, AF = c, EB = d, 
and w ^ the weight of each cubic foot of the embankment. 
The horizontal presHure of the water acting at M tends to 
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turn the embankment over its outer edge A. Hence, we 
have 

the moment of F^ = ^h^Wi xJA = ^A^i ; (1) 

the moment oi P^ = dx^hw^x AH 

= ^kdw^ {a — ^d) ; 

the moment of AFD = wt of ADF x |AP 

= ichtv X |c = Ic^hw ; 

the moment of PECD = wt. of FECD x (AF+j^FE) 

= bhwx{c+ib) ; 

the moment of EBC = wt. of EBC x (AB — f BE) 

= j^hw x{a — |(/) 
= \dhw (3a — 2d). 

r^ 1 

.-. the moment of ABOD = - + -b{2c+b) 



+ 



I (3a - 2d) Uw + ^ (da - d) hw^ . (2) 



If the embankment be upon the point of overturning on 
A, the moments in (1) and (2) are equal to each other, and 
we have 

\h^w^ = [^^+|(2t?+i)+|(3«-2e?)]Aw+^(3a-fl?)Att;i 

or, A2= [2c2+3i(2c+J) + ^(3a-2rf)]— +rf(3a— rf), (3) 
and the embankment will be overturned or not, according as 



* > or < 



\/[2c^+U{2c-\-b)^d{3a—2d)'] — +d{Za—d). 



CoR. 1. — If the embankment is of the form of Pig* 11 
d = 0, and (3) becomes 
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h^= [2(^ + Sb{2c + b)]—, (4) 



which agrees with (5) of Art. 18. 



Wi 



Gob. 2. — If the embankment is rectangular, c = 0, and 
(4) becomes 

which agrees with (6) of Art. 18. 

(2) Suppose the embankment to yield to the pressure of 
the fluid by sliding along the horizontal base AB. 
The horizontal pressure of the fluids from (1)^ is 

Pi = W^i ; 
the vertical pressure of the fluid is 

The weight of the embankment is 

a + b 



2 



hw; 



and the entire vertical pressure of the embankment and the 
water on its face is 

T* hw + ^dhwi 

= (aw + bw + dwi) |A. 

Let jji = the coefficient of friction ; then the friction 
between the embankment and the surface of the ground on 
which it rests is (Anal. Meclis., Art. 92), 

(aw + bw + dw^) ^hfi. 

When the horizontal pressure of the water pushes the 
embankment forward, we must have 

]^hhD^ = (aw + Jw + dv)^ \h\L \ 
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or, more simply, A= (» + J) \- d W, 

and the dam will move or not according as 

S>or<[(« + S)|i+^]^ 

OOB. — If the embankment is rectangnlar, d = 
i:= a, and (5) becomes 

A = 8fl i? ;*. 



(5) 



30. Pressnre upon Both Sides of a Sarfaee.— If 

a plane snrbce is subjected on both sides to the pressure of 
a fluid, the two resultants of the pressures on the two sides 
have a new resultant, which, as they act in opposite direc- 
tions, is obtained by subtracting one from the other. 

Let AB be a flood-gate with the 
water pressing on both sides of it, to 
determine the resultant pressure, and 
the centre of pressure. Let AB = a, 
the depth of the water on one side ; 
DB ^ b, the depth of the water on 
the other side ; P = the resulting 
pressure on the gate ; and Wj = the 
weightof acubicfootof water. Then 

P = pressure on AB — pressure on DB ; 

_ .-. P = Ha'-^)w,. (1) 

Now let C and C, be the centres of pressure of the eur- 
&cea AB and DB, and C, the point to which the resultant 
pressure P, is applied. Then, taking moments with respect 
to A, and putting AC, = z, we have 

Pxi = pressure on ABxAO — pressure on DBxAC, 



EXAifrLES. 



3a» + y - 3 ff6' 
' 3 (o" — J") 
_ 2a' + a«i — a' 
' 3 (o + J) 



[from (1)] 



(8) " 



SAMPLES. 



1. The total breadth of a flood-gate is 26 feet, and the 
depth is a feet; the hinges are placed at d feet from the 
reapective extremities of the gate; required the pressnre 
upon the lower hinge. 

Let AB represent the height of the gate, '—^~J^ 
D and E the hingea, and C the centre of f^-^ 
pressure of tho water. The preBsure of tlie S^3-5 
water upon each half of the gate = jrt^fiw ; t^^ 
and aince the pressure of the water at C is f 5-^ 
supported by the hinges D and E, we have, 5-^^ 
by the equality of momeata with respect '--'--'-^ 

to D, '''■■ ' 

E X DK = Pressure on C x DC ; 



Ixtt 



DE = 



- 2d, and DC = |a — d ; 



.-. Pressure on E (n — 2d) = i«»6w (^a — d) 5 



Pressure ( 



lE 



a^w {2a — 3d) 
" 6 (a — 2d) 



2. A brick wall, with rectangular cross-section, 13 ft 
high and 3 ft. tbiek, sustains the pressure of water against 
one of its faces. Find the height to whicli the water may 
rise without overtLrowing the wall, each cubic foot of the 
wall weighing 112 lbs. 

Ans. 8.34 ft, or within 3.66 ft. of the top of tho wall. 

3. A brick wall, whose cross-section is a right-angled tri- 
angle, weighs 1:20 lbs. per cubic foot, and sustains the 
pressure of water agaiuaC its vertical tkce; its height ia 



ROTATING LIQUID. 

14 ft., and ita base is 6 feet. Show that the wall will be ] 
overthrown by the pressure of wat«r against it, when 
to the top of the wall. 

21. Rotating Liquid. — It has been shown (Art. 11) 
that, if a liquid at rest he subject to the force of gravity 
only, its free surface must be horizontal, i. e., everywhere \ 
perpendicular to the direction of gravity. In the same way j 
it may be shown that, if a liqnid he Bobject to any forceff 4 
whatever, its surface, if free, must at every point be per- 
pendicular to the resultant of the forces which act upon 
that point. For, if the resultant had any other direction, 
it conld be resolved into two components, one in the direc- 
tion of the normal and the other in the direction of the 
tangent; the first of these vi' on Id be opposed by the reac- 
tion of the surface ; the second, being unopposed, would 
cause the particle to move, which is contrary to the hypoth- 
esis that the surface is at rest: hence the surface is at every 1 
point perpendicular to the resultant of the forces which act 1 
upon that point. 

If a quantity of liquid in a vessel be made to rotate 
uniformly about a vertical axis, the surface of the ; 
liquid will take the form of a paraboloid of re. 
Hon, 

Let ABCD represent a vertical section 
made by a plane passing through ZZ', the 
axis of rotation of the vessel containing 
the liquid, and let the curved line AVD, 
represent the section of the surface of 
liqnid made by this plane, and let P he 
any point taken on this section. 

Now every particle of the liquid moves 
uniformly in a horizontal circle whose 
centre ia in the axis ZZ', aod there- 
fore is urged horizontally by a ceutrifagpA totca fcsj^ 




^ww^H 
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from the axis. Let m be the raase of the particle at P, a 
the angalitr velocity of the liquid, and y the distauce MP, 
and denote the centrifiigal force by P; then (AnaL Mechs^ 
Art, 198) we have, for the centrifugal force on the parti- 
cle m, 

P = mi^y. (1) 

The particle is also urged vertically downwards by its 
own weight mg, due to the force of gravity ; honce the par- 
ticle IB in equilibrium under the action of gravity mg, of 
tlie centrifugal force tni^, and of the reaction of the sur- 
face of the liquid which is normal, and tlierefore the resalt- 
ant of mg and mu^ must be normal to the snrfoce. 

Let PF and PG represent the centrifugal force and force 
of gravity, respectively ; then, completing the parallelogram 
offerees, the resultant of these PR, must be normal to the 
surface at P. Let this normal meet the axis m N; since 
the triangles, GPR and MNP, are similar, we have 

NM : MP :: PG : GR (= PF); 

or NM : y : : mg : mt-fiy ; 

■■■ ™ = 5. (2) 

But NM is the subnormal of the curve, AVD ; therefore 

the subnormal NM = ^ = a constant, 

which is a property of the parabola. Hence the curve 

AVD, is a parabola whose latus rectum is -^, and therefore 

the sitrface is a paraboloid of revolution. 

ScH. — It will be seen that this result is independent of 
the form of the containing yessel. The axis of rotation, in 
fact, may be within or without the fluid, but in any case it 
will be the axis of the surface of the paraboloid. 
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EXAMPLES. 

1. If the vessel (Fig. 15) contain a liquid^ and make 30 
revolutions per minute, find the value of NM. 

Here w = 27r x 30-T-60 = tt, and ^ = 32 ; therefore we 
have, from (2), 

NM = ^ = 3.242 ft. = 38.9 in. 

2. If the vessel make one turn in a second, find the value 
of NM. Ans. 9.72 in. 

3. If the vessel make 95 turns per minute, find the vtdue 
of NM. Ans. 3.88 in. 



22. The Pressure at any Point of a Rotating 
Liquid. — Let ABCD be a vertical section through the axis 
of a vessel containing a rotating 
liquid; let Q be any point (a;, y) in 
the liquid referred to the rectangu- 
lar axes OX, OT, and describe a 
small vertical prism having Q in its 
base, which is to be taken hori- 
zontal. 

The prism PQ of liquid rotates 
uniformly under the action of the 
pressure around it, but its weight is 
entirely supported by the vertical pressure on its base. 
Hence, if ^ be the pressure, and p the density, we have 




Fig. (IB 



p = gpPQ, 



(1) 



But [Art 21, (2)], 



PQ = OM - ON = 






-ON, 



which in (1) gives. 



^ = p (^Ax? — gyV 



^5 
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which gives the pressure at any point in terms of the asga- 
lar velocity and of the co-ordinates of the point referred to 
the axis and vertex of the paraboloid. (See Besant's Hy- 
drostatics, p. 163.) 

OoE. — If Q be lower thau 0, y is negative, and i 
becotneB 

p = p {\(Jh? + gy). (^ 

EXAMPLKS. 

1. A tube ABCD, the eqnal branches of which a 
cal, and BC horizontal, is filled with liquid and i 
rotate uniformly about the axis of AB; 
find how much liquid will Sow out of the 
endD. 

The liquid will flow out until the eur- 
facc in AB is the vertex of a parabola 
passing through D, and having its axia 

vertical and latus rectiim — — ' 




If then be the vertex of the parabi 
we shall have 



which gives AO, and thus determines the quantity vhid 
flows out. 

If, however, AO be greater than AB, i, v., if he beta 
B, at 0', for instance, the surface of the liquid will be 1 
BC, at P. We shall then have, 



ae? = ^4ao' 
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which determiiiea the poaitionof P. (Besant's Hydniatatios 
p. 154.) 

3. A straight tube AB, filled with liquid, is made to 
rotate about a vertical axis through A ; find 
how mnch flows out at B. 

Ans. All above P, where P is tangent to 

tlie parabola whose latus rectum is ^ and 
whoae axis is coincident with the vertical 
line through A, and AP ^ -^ cot n cosec a, 
where a is the angle OAB. 

33. Strength of PipeK and Boilers.— An imjwrtant 

application of the theory of the pressure of fluids is the 
determination of the tliickness of pipes, boilers, etc. In 
order that these vessels shdl be strong enough to resist the 
presanre of the liquid, their walls must be made of a certain 
thicknesB, which depends upon the pressure of the liquid 
and the internal diameter of the vessel. 

Let it he required to ft,Tul the ihickness of a pipe of 
any material necessary to resist a given pressure. 

A cylindrical vessel may hurst either tnmsversely or lon- 
gitudinally ; but the former is less likely to occur than the^^ 
latter, bb appears from the following investigation. ^^| 

(1) WTien the ruptitre is transverse. ^^B 

Let ABCD (Fig. J 9) be a section of pipe \)er^^4v;^VsK 
to its asis, the interior surface o? '«\tt'^ \ft wcK^^cIvjA-*** ^ 
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pressure otp on each unit of surface. I*et 3r be the 
oter MD of the interior, then will tbo ani'face 
measured by wr', wliich is the area of the 
crofis-Bcction of the interior, and the 
whole pressure upon the surface of the 
end of the pii)e and which produces rup- 
ture will be measured by 

nr'p. (1) 

Let e = AE = the thickness of the 
fipe ; then the croBs-aection of the mate- 
rial of the pijie 

= tr (r 4- e)» — TTj* = ne {e + 2r). 

Let T denote the strength of the material of which the 

pipe is composed, for each unit of cross-section ; then the 
strength of the entire pipe in the direction of the axis 

= Tre (e -I- 27-) r, (3) 

and since the whole pressuie in (1) when mptnre is about 
to take i)lace must be held in equilibrium by the strength 
in (2), we have 

ne (e + ir) T = irj-^, 

_ yp _ rp_ 



i 




2H 



" 27" 



since e is usually very small in comparison with 2n 

(2) When the rupture is longititdinal. 

Let EMH be any portion of the wall whose length is I 
and let 2a = the angle ECH. Then, since the projectioi 
of EMH at right angles to the line MD passing through 
the centre is a rectangle whose area ^ 2rl sin a, the mean 
pressure of the fluid on the wall, EMH 

= 2rl sin «p (Art. 19). (< 



^S 
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Now this pressure must be held in equilibrium by the 
forces of cohesion, R, R, acting tangentially on the cross- 
sections, AE and BH, of the wall of the pipe. Denoting 
the components of R, R, parallel to MD, by Q, Q, we have 

2Q = 2R Bin a = 2cZTsin a, (5) 

e being the thickness of the pipe and T the strength of each 
unit of section. 

Therefore, from (4) and (5) we have, 

2elT8in a = 2rlp sin « ; 

.-. « = J, (6) 

which shows that the thickness of the pipe is independent 
of its length. 

Otherwise thus, by the principle of work. 

The whole surface of the interior of the pipe = 27rrZ ; and 
the whole pressure upon the surface = 2nrlp. Suppose the 
pipe to rupture longitudinally,* under this pressure, its 
radius becoming r+dr; then the path described by the 
pressure will be rfr, and the work done by the pressure 

= 2'TTrlp dr. (7) 

The force R, which resists rupture and acts tangentially, 
= eTl While the radius of the interior changes from r to 
r+dr, the circumference changes from 2nr to 2'rT{r+dr); 
then the path described by the resistance = 2n dr, and the 
work done by the resistance 

= 2TTen dr. (8) 

* LoDgitudinal tension produces transverse rapture, and transverse tension pro- 
duces lopgitudinal rapture. The stretching tendency to rapture longitudinally is a 
transverse stretching, i. «., the pipe tends to bulge out all along its length ; benoa^ 
tiaiMTenely, r hecomee r+dr. 
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Therefore, from (7) Bnd (8), by the principle of work, 
2neTl dr = ^nrlp dr. 



which is the same ae (6), 

From (3) and (6) it follows that, to prevent a loitgi 
tudinal rupture, the ivaU must be made tit-ice t 
thick as woidd be necessary to prevent a transversa 
one. 



Cob, — Since }> = m 
become, reapectively. 



[from (1) of Art. 10], (3) and (flfl 



rp _ rm_ 



and 



rzw 
-jri 



that is, the thickness of similnr pipes must vary dU 
recily as their diameter and as ike pressure upon t 
unit of surface, or in the ease of a liquid, as i 
depth of the pipe- below the upper surface of i 
liquid; and inversely as the strength of each unit c 
section, 

A pipe which has twice the diameter, and has to soeta 
four times the pressure of another, must be eight timee i 
thick. (See Weisbach's Mechs., Vol. I., p. 739 ; Bartlett*i| 
Meeha., p. 294; Tate's Mechs., p. 368.) 
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It is found that the pressure is uniform over a sqnaieS 
yard of a plane area in contact with fluid, and that thi 
pressure on the area is 13608 lbs.; find the measure of tb^ 
pressure at any point (Art, 6), (1) when the unit of lengtti 
is an inch, (2) when it is two inches. 

Ans. (1) lOJ lbs. ; (3) 42 lbs. 
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ihe area of a (Fig. 4) be a square inch, and if it be 
pressed by a force of 15 lbs., what pressure * will this trans- 
mit to the piston A if its diameter be 10 in. ? 

Ana. Pressure on A = 1178 lbs. 
<S. If the diameter of a be 4 in., and if the pressure on it 
be 185 lbs., what pressure will be exerted on A if its area ia 
one square foot? Ans. Pressure on A ;= 2130 lbs. 

4. If the area of a be 20 square inches, and if it be 
pressed by a force of 360 lbs., find the diameter of A so 
that it sbail be pressed upwards by a force of 10 tons (one 
ton = 2240 lbs.) Ans. Diameter of A = 39.3 io. 

5. If the diameter of A (Fig. 3) be one inch, and if the 
8nrfa<« at E be a square whose side is one-quarter of au 
inch, find the pressure transmitted to E if that on A be 
10 lbs. Ans. Pressure on B = 0. 795 lbs. 

6. If the area of A be 2J sq, in., and the pressure on it 
56 lbs., find the pressure transmitted to a surface at E, the 
area of which is a triangle whose base is J of an inch, and 
whose height is -^ of an inch, 

Ans. Pressure on E^O.42 lbs, 

7. A cylindrical pipe which is filled with water opens 
into another pipe the diameter of which is three times its 
own diameter ; if a force of 20 lbs. be applied to the water 
in the smaller pipe, find the force on the open end of the 
larger pipe which is necessary to keep the water at rest. 

Ans. 180 lbs. 

8. Required (1) the pressure on tlie sides of a cubical 
vessel filled with water, and (2) tlie pressure on the bottom, 
the side of the vessel being a ft. (Art. 10). 

Ans. (1) 125fl»lbB.; (2) 63.5rt»lbs. 

9. A cylindrical vessel ie filled with water ; the height of 
the vessel is a ft., and the diameter of the base d feet. 
Find (1) the pressure upon the aide and (3) the pressure on 
the bottom. Ans. (1) 31Ji«»rf; (3) 15|7T(kP. 



a 



EXAMPLES, 



] 10. Find the height of the vessel in Ex. 9 to that I 
I preBsare on the side may be equal to the pressure o 
I bottom. 
' Ans. The height must equal the radins of the base. 

11. The preasnre on a square inch of surface i 
of mercury is 1000 grains. Find the pressure ou a circula 
surface of one-quarter inch radius, placed 9 in. lower dow; 
mercury being 13.5 times as heavy as wat«r. 

Ans. Pressure = 0.8886 Iba. 

12. The water in a canal lock rises to a height of 18 ft. ' 
against a gate whose breadth is 11 ft Find the total press- 
ure against the gate. Ans. Pressure = id^ tons.* 

l.S. The upper side of a sluice-gate is 10} ft. beneath the] 
surface ; its dimensions are 3 ft. vertical by 18 in. horizonii 
tal. Find the pressure upon it. 
I A7ts. Pressure ^ 1^ tons.* 

I 14. A dyke to shut out the sea is SOO yards long, and t 
builb in courses of masonry one foot high ; the water r 

I against it to a height of 6 fathoms. Find the pre 
against the lat, 18tb, and 36th courses, 
f Ist pressure = 610.4 tons.* 
h Ans. ■< 2d pressure = 318.1 tons, 

' ( 3d pressure = 8.6 tons. 

t 15. Find the pressure, in pounds, of a cylinder of wat« 
4 inches in diameter and 45 ft. in height. 

Ans. Pressure = 244.8 lbs. 
16. A cubical vessel, each side of which is 10 ft., is filled.'! 
with water, and a tube 32 ft. long is fitted to an ai}erture v 
it, whose area is one square inch. If the tube be vertiof 
and of the same size as the aperture, and filled with watsQl 
[ find the pressure on the interior surface of the vessel, (1)« 
neglecting the weight of the water it contains, (2) when the 
weight of the water ia taken into account. 
i Ans. (1) 1,200,000 lbs. ; (2) 1,387,500 lbs. 

^HK • Ono ton ^ XHO ibe. 
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17. Find the pressure on a square inch at a depth of 
100 ft. in a lake, (1) neglecting, (2) taking account of the 
atmospheric* pressure. Ans. (1) 43^ lbs. ; (2) 58 lbs. 

18. A reservoir of water is 200 ft. above the level of the 
ground floor of a house ; find the pressure of the water, per 
square inch, in a pipe at a height of 30 ft. above the ground 
floor, neglecting atmospheric pressure. Ans. 73|^ lbs. 

19. An equilateral triangular area is immersed vertically 
in water with a side, one foot in length, in the surface. 
Find the pressure upon it in ounces. Ans, 125 oz. 

20. A hollow cone, vertex upwards, is just fllled with 
liquid. Find (1) the pressure on its base, (2) the normal 
pressure on its curved surface, (3) the vertical pressure on 
the curved surface. [Let r = the radius of the base and 
A = the altitude.] 

Ans. {l)(/pnr^h; (2) |^p7rrA\/r»+A»; (S) igpnt^k. 

21. A vertical rectangle has one side in the surface of a 
liquid. Divide it by a horizontal line into two parts on 
which the pressures are equal. 

Ans, If h be the vertical side, the depth of the horizontal 

,. h 

Ime = — — • 

V2 

22. A vertical triangle, altitude h, has its base horizontal 
and its vertex in the surface. Divide it by a horizontal line 
into two parts on which the pressures are equal. 

Ans. The depth = -r-—* 

23. A smooth vertical cylinder one foot in height and one 

foot in diameter is filled with water, and closed by a heavy 

piston weighing 4 lbs. Find the whole pressure on its 

curved surface. . ^ ^ 1257r ., 

Ans. 16 H -7— lbs. 

4 

* See Art. 11, Cor, 8. 
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40 SXAMPLBS. 

24. A hollow cylinder, t-loeed hL both enda, 18 just filled 
with water and held with it« Hxie Eiorizoiititl : if the whole 
pressure on its surface, including the plane ende, be three 
times the weight of the fluid, compare the height aB<^^ 
diameter of the cylinder. Am. As 1 : 1. 

25. The aide AB of a triangle ABC is in the surfa43e of J 
fluid, and a point D is taken in AC, such that the pressun 
on the triangles BAD, BDG, are ei|nal. Find the ratid 
AD : DC. Am. As 1 : v^2 - 

26. The diameters of the two piatone, p and P {Fig. 4), 
are 2^ in. and 9 in., respectively, and the smaller is 60 in. 
above the larger. What force must be applied to the 
smaller piston that the larger may ejiert a ])resBurc of 
1600 lbs.? An^. 112.8 11)8. 

27. Compare the pressure on the area of a parabola with 
that on its circumscribing rectangle, both being immersed 
perjiendicnlarly to the vertex. Ans. As 4 : 5. 

28. A cubical vessel is filled with two liquids, of given 
densities, the volume of each being the same. Find ttie 
pressure on the base and on any side of the vessel. 

Let n be a side of the vessel, p and p' the densities of the 
upper and lower liquids, p' being greater than p. 

The pressui'e on the base =:: the weight of the whole 
fluid 

= 9^{p' + P)- 

The pressure on the upper half of any side 

To find the pressure on the lower half, replace the upper 
liquid by an equal weight of the lower liquid, which will 
not affect the pressure at any point of the lower half. If «' 
be the height of this equal weight, we have 
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pa = Pg' 

and the depth of the centre of gravity of the lower half 
below the upper surface of the equal weight 

therefore, the pressure on the lower half 

= ^^2-4^ + 7) 
= ^cfi (p' + 2p). 

(Besant's Hydrostatics, p. 37.) 

29. A circle is just immersed vertically in a fluid. Find 
on which chord, drawn from the lowest 

point, the pressure is the greatest. 

[Let ADBC be the circle with radius a 
and BC the required chord, which bisect in 
H, and draw HK perpendicular to AB; 
.'. etc.] Ans, AK = \a, 

30. A semicircle is immersed vertically 
in a fluid, with its diameter in the upper 
surface; find on which chord, parallel to the surface, the 
pressure is the greatest, supposing the density of the fluid 
to increase as the depth. 

[Let LBM (Fig. 20) be the semicircle, and DE the chord 
on which the pressure is the greatest, and a the radius of 
the circle. Then if the density were uniform, the pressure 
would vary as DG x GF (Art. 15) ; but, since the density 
varies as the depth, the pressure varies as DGxGF'; 
••• etc.] Ans. FG = aV\. 

31. If LBM (Fig. 20) be a parabola, FB = h the latns 
rectum = 4a, and the other conditions the same as in 
Ex. 30, find FG, the depth of the chord of greatest pressure 
below the upper surface. Ans* FG = ^. 
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33. The lighter o^ two Suide, whoee densities are as 2 
rests on the heavier, to a depth of 4 iu, A square is im- 
mersed in a vertical position, with one side in the upper 
surface. Dptormine the side of the square in order that t 
presBures on the portions in tlie two fluids may be oquaL 
Am. Ul + vTo)!!!. 

33. Find the centre of pressure of a semi-parabola, the 
eztreme ordinate coinciding with the surface of the fluid. 

[Let LBF{Fig. 20) be the semi-parabola; let BF = <r, 
and ]jF = b, and suppose to be the centre of pressure, 
OG being parallel to LR] Ans. FG = 4fl ; GO = -^b. 

34. A quadrant of a circle is just immersed vertically in 
a liquid, with one edge in the surface, as in Ex. 3, Art 16. 
Find the centre of pressure when the density varies as the 
depth. 

Taking the edge in the surface for the axis of y and the 
vertical edge for the axis of x, we find 



i 
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35. The total breadth of a water passage closed by a pair 
of flood-gates is 10 ft. and its depth is S ft. ; the hinges are 
placed at one foot from the top and bottom. Find the 
pressure upon the lower hinge when the water rises to the 
top of the gates. Ans. 4318J- lbs. 

36. If we suppose everything to be the same as in Ex. 2, 
Art. 30, except that the height of the wall is determined by 
the condition that the wall just sustain the pressure vhet 
the water rises to the top, what is the height of the wall ? | 

Ans. 6.96 ft. j 

37. A wall of masonry, a section of which is a rectal 
IB 10 ft, high, 3 ft. thick, and each cubic foot weighs 
lbs. Find the greatest height of water it will sustain 
out being overturned. A)is. O-v^a. 
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38. If the height of the wall be 8 ft., its thiokness 6 ft,, 
and each cubic foot weighs 180 lbs., find whether it will 
Btand or fall when the water is on a level with the top. 

Ans. 

39. The depth AB ot the water in the head bay {Fig. 13) 
is 7 ft,, the depth DB of the water in the chamber of the 
lock is 4 ft., and the width of the lock-chamber is 7.5 ft. ; 
find (1) the resultant pressure npoo the gate AB, and (2) 
the depth of the point of application of the resultant press- 
nre below the surface of the water in the head bay. 

Ang, (1) 7734.4 lbs.; (2) 4.18 ft. 

40. If the vessel (Fig, 15) make 140 turns per minute, 
find the value of NM. Ans. 1.78 in. 

41. A hollow paraboloid of revolution, with its axis ver- 
tical and vertex downwards, is half filled with liquid. With 
what angular velocity must it be made to rotate about its 
axis, in order that the liquid may just rise to the rim of the 

Ans. If 3fl = latus i-ectum, u?^^- 

43. If the vessel in the last example be filled with liquid, 
find the angular velocity and the time of rotation that i^^_ 
may just be emptied. ^^H 

Ans. If 2p = latus i-ectum, w^ = "; time = 3)r\ /". ^^M 
P \ 9 ^ 

43. A homiBpherical bowl is filled with liquid, which is 
made to rotate uniformly about the vertical radius of the 

bowl. Find how much nins over. , 1 irn^ 

A ns. -7 ■ 

4 S 

44. A closed cylindrical vessel, height h and radius a. is 
just filled with liquid, and rotates uniformly about its ver- 
tical axis. Find the pressures on its upper and lower ends, 
and the whole pressure on its curved surface. 
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34. Upirard Pressure, Booyant Effort.— To j 

f/w! resultant pressitre of a U^pi-id on the surface of d 
solid either wh(My or jjaiiilally immersed. 

Let ABCD be a solid floating in a liquid whose uppe 
surface is S,¥. Imagine this solid removed, and the spi 
it occupied fillud with the liquid, and suppose this liqi 
bo solidified. It ia clear that the result- 
ant pressure upon this solidified liquid E 

will be the same as upon the original \ ^ ■-_ 

solid. But this solidified mass is at rest \ f\ 

under the action of its own weight ami \ t ) 

the pressure of the anrrounding liquid ; \ . 'c '- 

and, as its own weight acts vertically p_ ^^ 

downward through its centre of gravity, 

the resultant pressure of the surrounding liquid must be J 

equal to the weight of the solidified ma^s, and must act Ter-| 

ticuUy upwards in a line passing through its centre i 

gravity. 

The above reasoning is equally applicable to the case of A 
body immersed in elastic fluid. 

Therefore, if a solid be either ivlwlJy or partially i; 
mersed in a. fluid, it loses as much of its weight as i 
equal to t}ie weight of the fluid it displaceB* 



* Tbo discovery of tbls principle ie dnc to ArcbJiDcdcB. (Goodeve, 
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Cor. 1. — If a body be supported entirely by ii fluid, the 
weight of the body must be equal to the weight of the fluid 
displaced, and the centres of gravity of tiie body and of the 
fluid displaced must lie in the same vertical line. 

ScH, — Tliese conditions hold good, whatever be the nature 
"of the fluid in which tho body ia floating. If it be hetero- 
geneous, the displaced fluid must conaiat of horizontal strata 
of the same kind as, and continuous with, the horizontal 
strata of uniform density, in which the particles of the sur- 
rounding fluid are necessarily arranged. If, for instauee, a 
solid body float in water, partially immerBod, its weight will 
be equal to the weight of the water displaced, together with 
the weight of the air displaced. 

The upward pressure of a fluid against a solid, and wliicli 
is equal to the weight of the displaced fluid, is called the 
buoyant effort of a fluid. The centre of gravity of the dis- 
placed fluid is called Ihe centre of huoyancy. The buoyant 
eftort exerted by a fluid acta vertically upwards through the 
centre of buoyancy. 

The eDanciation imd. proof of this propositioD are dae to Archi- 
medea, and it is a remarkable fact In tlic liistory of scLeiic!<>, that no 
furtbeT progjees waa made in Hydroststica for 1800 jeara. and until 
tlie time of Btevinus, Galileo, and Torrioelll, the clear id«a of fluid 
action (bus expounded by Archimedes remained Imrren at resultB. 

An anecdote is told of Arcbimedea, which pmcticnllj illustrates Ibe 
accuracy of his conceptions. Hiero, king of STracuse, had a certain 
qnantity of gold made inl« a crown , and suBpectlng that the goldsmith 
had abatracted some of the gold and used a portion of alloj of the same 
weight in its place, he applied to Archimedea to investigate whether 
BDCh was the case, and to ascertain the nature of the alloj. It is re- 
lated that while Archimedea was in Ida bath, reflecting over the diffi- 
cult pmblem which the king had ^ven him, he observed the water 
running over the rides of the bath, and it occurred to him that he was 
displacing a quantity of water oqunl in volume to tliatof hisown body, 
and therefore that a qoantity of pure gold equal in weight to the 
crown would displace less water than the crown, the volume of axq 
weight of alloy being greater than ltia.\, ot »a w^oA-wA^gA'A ^^ifc- 
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He conolnded at once that he could completely solve tbe king's prrA-' 
lem, by weighing the crown in water. Overjoyed Willi his discovery, 
he ran directly inW the street, cryinjf out, " Eureka I Eureka ! " 

The two books of Archimcdea wbk'h have come down to us were first 
found in old Lstin MS. by Nicholas Tartaglia, and edited by him li 
1537. These books contain the solutiuns of a number of problems n 
the equilibrium of parabohiidH, and various problems relating b 
ecjuilibrinm of portions of spherical bodlps. 

The authenticity of these books is confirmed by the likct that they 
are referred to by Strabo, who not only mentions their title, but also 
quotes from tbe first book. 
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35. Conditions of Eqiiiiibrinm of an Immersed 

Solid. — Let v denote the voluine and i> the density of the 
solid; v' the volume and p' the density of the displaced fluid: 
the weights of the solid and of the displaced fluid will be 
respectively gpv and gp'v' ; then, if the solid rest io equilib- 
rium in the fluid, we shall have 

gpv = gp'v'. (1)J 

If we suppose the solid to be entii'ely immersed, the vol- 
umes V and v' will be equal, and the densities p and p' must 
also be equal if the solid remains in equilibrium, having no 
tendency either to ascend or descend. 

But if the weight of the immersed solid be greafer thaa.^ 
that of the fluid displaced, we shall have 



and the solid will be urged downwards by a force equal i 



If, on the contrary, the weight of the solid be less thai 
that of the fluid, we shall have 



and the solid will be urged upwards by a force equal tiofl 
gp'v — gpv. 
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That is, the ivJuMy immerseA solid ivHl descend, re- 
Tnain at rest, or ascend, according aa its density is 
greater than, equal to, or less than the density of the 
fluid. 

In the first case the solid will deecend to the bottom, and 
presa it with a force equal to the excess of its weight above 
that of an equal bulk of fluid. 

In the third case the solid will rise to the surface, and be 
but partially immersed, the volume v' of the fluid displaced 
by the solid having the same weight as the entire solid. 

[An egg, placed in a vessel of fresh water, sinks to the 
bottom of the vessel, its mean density being a little greater 
than that of the water. If, instead of fresh water, salt 
water is employed, the egg floats at the surface of the liquid, 
which is a little denser than the egg. If fresh watFr is 
carefully poured on the salt water, a mixture of the two 
liquids takea place where they are in contact; and if tho 
egg is put in the upper part, it will descend, and, after a 
few oscillations, remain at rest in a layer of liquid of which 
it displaces a volume whose weight is equal to ite own.] 



Cor. — From (1) we have 



therefore, if a JutTnogene-oits sol.id float in n. fl,ibi^, its 
whole volume is to tlie volume of the displaced fluid as 
the density of the fluid is to tlie density of the solid. 

ScH. — When the floating solid and fluid are both homo- 
geneous, the centre ol gravity of the part ipimersed will 
coincide with the centre of booyancy. 

Tlie section of a floating body formed by the plane of the 
surface of the fluid in which the body floats is called We 
plane offiotatitm. The line paeeing thioM.^ \.\\ft wot&s^;. i^V 
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gravity of the floating botiy aiid tlie centre of buoyancy % 
called the warts of flotation. 

The weight gpv of the body acting downwards, and t 
haoyaut effort gp'v' acting upwards (Art. 24, Sch.), form i 
couple, by which the body rotates till the directions of these 
forces coincide, i.e., till the centre of gravity of the body 
and the centre of buoyancy come into the same vertical line. > 



). A piece of oak containing 82 cubic inches, floats j 
water ; how much water will it displace, the density i 
the oak being 0.743 times that of water ? 

Am. 23.776 cu. in. J 

26. Ueptli of Flotation.* — Tho depth to which\ 

boilij tiiitk'n beloiv its plruie of flokHi-oti is atUed . 
Depth of F/ot-ation. When the form and weight of a 
floating body are known, its dep/k of jiotation can be calcu- 
lated. 

Denoting the volnme and density of the body by v and « 
and of the displaced fluid by v and p', respectively, we hn'fl 
[Art. 25, (1)]. 

gpv = gpv' ; 



by which the depth of flotation can be determined, wbsi 
ever «' can be determined in terms of that depth. 



L 



1. Let the solid be a right cylinder, whose axis « is v 
caU and the radius of whose base ia )■; let x d< 
depth of flotation. Then we have 



• Culled ilao deplH s 
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and v' = 7rr*r; 

/. a; = - a 
t; 

= ^, a [from (1)]. 

2. Let the body be a right cone, floating with its apex 
below the surface of the flaid and the axis a yertical. Be- 
quired the depth of flotation. 

Since the volumes of similar cones are proportional to the 
cubes of their heights, we have, x being the required depth, 



which in (1) gives, 



V a^* 



a8 " p" 



V: 



3. Let the body be a sphere of radius a, floating in a fluid. 
Required the depth of flotation. 

Here the displaced fluid has the form of a segment of a 
sphere ; hence, calling x the depth, we have, from mensura- 
tion, 

V' = TTT^ {a — \x), 

and V = ^Tta^; 

= ?7, [from(l)]; 

we have, therefore, to solve a cubic equation in order to find 
the depth of flotation of the sphere. 
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4. Let the body bt a cybndiical pontoon,* with pl^^^| 
ends, aod having its axis honzontul Required to End i^^H 
loud requisite to smk the poutoou ^^^| 
to a given depth ;^ ---...^^ ^^M 

' Let AD be the interaection of the ^ ^^"h d ^I 
plane of flotation with the end ^ \,.^ '^ r" i "^^^1 
which isarigbtaection Put A = '-^C^'^'w.ti^,^ ~~^^| 

1 the area ADK, the plane surface of ^^^-^tt^H 
immereion, and I = AB. the length "» " ^^^^B 
of tlie cylinder, and let IT = the ^H 
required' load that Kill sink it to the depth HK Thel^H 
calling p' the density of the fluid, we have ^H 


volume of displaced fluid ^ Al, 


"H 


md weight of displaced fluid :^ gp'Al; 


fl 


.: W=gp'Al. 


(9 


A may be found as follows: let r = CK, and = 
ACK ; then we have, from menBuration, 


"9 


■' = H^-m + l^"o\ 


<M 


which in (3) gives, 


^M 


1 H' = ,pV(..A + l.i„2»),, 


(^fl 


which is the required load. 


H 


, Cob. L— If e = 165°, we have, from (4), 


^1 


W=ypi^{^ir + l)l. 


(^1 


• Pimloona Rre [»rLiible boaU, covered wltb balk«. plai.ka, etc., tor (bn^^^| 
naUlng brldKea ovsr ilver». The; ire nov ubdbIIt mvlfl of Un, In Ibo •k«*^^^^| 

i—— — — m 
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STABILITY OF BQVILlBniUU. 
OOB. 3. — If the fluid be water, (5) becomee 

If = Jra (-y-TT + 1) 1 63.5 (Art. 10, Oor. 1). (q| 

5. Let the body be a, cone floating with its base unded 
the fluid, and the axis a verticaL Find the depth ol' Bote 
tion. j/ ~~, 

Ans. a — a\/ \ — - 
V / 

6. A man whose weight ia 150 lbs. and density 1.1, _ 
floats in water by the lielp of a quantity of eork. Find the 
volume of the cork iu cubic feet, its density being .24, call- 
ing the density of water 1. Ans. -^ of a cubic foot. 

27. Stability of Equilibrium If a floating body ia 

in equilibrium, the centres of gravity and of buoyancy are 
in the same vertical line (Art 24, Cor. 1). Imagine the 
body to be slightly displaced from its position of equilibrium 
by turning it round through a small angle, bo that the axis 
of flotation shall be inclined to tlie vertical. If the body on 
being released return to its original position, its equilibrinm 
is stable ; if, on the other hand, it fall away from that posi- 
tion, its original position is said to be one of unstable equi- 
librium ; when the body neither tends to return to its 
original position, nor to deviate farther from it, the equilib- 
rium is said to be one of indifference. 

The investigation of this problem iu its utmost extent 
would lead to very tedious and complex operations, whiob^ 
would clearly be beyond the limits of this treatise ; we shaU;! 
therefore premise the three following hypotheses, in ordec 
that we may obtain comparatively simple results ; 



1. The floating body will be regarded as symmetrical 
with respect to a vertical plane through its centre of gravity 

en the whole is at rest, so that we need consider 
problem for the area of a plane section of the bad^. 
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3. The diBplncement will be regarded as ver 

'i. TliG verticiil niotiou of the ecnti'c of ^ 
body will be disregarded, as iiidetinitety small. 

Let EDF represent a body which has changed from 
upright to its present inclined position, by turning throi 
a smull angle; let ABD repre- 
sent the iramersodpart of the 
body before displacement, und 
HKD that immersed after dis- 
placement, and and the 
centres of gravity and of 
buoyancy before displaoenient. 
While the body movea from its 
upright to its inehned position, 
its centre of buoyancy moTes 
from to 0', which latter is 
in the half of the body most 

immersed, and tiie wedge-aliaped part ACH passes np 
of the water, drawing the wedge-shapod part BOK doi 
into it. Let the vertical line through 0' meet GO in M. 

Now since the buoyant effort is equal to the weight of the 
whole solid (Art 24, Sch.), the magnitude of the part im- 
mersed will be unaltered ; therefore ABD = HKD, and 
ACH = BCK ; also, the buoyant effort /*, acting at 0' 
vertically upwards, and the weight P of the solid, acting 
at G- vertically downwards, form a couple which tends to 
restore the body to its original position when M is above fi ; 
and, on the contrary, it tends to incline the body farther 
from its original position when M is beloiv G. Hence, the 
stability of a floating body, a ship, for instance, depends 
upon the position of the point M, where the vertical line 
through the centre of buoyancy, in the inclined position of 
the body, cuts the line connecting the centre of gravity and 
centre of buoyancy in the upright position of the body, 

The position of the point M will in general depend on 
estent of displacement. If the displacement be very 
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i. e., if the angle between GO and the Tertical be very 
the point M is Ciilled the metamntre, and the ({nestiou of 
etability is now reduced to the determination of this point. 
A ship, or any other body, floats with stability when its 
metacentre lies above its centra of gravity, and without sta- 
bility when it hes below it; it is in indifferent equilibrium 
when these two points coincide. Hence the danger of 
taking the whole cargo out of n ship without putting in 
ballast at the same time, or of putting the heaviest part of 
a ship's cargo in the top of the vessel and the lightest iu 
the bottom, or the risk of upsetting when several people 
stand up at once in a small boat. 

One of the most important problems in naval architecture 
is to secure the ascendancy, under all circumstances, of the 
metacentre above the centre of gravity. This is done by a 
proper form of the midship sections, so as to raise the meta- 
centre as much as possible, and by ballasting, so as to lower 
the centre of gravity.* 

The horizontal distance MN, of the metacentre M, from 
the centre of gravity of the body, is the arm of the couple 
whose forces are P and P, the weight of the body and the 
buoyant effort; and the moment of this couple, which 
measiiree the stahilityof the body, isP-MN. Let GM ^=c, 
and the angle OMO', through which the body rolls, = 6, 
and denote the measure of the stability by S; then we have 

S^ P-MN^ Pcsinff; (1) 

therefore, the stcAUity of a body, in general, varies as 
its weight, as the distance of its Tnetacentre from, its 
centre of gravity, and- as the angle of inclination ; 
and hence, in the same body, for a given inclination, 
it depends only upon the distance of its metacentre 
from its centre of gravity. 

• BoHUit'a H!4M»l»lit»,?.». 



1 

i 

I 

I 



POSITION OF THE MBTACEfTFRE. 



1 



28. The Position of the Metacentre ; the Measure 

of the Stability.— Since the stability of a body depends 
principally upon the diataiiee of tlif metacentre from the 
centre of gravity of the body, it becomes important to de- 
termine the position of the metacentre. 

Let A = the croes^ction ABD = HKD (Fig. 23) of 
the immersed part of the body {Art, 27). and A^ = the 
croBS-aeetion ACH = BCK ; let g and g' tje the centres of 
gravity of ACH and BCK ; let a = the horizontal distance 
BL, between these centres of gravity, and s = the horiae 
tal distance between and 0', the centres of bnoyat 
Then, taking moments round G, we have, 

HKDxMN- ACHxKN = ABDxST + BCKxS 

or, A (MN - NT) = ^ , (RN + NL); 

.*. -4s = A.a; 



i 



, ^„ 00' A.a 

and OM = ^—. = ■ . - } „ , 

em & A sin B 

which is the height of the metacenti-e above the oem 
of buoyancy. 



Let GO = e; then 



A^a 

A sin 6 ' 



which gives the height of the metacentre nbove the e 
tre of gravity. 

Substituting this value of c in (1) of Art. 37, we get 
which is tlis measure of the stability. 



MEASURE OF STABILITY. 01 

If the point were below G, e would be negative and (2) 
would be 



8 



= P(^-^8ine^). (3) 



Hence, in general^ we have 

-S = P{^±eBine), (4) 

the upper or lower sign being used according as the centre 
of buoyancy is above or below the centre of gravity. 

Cob. 1. — ^If the displacement be small, the cross-sections 
ACH and BCK can be treated as isosceles triangles, and 
sin © = d. Denoting the width AB = HK of the body at 
the plane of flotation by h, we have 

A^ = \my and RL = a = |J, 

which in (4) gives 

CoR, 2. — When the centre of buoyancy is above the cen- 
tre of gravity of the body, the stability is positive, as also 
in the case when the centre of buoyancy is below the centre 

of gravity while e is less than r^-j ; in this case the equi- 
librium is that of stability. 

If e is greater than j^yj , and the centre of buoyancy is 

below the centre of gravity of the body, the stability is neg- 
ative, or the equilibrium is that of instability. 

If c is negative and equal to --^ , the stability is zero, 

and the equilibrium is that of indifference. 

That is, the centre of buoyancy may be behw the centre 
of gravity and yet the stability ^ ^poa,\\i^^, ^^Vstk^^sa* ^^^^e^. 



not exceed Tw-jt which term ie always the diatance 1 
tween the mctacentre and the centre of buoyancy. 

If the centre of gravity of the body coincides with tha' 
centre of buoyancy, we have e ^0, and (5) bocomeB 

Hence, generally, the atabUity is positive, TiegaUvt 
zero, according as tJie metacentre is above, below, i 
coincident loith the centre of gravity of tfie floating 
body. 

A vertical line O'M through the centre of buoyancy i 
called a line of support. 

OoR, 3.— From the above results we Bee that the stabilitg 
of a body is greater the broader it is and the lower its centr 
of gravity is. (See Weisbach'a Mechs., Vol. I., p. 760 ; alad 
Bland's Hydrostatics, p. 120.) 



1. Determine the stability of a homogeueons rectangular! 
parullelopipcd floating in a fluid. 

Let HK be the line of flotation of 
a vertical section passing through the 
centre of gravity G-; let 5 = the 
breadth EF of the section of the par- 
allelopiped, /* = the height EC, and 
y = the depth of immersion AO. 
Then we have 



i 




A ^ Sy, and e = 



-i(A-y). 



Rb.« 



B being negative since the centre of buoyancy is below 
centre of gravity. Substituting in (5), we have 



1 
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Let the den&dty of the material of the parallelepiped be p 
times that of the fluid ; then (Art. 25^ Cor.)^ 

p : 1 :: y : h ; 

••• » = hp, 
which in (1) gives 

which is the measure of the stability required, 

COR- 1. — ^To determine the limits of stability depending 
upon the dimensions and density of the solid^ let iS = 0, 
and {%) becomes 

V^mp{l-p) = 0; (3) 

or, ^ = V6p (1 - p). 

\t p := \y we have 

I = i\/6 = 1.225, 

and hence in this case the parallelopiped floats in stable, 
indifferent, or unstable equilibrium, according as the breadth 
is >, =, or < 1.225 times the height. 

Cob. 2. — Solving (3) for p, we get 

_ 1 ^ 1 /;; %W 

which is real when 7 is = or < 4^/6 ; ♦. ft, when the 
ratio of the breadth of the solid to tkia Vvev^VS&^^X^^^i^^^st. 
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less than JV^, two valuea may be assigned to t 

of the solid which will cauBe it to float in indifferent equi 

librinm. 



If, for iDstance, h ^ k, we have 
p = t ± iVr^ = 0.788 



r 0:aiI33. 



CoK, 3. — "When j > \V^, the value of p is imaginaryjfl 
i. 6., if the ratio of the breadth of the solid to the height ir 
greater than -jV^t no value can be given to the density 
which will cause the stability to vanish. In this case the 
solid, placed with EF horizontal, must in all CEEes contiun&g 
to float permanently in that position, whatever may be th( 
density, providing it is always less than that of the fluid. 



*» 



, (1), or 



6^ 



ill (2), is the dst 



CoH. 1 — The term -— i,. .^,, «. --r^ , 
tance between the centre of buoyancy and the metecentre. 1 

3. Determine the angle of inclination 9, in order thatthaj 
parallelopiped EFDC may 
be in a position of indiffer- 
ent equilihrinoi. 

Let 5 = the breadth EF 
of the section of the paral- 
lelopiped, y = the depth 
of immersion AC = BD, 
and e - angle AOH. Then 

A = ABDC = EKDC 
= by, (1) 

A, = AOH = BOK. 

But AO = OB = iJ, and AH = BK = 
therefore 

J, = |js tan 6. 
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Let g and ^ be the centres of gravity of the triangles 
AOH and BOK ; draw M^r parallel to AH, and g& and MQ 
perpendicular to HO. Then 

M^ = \l tan B, and OM = \l. 

Therefore, the horizontal distance of the centre of gravity 
g from the centre 

= OE = OM cos 5 + M^ sin 5 

= ^ cos 5 + |i tan d sin d ; 

and therefore, for a = EL = 20B, we have 

a = f d cos ^ H- i^ tan B sin B. (3) 

Substituting (1), (2), and (3), in (3) of Art. 28, and put- 
ting /S^ = f or indifferent equilibrium, we get 

\¥ tan B ill cos ^ + iS tan B AtlB) . ^ 

or, [(2 + tan^ d) ^ — 24«y] sin 5 = 0. 

.'. sin 5 = 0, (4) 

and tan 5 = |\/2% — 2S«. (5) 

The angle 5 = 0, in (4), is applicable to the body when 
in an upright position, and that given in (5) is applicable 
to the body when floating in an inclined position, and is 
possible only when J is = or < 2\/3ey. 

Cob. — Let h = the height EC, and p = the density of 
the body, the density of the fluid being unity, then we have 

y = Ap, and « = - (1 — p), 
which in (5) gives 

tan 5 = ^ VX2A2 (1 - p) 9 - W. V^ 
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Hence, when t< V'fip(l— p), the parallelepiped will 1 

float in an inclined position in indifTerent equilibrinm, the I 
1 being given by (0). 



When Y > Vep (1 — p), the value of tan fl is imaginary, 

i. f., if the ratio of the breadtli to the height is greater than 
Vcp (1 — p), no value can be found for the inclination 
which will cause the atjibility to vanish. (Compare with 
last esample.) i 

3. If the breadth of the parallelopiped is equal to its I 
height, and if p = |, find the inclination 0, that the paral- 
lelepiped may float in indiflerent equilibrium. 

Ans. fl = 45° 



29. Specific OraTity.— JTft« specific gravity of a { 

body is tiie. ratio of its weight to the weight of an 
ViAunie of some other body taken, as the standard of i 
comparison. 

The density ot a body has been defined {Aual. Uecha.t.l 
Art 11), to be the ratio of the mass of the body to the masv 1 
of an equal volume of some other body taken as the stand- 
ard ; and since the weights of bodiea are proportional to I 
their masses, it follows that the ratio of tlie weights of two ] 
bodies is equal to the ratio of their masses. Hence, the ] 
measure of the specific gravity of a body is the same as that I 
of its density, provided that both be referred to the B 
standard substance. 

Thus, let 8, W, V, and p be the specific gravity, weight, I 
volume, and density, respectively, of one body, and S^, W^ 
Fj, and Pi the same of another body ; theu we have 

w^ _ jpvi _ _pZ_ 



r 
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and making the volnraea equal, we have 



that is, the ratio of the specific gravities of tivo bodies 
is equal to that of their densities. 

Now suppose the body whoso weight is ff, to be assumed 
as the standard for specific gravity; then will S, be unity, 
and (3) will become 

Also, if the same body be assumed as the standard of 
density, p, will be unity, and (3) will become 

« = -^ = (.. (*) 

Hence, the jneasure of the speeific gravity of a, body 
i'S the same as that of its density, i. e., the nitnibers 8 
and p are identical, when both specific gravity and 
density are referred to the same substance as a 
standard. 

30. The Standard Temperature.— Tlie stimdard sub- 
stance to which specific gravity and density are referred is 
not necessarily the same, and therefore ^and fi will in gen- 
eral be different numbers. In practice, it is usual to adopt 
water as the standard in determining the specific gravities 
of eolida and incompressible fluids ; and for the purjjose of 
rendering the compariaon more exact, the water niiist first 
be deprived by distillation of any impurities which it may 
contain. 

The dimensions of all bodies being more or less changed 
by changes of temperature, it becomes necessary to adopt a 
standard temperature at which experim.ftiita fet 4.«j\fcTVfi»i\o.t 
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Specific gravities must be performed. The EDglish * OBiially 
take for this pur^iose the temperature of 60° Fahrenheit, 't 
being easily obtained at all times, and tho tables of specific 
gravities are usually given vrith refereaee to distilled water 
at thiB temperature as tlie standard. When the experiment 
cannot be performed at the standard temperature, the reenlt 
obtained must be reduced to what it would be at this tem- 
perature, i. e., the apparent specific gravity, as obtained by 
means of water when not at the standard temperature, mnst 
be reduced to what it would have been if the water had 
been at the standard temperature. 

Thus, let p be the density of any solid, iS, its apparei 
specific gravity as obtained by water when not at the stand- 
ard temperature, and p, the corresponding density of the 
water ; and let S be the true specific gravity of the body as 
determin'td by water at a standard temperature, the 
sponding density of the water being p,. Then, from (3) 
Art, 29, we have 



ast 



«■ = 



Pi 



S = i 



Pt 



CaUing the density of the standard temperature 



(1) 



= S,f,,. 



That is, tJie specific gravity of a body as defermi 
at the standard temperature- of the water is 
its specific gravity determined at any other 
ture, Tnidtiplied hy the density of Hie water ai 
temperature, the density of the water at the 
temperature being regarded as unity. 

ScH, — In the cases tliat occur most frequentlyi 
tice, such nicety is nnnecessary, and the experiment 

roDcb neuallT take the temnerstDre Ht wbicb water bas its ml 
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performed with water at any temperature ; but the temper- 
ature must be noted aud a correction applied for it which 
depends upon the density of water at the experiment-al 
temperature. * 

The weight of a cubic foot of distilled water at tlie stand- 
ard temperature is 1000 oza. ~ 63J Iba. ; lience we find the 
weight of a cubic foot of any Bubstanee in ounces or pounds 
by multiplying its specific gravity by 1000 or 63^. 

It appears, therefore, that by means of the specific gravi- 
ties of homogeneous bodies, their weights may be deter- 
mined without actually weighing them, provided their 
volumes are known ; and conversely, however irregnlar the 
shape of bodies may be, if their weights and specific gravi- 
ties are known, their volumes may be determined, viz., by 
dividing the weight by the specific gravity. 

The specific' gravities of gases and vapors are usually 
determined by referring them to atmospheric air at the same 
temperature and under the same pressure ae the gases them- 
aelves. 

31. Methods of Finding Specific Gravity.— The 
law of the buoyant effort, or upward pressure, of water can 
be made use of to determine the specific gravities of bodies; 
for, if a body be immersed in a finid, it loses as much of its 
weight aa is equal to the weight of the fluid it displaces 
(Art. 24); t. «., if it be wholly immersed, its loss of weight 
ia equal to the weight of its volume of tbe fluid. 

Thus, if a sphere of lead, whose weight is 11 lbs., were 
found to weigh but 10 lbs. when immersed in water, we 
shoold conclude that the weight of an equal volume of 
water would be one pound, and therefore that the lead 
weighed 11 times as mach as its volume of water, and hence 
that the specific gravity of lead was 11; and so for any other 
substance. 

* Jtenvilck'BMectu.,^.3H. 



^n 
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(1) To find the specific gravity of n solid heavier 
than water. 

Let w =^ the weight or the solid in air, w' ^ itfi weight 
in water, and ;S = the specific gravity of the solid, that of 
water being 1 ; then w — w' is the weight lost by the solid, 
which iB also the weight of the water displaced by the solid 
(Art. 24) ; therefore w and w — !w' are the weights of equal 
volumes of the solid and water. Hence we have 

« = -J^,. (1) 

Hence, to find the specific gravity of a solid heavier than 
water, we have the following rule : Divide its weight by 
He loss of weight in ivater. 

(2) To find the specific gravity of a solid lighter 
than, watsr. 

nee the solid is lighter than water, it will not descend 
in the water by its own weight ; it must therefore be at- 
tached to a heavy body of sufficient size and weight to make 
the two together sink in the water. 

Let w = the weight of the solid in air, 

X = the weight in air of the heavy body 

attached to it^ 
of = the weight in the water of the heavy 

body, 
m' = the weight in the water of the two 



Then w-\-x—w' = the weight of water displaced by the 
two together. 
x—x' ^ the weight of water displaced by the 
heavy body. 

Hence, w-\-x'—w' = the weight of water displaced by the 
solid, and therefore 
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-S^ = —r^. -.' (8) 

Hence^ add the difference between the weights of the 
heavy body and the two together in the water to the 
weight of the solid in air, and divide the weight of the 
solid in air by this sum. 

(3) To find the specific gravity of a liquid. 

Take a solid which is specifically heayier than either the 
liqaid or water, and let it be weighed in both ; then the loss 
of weight in the two cases will be the respective weights of 
equal yolumes of the liquid and of water ; therefore, the 
loss of weight in the liquid, divided by the loss of 
weight in the water, tvUl give the specific gravity of 
the liquid. 

Let w = the weight of the solid in air, to' = its weight 
in the liquid whose specific gravity is to be determined, and 
Wi = its weight in water; then w — w' and w — Wi are 
the respective weights of equal volumes of the liquid and of 
water; therefore 

S =^ ^JZJUL. (3) 

Otherwise thus : Let w = the weight of an empty flask, 
w' = its weight when filled with the liquid, and Wi = its 
weight when filled with water ; then w' -—w and w^ —w 
are the respective weights of equal volumes of the liquid and 
of water; therefore 

^ = !£:j=J?. (4) 

EXAMPLES. 

1. A cubical iceberg is 100 ft. above the level of the sea, 
its sides being vertical. Given the specific gravity of sea- 
water = 1.0263, and of ice = 0.9214 at the temperature of 
32^ to find its dimensions. 



i 
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Let X ^= the length of oiie Bid^, 

X — 100 ^ the length of the piece under water; 
then we have (Art. 25, Cor,), 

»» 1 a;» — 100a? :: 1.0363 : 0.9214; 
,-. X : 100 :: 1.0263 : 0.1049; 
.-. ar = 978.3 ft., 
and afi = 936,302,451.687 cu. ft. 

2. A piece of limestone, whose weight is 256,34 lb( 
weighs in water 159.13 lbs. Find ita specific graTity. 

Ana. 2.637. 

3. Find the specific gmyity of a piece of cork whoj 
weight ia 20 grains. To sink it, we attach a brsse weight! 
which, when immersed in the water, weighs 87.22 grains;? 
the weight of the compound body when immersed is 23.89'! 
grains. Ans, 0.24 

4. A Bolid weighing 25 lbs., weighs lli lbs. in a liquid A, 
and 18 lbs. in a liqnid B. Compare the apeeific gravities of 
A and B. Ans. 9 : 7. 



33. Specific Grarity of a Solid broken into Frag- 
ments. — Put the broken pieces into a flask, fill the flask 
with water, and let its weight be then w" ; let w he the 
weight of the solid in air, and w' the weight of the flask 
when filled with water. Then 
tti" — w'=weight of solid pieces— wt. of water they displace 

= 10 _ weight of water displaced ; 
therefore io + w' — w" = weight of water displaced ; 



w + VI —w 



(1) 



iMl 
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33. Specific Gravity of Air. — Take a large flask 
which eaa be completely closed by a stop-cock, and weigh it 
when filled with air; withdraw the air by means of an air- 
pump and weigh the flask again; finally, fill tho flask with 
water and weigh again. This laet weight minus the second 
will give the weight of the water that filled the flask, and 
the first weight minna the second will give the weight of an 
equal Tolnme of air; divide the weight of the air by that of 
the water; the result will be the specific gravity of airaa 
compared with that of water. 

Let w = the weight of the exhausted flask ; w', w" its 
weights when filled with air and water; then 



- weight of the air contained by the flask, 
: weight of the water contained by the fiaski 



to"— to ^ ' 

SoH. — In the same manner the specific gravity of any gas 
can be obtained. The specific gravity of water at 30''.5 is 
about 768 times that of air at 0° under the pressure of 29.9 
inches of mercury at 0°. 

Tho atmosphere in which these operations must be per- 
formed varies at different times, even during the same day, 
in respect to temperature, the weight of its column which 
presses upon the earth, and the quantity of moisture it con- 
tains. On these accounts, correctiona must be made before 
the specific gravity of air, or that of any gas exposed to its 
pressure, can be accurately determined. The discussion of 
the principles according to which these corrections are 
made, is given in Chap. III. 

34. Specific Gravity of a Mixtnre.— (1) When tlie, 

vdiu-ines and specific gravities of the components are 
given. 
Let V, v', v", etc., be the volumea of the bodifts. ti^ -wV^Jft- 



4 
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th(! Bpeci6c gravities are s, a', s", etc. Then, since thoj 
weight of the volume v is 68.5«ii (Art 30, Sch. ), and bo f<« 1 
the others, the weight of the mixture is 



62.5 (sv + a'v' + s"v" + et«.) = 
and the volume of the mixture is 



2.5 I (sv) J 



V + v- + v" + ete. =£(»); 

and therefore, if S be the specific gravity of the miztnrerj 
we have 

62.5S^{e) = 62.5 £ («w) ; 



S(8V) 



(1)1 



If by any chemical action the volnme becomes FiiiBteai.l 

of 1 («), the Bpecific gravity will be 

S = ^>. (S)i 

(2) Wlten the weights arid specific gravities of theM 
components are given. 

Let w, w', w", etc., be the weights of the bodies, and a, 1 
s', s", etc., their specific gravities. Then, as before, since 1 
10 = G2, 5av, and bo for the others, the volnmea are r 



■'«'? Sal 



, etc., and the whole volume is 



!3.6s' 63.5s' 

ID w' _ 1 ( 

63.5< ■•" 63W "^ ^^- - 63.5 ^ ' 

and the whole weight ia 

w + w' + etc. = S («•} ; 

and therefore, if S be the specific gravity of the mixtor^f 
we have 
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'^^'wb^O^^^^y^ 



... S = ^"X (3) 

Beil — Instead of taking 1 lb. as the unit of weight, as we 
have heretofore done^ it is sometimes more convenient to 
take the weight of a unit of yolume of the standard sub- 
stance as the unit of weight ; thus, in the present Article, 
we might have made 62^ lbs. the unit of weight, and found 
the weights of the substances in terms of that unit. 

35. The Weights of the Components of a Mechan- 
ical Mixture.— When the specific gravities of the mix- 
ture and its components, and also the weight of the 
mixture are given, to find the weights of the compo- 
nents. 

Let Wy w'y w^' be the weights of the mixture and its com- 
ponents respectively, s^ s\ s" their respective specific gravi- 
ties; and Vy v\ v" their volumes. Then we have 

w = w' + w", (1) 

and also v = v' -{- v" ; 

and, therefore, - = -^ + -tt- (Art. 34, Rem.). (2) 

8 8 S 

Combining (1) and (2), we obtain, 

«'' = «'(j-7')-*-(?-7') 
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"e-^)-(^-^) 



(a' — s) s" 
= (7"-a")»" 



BXAMPI.EE. 

1. If with 78 gallons of spirit, specific gravity 0.9! 

23 gallons of water be mixed, what is the specific gravity of I 
the mixture? Ans. 0.9376. 

2. British standard gold contains 11 parta by weight of J 
pure gold, and 1 part of copper. Retiuired its specifl 
gi-avity. Ans. 17.647. 

3. An iron vessel completely filled with mercury weighed I 
600 lbs., and lost, when weighed in water, 40 Iba. If tho J 
specific gravity of the cast iron is 7.3 and that of the mer-f 
ciiry ia 13.6, find (1) the weight of the empty veeeel, sait\ 
(2) that of the mercury contained io it. 

Am. (1) 49.5 lbs. ; (2) 460.2 lbs. 

36. The Hydrostatic Balance.— In order to deteiV 

mine the specific gravities of bodies practically and with'l 
accuracy, it is necessary to employ 
certain inatrumenta for weighing. 
These are the ffydrostalic Balance 
and Hydrometers.* 

The hydrostatic balance is an ordi- 
nary balance, having one of the scale- 
pans smaller than the other, and at a. 
less distance from the beam; attached 
to the under side of the small scale- 
pan is a hook, from which may be suspended any body by I 
means of a tliio platinum wire, horse-hair, or any delicataj 
thread. The body whose sjjeeific gravity ia to be found i 

' Sometimee cilled AieDmelen. 
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sospended from the hook, and then its weight is determined. 
It is then veigbed in water, and thus ite loss of weight is 
ascertained, which is the weight of a portion of water equal 
in volume to the body. 

37. The Cominon Hydrometer.— The name hydrom- 
eter is given to a class of instmmentB used for determining 
the specific gravities of liquids by observing either the 
depths to which they sink in the liquids or the weights re- 
quired to make them gink to a given depth. These 
instmmentB depend upon the principle that the 
weight of a floating body is eqnal to the weight of 
the fluid which it displaces. 

The common hydrometer is nenally made of 
glass, and consists of a straight stem ending in two 
hollow spheres, B and C, the lower one being 
loaded ao as to keep the instrument in a vertical 
position when floating in the liquid. There are no 
weights used with the instrument; but the stem Fig-w 
is graduated, so as to enable the operator to ascer- 
tain the specific gravity of a liquid by the depth to which 
the instrument sinks in it. 

Let k ^ the area of a section of the stem, v = the vol- 
ume, and w = the weight of the hydrometer. When the 
hydrometer floats in a liquid whose specific gravity is s, let 
the level D of the stem be in the surface ; and when it 
floats in a liquid whose specific gravity is s', let the level E 
be in the surface. Then (Art. 34, Bern.) we have for the 
weights of the liquid displaced in the first and second cases, 
respectively, 

w = s{v — k-AD), 

n' = s'{v-k-AE); 

hut the weight of the liquid displaced in each case is the 
same, since each is equal to the weight of tl\>^ \'ci%^Tv»i\<is<^. 
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which gives the ratio of the specific gravities of the fr 
liquids. 

Cob. — If the second liquid be the standard, s' = 1, 
s, the specifiu gravity of the first liquid, is given in (1). 

38. Sikes's Hydrometer.*— This instrument difli 
from tlie common liydrometer in the shape of the t 
which is & flat har and very thin, so that it is 
exceedingly sensitive. It ia generally constructs 
cd of brass, and ia accompanied by a series of 
amall weights F, which can be slipped over the 
stem above U, so ub to rest on C. 

The weights are used to compensate for the 
great sensitiveness of the inatrument, which, 
witliout the weights, would render it applicable 
only to li([nids of very nearly the same density. lyp 

Let k = the area of a section of the stem, FI|.]I 

V = the volume, and w = the weight of the 
hydrometer. When the instrument floats in a liquid whoS 
specific gravity is s, let w' ^ the weight on C bo that the 
level S of the stem sliall be in the surface ; and when it 
floats in a liquid whose specific gravity is h', let w" = the 
weight on C so that the level E shall be in the surface ; and 
let v' and v" be the volumes of to' and w". Then (Art. 34, 
Rem.) we have for the weights of the liquid displaced in t 
first and second ca^es, respectively, 

w + w' ■= s {v -\- v' — fe-AD), 

w + w'- = s'{u-^v"-k-k-E); 

s _ 7c + w' V + v" — X.--A E 
»' w + w" V -T v' — ^■■AD 



■ Pe»nt'B IIydro»U 



p.m. 
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Cob. — If tbe second liqnid be the Btandard, s' = 1, and 
I, the specific gravity of the first liquid, is given in (1). 

39. Nicholson's Hydrometer. — The two hydrometers 
JQBt deaoribed are ased for obtaining the specific gravities of 
liqnid& Nicholson's hydrometer is go contrived as 
to determine the specific gravity of solids aa well 
as liqaids. 

It conaiats of a hollow eoetallic vessel C, gener- 
ally of braes, terminated above by a very thin 
stem, which is often a steel wire, bearing a email 
di^ A, and carrying at its lower end a heavy cup 
D; on the stem connecting A and C, a well- 
defined mark B is made. 



(1) To determine the specific gravity of a 
liquid. 

Let w be the weight of the hydrometer, w' the weight 
which mmt be placed in the dish A, in order to sink the 
stem to the point B in a liquid whose specific gravity is a, 
and w" the weight which must be placed in the dish A, to 
sink the stem to the same point B in a liqnid whose specific 
gravity is a'. Then we have for the weights of the liquid 
displaced in the first and second cases, respectively, 

w -\- w' and !p + w" ; 

and since the volumes displaced are the same in both cases, 
the specific gravities are as the weights (Art. 29), 



u + w" 



(1) 



Galling the second liquid the standard, a' = 1, and (1) 
becomes 

IC -(- If"' 



(2) 
wfeicfc is the specific gravity reqibired. 
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(2) To determine the spe^iific gravity of a 

Let w be the weight which mast be placed in the dish A, 
to eink tlie stem to the point B in a liquid whose specific 
gravity is s. 

Put the flolid in the diBh A, and let w' be the weight 
which muHt be added to the solid to sink the stem to the 
point B ia the same liquid. 

Then put the solid in the lower diah D, and let w" be the 
weight required iu the upper dish A to sink the stem to the 
point B in the same liquid. ^H 

Hence, the weight of the solid =^ «i — w'. and its wei^^| 
in the liquid = m — w". ^H 

Therefore the weight lost, which ia the weight of the 
liquid displaced by the aolid = w" — w. Hence, denoting 
by S the ei^ecific gravity of the solid, we have 



If the liquid is the standard, a ^ 1, and (3) beoomefi 



which is the sped fie gravity required. 



1 MPLES. 



I 



1. If an iceberg whose density is 0.918 float in a liquid 
whuse density is 1.02S, what is the ratio of the part 
merged to that which ia above water ? Ans. 8.3 

2. How much of its weight will 112 lbs, of iron 
immersed in water, the density of iron being 7.25 
that of wat«r F Ans. 15.448 lbs. 

3. If 30 lbs, of cork be immersed in water, with what 
force will it rise towards the surface, its density being 0.^ 
times that of water ? Aw. 63} Iba. 



I liquid 



EXAMPLES. 



81 J 



jd whose verticnl height ie 2 fl 
placed in the Dead Sea, how miiny inches will it become 
Bubmcrged, the deusitits of the wood and Dead Sea water 
being .63 and 1.24 respectively ? Aiis. 10.26 ins. 

5. Find the depth to which a rectangular block will sink 
in water, the depth of the block being a feet, and the weight. 
of each cubic foot of it beinz w lbs. , aw J 

6. A barge of a rectangular shape ia / ft. long, 6 ft. broad, ' 
and a ft. deep, outride measare. The thickness of the 
planking is e ft., and the weight of a cubic foot of the tim- 
ber is w lbs. To what depth will the barge sink when 
loaded with VFlbs.? 

w [abl — (a — B){b — Ze) {I — 2e)] -j- W ' 



Ans. 



•a,Ml 



1. A cylindrical piece of wood, weight W, floats in water I 
with its axis vertical and immersed to a depth h. Find'-f 
how much it will be depressed by placing a weight w on tbe \ 

p of it. 



Ans. 



8. An isosceles triangle floats in water with its base hori 

zontal. Find the position of equilibrium when the base is 

above the surface, its height being k and its density being 

* that of water. , h ,-t 

' Ans. gV6. I 

9. A rectangular barge, I ft long, h ft, broad, and « ft < 
deep, outside measure, sinks to } its whole depth when un- 
loaded. Required its weight in lbs. Ans. 12.5rtJZ, 

10. If a rectangular barge sinks to \ of its whole depth 
when unloaded, and to J of it^ whole depth when loader 
find the load, the weight of the barge being w. Ans. Jw. 

11. The diameter of the base of a right cone is 2r, 
altitnde is h, and its density is \ tbat oi ^*\Kt. "^^i^ 
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doptli will the cone sink wlien it floaU with ite vertex dowu- 

Ans. :tv18. 

12. A liemispheriGtil vessel, whose weight is w, Qouts uyuD 
a Suid with \ uf its radius below the Eiirra<.-e. Whut weight 
must be put into the vessel bo that it may float with | of ils 
radiuH below the aurfaee? Ans. |h'. 

13. Let the pontoon lu Ex. 4, Art; 26, be a cyliuder, 
length h with liemispherica! ends, radius r; to find the 
load requiaitc to sink the pontoon to & given depth a. 

Ans. [.!i+ -n^ir — \a)\6it. 
whtTG -I = thf areii ADK (Fig. 23] 

14. Required the thickness of a hollow globe of coppST 
whose density is 9 times that of tvater, so that it may just 
float when wholly immersed in water, >■ being the exterior 
radius. Ans. r(l-|\/3). 

15. A cubical box, the volume of which is one cubic foot, 
is three-fourths lilled with water, and a leaden bull, the 
volume of which is 73 cnbic inches, is lowered into the 
water by a string. It is required to find the increase of 
pressure (1) on the base and (3) on a side of the box. 

Ans. (1) 41J0Z.; (2)32+ oz. 

16. If the height of the parallelepiped in Ex, 2, Art. 28, 
is 0.9 of the breadth, and if p ^ J, find the inclination 
that the parallelepiped may float in indifferent equilibrium. 

Ans. 6 = 33° 15'. 
*^" 17. What is the weight of a cube of gold whose side is 
3 ins., its specific gravity being 19.35 ? Ans. 18.89ti lbs. 

18. Wiiat is the volume of a piece of platinum whose 
weight is 10 lbs., its specific gravity being 22.06 ? 

Ans. 12.533 cu. ins. 

19. A piece of lead, whose weight is 511.65 grs., weighs 
in water 466.57 grs. Requii-ed its specific gravity. 

Ans. 



..36j^H 
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, whose weigbt is 123.03 grg., weighs i 
water 116.02 grs. Required its Bi>ccilic gravity. 

A?tg. 17.574. 
21, find the specific gravity of a piece of wood whose ' 
weight is 50 gra. To sink it we attach a braas weight 
which, when immereed in the watt^r, weighg 67.22 gts. ; the 
weight of the compound body wlien immeraed is 43.8S. 

Ans. 0.53. 
32. A piece of wood weighs 4 lbs. in air and a piece of 
lead weighs 4 lbs. in water ; the lead and wood together 
weigh 3 Iba. in water. Find the specific gravity of the 
wood. Ans. 0.1 

23. A body immersed in water is balanced by a weight , 
F, to wliich it is attached by a string passing over a fixed 
pulley ; when half immersed, it is balanced iu the same way < 
by a weight ZP. Find the specific grayity of the body. 

Ans. f. 

24. Find the weight of a cubical block of stone whose i 
side is 4 ft, and specific gravity Ij. Atts. 80000 oz. 

25. A body weighing 20 grs. has a specific gravity of 2J. 
Bequircd its weight in water. Ans. 13 grs. 

26. An island of ice rises 30 ft ont of the water, and its , 
upper surface contains j of an acre. Supposing the mas 
be cylindrical, required (1) its weight, and (3) depth below 
the water, the specific gravity of sea-water being 1.0363, and 
that of ice .93. Ans. (1) 342900 tons; (2) 259.64 ft 

27. A piece of wood weighs 12 lbs., and when attached 
to 23 lbs. of lead and inimei-sed in water, tlie whole weighs 
8 lbs. The siiecific gravity of lead being 11, required that 
of the wood. Ans. ^, 

28. A solid which is lighter than water weighs 5 Iba., ' 
and when it is attached to a piece of metal, the whote 
weighs 7 lbs. iu water. The weight of the metal ia ^otot 1 
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being 9 lbs., compare the speciBo gravitieB of the solid a 
of water. Arts. 5 : 7. 

29. A piece of wood which weighs 57 lbs. in vacuo, is at- 
tached to a bar of silTer weighing 42 lbs., and the two J 
together weigh 38 lbs. in water. Find the specific graWlyl 
of the wood, that of water being 1, and that of silver 10.5. 1 

A ns. 1. 

30. Equal weights of two fluids, whose specific gravities 
are s and 3s, are mixed together, and one-third of the wholo 
volume is lost. Find the specific gravity of the resulting 
dnid. Ans. 2a. 

31. Two fluids of equal volume, and of specific gravities 
s and 2s, lose \ of their whole volume when mixed together. 
Knd the specific gravity of the mixture. Ans. %a. 

32. A cylinder floats vertically in a fluid with 8 ft. of its 
length above the fluid ; find the wliole length of the cylin- 
der, the specific gravity of the fluid being three times that 
of the cylinder. Ans. 12 ft. 

33. A body floats in one fluid witli J of its volnme im- 
mersed, aud in another with ^ immersed. Compare the 
speoific gravities of the two fluids. Ans. 15:16. 

34. A block of wood, the volume of which is 4 cubic feet, 
floats hnlf immersed in water. Find the volume of a piece 
of metal, the specific gravity of which is 7 times that of the 
wood, which, when attaclied to the lower portion of the 
wood, will just cause it to sink. Ans. f of a cubic foot. 

35. A cone, whose specific gravity is \, floats on the water 
with its axis vertical, (1) with its vertex downwards and (2) 
with ita vertex upwards. What part of the axis is immersed 
in each case? Ans. (1) i ; (2)0, 

36. A cone, whose specific gravity is J, floats with itSi 
axis vertical. Compare the portions of the axis immene^', 
(1) when the vertex is upwards, (2) when it is downwards. 

, Ans. •^-1:1. 
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37. A block of ice, the volume of which is a cubic yai'd, 
is observed to float with -f^ of its volume above the surface, 
and a small piece of grauite is seen embedded in the ice. 
Find the size of the stoue, the specific gravities of ice and 
granite being respectively .918 and 2.65. 

-4^^« ^ir of a yard. 

38. A cylindrical glass cup weighs 8 ozs., its external 
radius is 1^ ins., and its height 4^ ins. If it be allowed to 
float in water with its axis vertical, find what additional 
weight must be placed in it, in order that it may sink. 

^'^^ (^ "" ^) ''''• 

39. Find the position of equilibrium of a cone, floating 
with its axis vertical and vertex upwards, in a fluid of which 
the density bears to the density of the cone the ratio 27 : 19. 

ns, \ of the axis is immersed. 

40. The whole volume of a hydrometer is 5 cu. ins., and 
its stem is |^ of an inch in diameter; the hydrometer floats 
in a liquid A, with one inch of the stem above the surface, 
and in a liquid B with two ins. above the surface. Compare 
the specific gravities of A and B. 

Am. 1280 — TT : 1280 — 27r. 

41. What volume of cork, specific gravity .24, must be 
attached to 6 lbs. of iron, specific gravity 7.6, in order that 
the whole may just float in water ? 

Ans, -^^^ of a cubic foot. 

42. If a piece of metal weigh in vacuum 200 grs. more 
than in water, and 160 grs. more than in spirit, what is the 
speciflc gravity of spirit ? Ans, \, 

43. A piece of metal whose weight in water is 15 ozs., is 
attached to a piece of wood, which weighs 20 ozs. in vacuum, 
and the weight of the two in water is 10 ozs. Find the spe- 
cific gravity of the wood. Au^. V 
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44. A cryetal of salt weighs 6.3 grs. in air; when 6ot9 
with wax, tile Bpccilic gravity uf which is .96, the whole 
weighs 8.23 grs. in air and 3.02 in wat«r. Finil the specific 
grftTity of salt. Ans. 1.9 nearly, m 

45. A Nicholson's Hydrometer weighs 6 ozs., and it ym 
requisite to place weights of 1 oz. and IJ ozs. in the uppez^ 
cup to sink the instrument to the same point in two differ- 
ent liquids. Compare the specific gravities of the liquids, 

Ans. 4 : 5. 

4(1. A diamond ring weighs C9| gra., and 04^ gre. 

water. Tiie specific gravity of gold being 16J, and that ( 

diamond 'A{, what is the weight of the diamond ? 

Am. Sigrs. 

47. A Ixidy A weiglis 10 grs, in watj?r, and a body ] 
weighs 14 grs. in air, and A and li together weigh 7 grs. i 
water. The Hj)e»:ific gravity ot air being .0013, required flfl 
the Bpeciiic gravity of B, and (2) the number of gra. 
water equal to it in volume. 

Ans. (1).8337; (2) 17.023 gra. * 

48. A compound of gold and silver, weighing 10 lbs., hv 
a specific gravity of 14, that oFgold being 19.3, and that fl' 
sdver licing 10.5. Required the weights of the gold ani 
the silver in the compound. 

Alia. Gold = 5.483 lbs.; silver = 4.517 Ihs. 

49. A diamond ring weighs C5 gra. in air and 60 in wate 
Find the weight of tlio diamond, if the si>ecific gravity o 
gold is 17.5, and that of the diamond 3^. Ans. 6. 875 grs. 

50. The crown made for Hiero, King of Syi-acnee (Art.! 
24, note), with e<niai weights of gold and silver, were all 
weighed in wat^r ; the crown lost ^ of its weight, the gold 
lost ^ of its weight, and the silver lost -^ of its weight. 
Prove tliat the gold and silver were mixed in the proportionj 
of 11 : 9. M 
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51. A ring consists of gold^ a diamond^ and two equal 
rabies ; it weighs 44J grs., and in water 38J grs. ; when one 
ruby is taken ont^ it weighs 2 grs. less in water. Find the 
weight of the diamond, the specific gravity of gold being 
l%\y of diamond 3^, of ruby 3. Ans. 5^ grs. 

62. If the price of pure whiskey be $4 per gallon, and its 
specific gravity be .75, what should be the price of a mixture 
of whiskey and water which on gauging is found to be of 
specific gravity .8? Ans. 13.20. 

53. How deep will a paraboloid sink in a fluid whose spe- 
cific gravity is n times that of the solid, the axis being 
vertical and equal to a, and the vertex upwards ? 

V^ — "s/n — 1 
Ans. «• -z= • 

yn 

64. A cubic inch of metal, whose specific gravity is m, is 
formed into a hollow cone, and immersed with its vertex 
downwards. Determine the ratio of the altitude to the 
exterior radius of its base, when the surface immersed is a 
minimum. Ans. V2. 



CHAPTER III. 

EQUILIBRIUM AND 

40. Elasticity of Gases.— The pressure of an elastic 
fluid is measured exactly in the same way as the pressnre of 
a liquid (Art 6), and the equality of pressure in every direc- 
tion, and of tranemisaioii of presenre, are equally true of 
liquids and gases (Arts. 7 and 8), There is, however, this 
difference between a liquid and a gas: when a liquid is con- 
fined in a vessel, no pressure ia exerted against the sides 
except that which ia doe to the weight of the liquid itself, 
or that which is transmitted hy the liqnid from some point 
on the surface at which an external force is applied; 
whereas, if a gas be contained in a closed vessel, there is, 
although modified by the action of gravity, an outward 
pressure exerted against the sides, which is due to the elas- 
ticity of the gaa, and which depends upon its volame and 
temperature.* It is therefore evident that generally a gas 
cannot have a free surface like a liquid {Art. 11), for such 
a surface implies that at each point the pressnre is nothing, 
i. e., if it he covered by an envelope everywhere iu close con- 
tact with it, no pressure is exerted against the envelope. It 
is also evident that, if a portion of the gas be withdrawn 
from the vessel, that which remains will not fill the same 
part of the vessel that it occupied before, as in the case of a 
liquid, bnt will expand so as to fill the whole vessel, press- 
ing, but with diminished force, against its sides at every 
point (Art. 2). From this property of gases, they are called 
elastic jluids ; the outward pressure which a gas exerta 
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agaiDBt the walla of the vessel euclosiug it is called its elat- 
tic force. 

The action of n commoti ajTinge will serve to illustrate 
the elasticity of atnioBpheric air. It the piston be drawn 
out, and the opeti end of the syringe tlien closed, a consid- 
erable efEort will be required to forco in the piston to more 
than a small part of the length of its range, and if the 
fcyringe be air-tight and strong enough, it will require the 
application of great power to force the piston down through 
nearly the whole of its range. This experiment also shows 
that the pressure increases witli the compression, the air 
within the syringe acting as an elastic euBhion. If the 
piston be let go, after being forced in, it will be driven 
-back, the air within expanding to its original volume. 

An inverted glass cylinder, carefully immersed in water, 
furnishes anotlier simple illnstration of the elasticity of air. 
Holding the cylinder vertical, it may be 
pressed down in the water without much 
loss of air, and it will be seen that the sur- 
face of the water within the vessel CD is 
below the surface of the water outside AB. 
It is evident that the downward pressure of 
the air within at CD is equal to the upward ^^^=^^:*^ 
pressure of tlie water at the same place, Fig.ao 

which (Art. 11, Cor. 3) is equal to the pressure on the up- 
per surface AB, increased by the pressure due to the depth 
of the surface CD below the upper surface ; hence the air 
within, which has :l diminished volume, has an increased 
pressure. 

41. Pressure of the Atmosphere. — If a glass tube* 
about three feet in length, closed at one end, be filled with 
raeronry, and then, with the finger pressed to the open end 
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80 as to close it, inverted in a vessel of mercury ao as to ii 

merse its open end, it. will be foiiud on removing the fi 
that the mercury in the tnbe will descend through a certaiij 
BjMice, leaving a vaciinm at the top of the tube, bat resting 
with its upjrer surface at a height of about 29 or 30 inched 
above the surface of the mercury in the vessel. It thiis 
Hppeara that the atmospheric pressure, acting on the snr* 
face of the mercnry in the vessel, and transmitted (Art. 8)^ 
supports the column of meroury in the tube, and hence that 
the weight of the mercurial column Is exactly equal to th< 
weight of the atmospheric column standing on nn are 
equal to that of the internal section of the tube, 
weight of this column of mercury then is an exact measun 
of the atmospheric pressure, or of the elastic force of th) 
atmosphere at any instant. 

42. Weight of the Air. — This may be directly provtrf 
by weighing u flask filled with air, and afterwards weighity 
it when the air has been withdrawn by means of an lulA 
pump ; the diflEerence of the weights is the weight of tbj 
air contained by the flask. 

The opinion was long held that air was without weigh^ 
or rather, it never occurred to any of the philosophera wbo.l 
preceded Galileo to attribute any influence in natural phe* 
nomena to the weight of the air. The fact that air has 
weight escapes common observation in coneequenoe of its 
extreme levity compared^ with solids and liquids, and espe- 
cially in consequence of its being the medium by wliich we 
are continually surrounded. The experiment of weighing 
air was performed successfully for the first time in 1650, by 
Otto Guericke, the inventor of the air-pump.* 

By means of the weight of air we may account for the 
fact of atmospheric pressure. The earth is surrounded by 
a quantity of air, the height of which is limited (see i 
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72) ; and if we suppose a cylindrical column extending 
above any horizontal area to the surface of the atmosphere^ 
the weight of the column of air must be entirely supported 
by the horizontal area upon which it rests, and the pressure 
upon the area is therefore equal to the weight of the column 
of air. The pressure of the air must then diminish as the 
height above the earth's surface increases ; and &om exper- 
iments in balloons and in mountain ascents, this is found to 
be the case. 

The action of gravity is equivalent to the effect of a compression of 
the gas, and it is thus seen that the pressure of a gas is in fact caused 
by its weight, as in the case of a liquid. 

Taking tt for the pressure of the air at any given place 
(Art. 11, Cor. 2), and assuming that the density of the air , 
throughout the height z is constant and equal to p, the 
pressure at the height z will be 

TT — gpz. (1) 

Cob. — ^It may be shown, in the same manner as for air, 
that any other gas has weight, and that the intrinsic weight 
is in general different for different gases. Carbonic acid 
gas, for instance, is heavier than air, and this is illustrated 
by the fact that it can be poured, as if it were 
liquid, from one jar to another. 



A 

P 




43. The Barometer. — This instrument, 
which is employed for measuring the pressure 
of the atmosphere, is, in its simplest form, a 
straight glass tube AB, about 32 or 33 inches ^_b 
long, containing mercury, and having its lower 
end immersed in a small cistern of mercury ; the p. ^^ 
end A is -hermetically sealed, and there is no air 
in the branch AB. Since the pressure of a fluid at rest is 
the same at all points of the same horizontal plane (Art. 10), 
the pressure at B, in the iuteriox ol t\i^ \xUo^/\^ ^^o^^Xf^ 
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the atmoBpberio preasare on the mercury at C, which ia 

transmitted from the surface of the mercury in the cistern 
to the interior of the tube ; and as there is no pressure on 
the surface at P, it is clear that the pressure of the air on 
is the force which sustains the column of mercnry PB. 

Let ff be the density of mercury, and tt the atmospheric; 
pressure at C ; then we have 

7r=^<7PB, (1) 

and, since g and a are constant, the height PB may be ni 
as a measure of the atmospheric pressure. 

44. The Mean Barometric Height. — The 

height of the barometric column at the level of the sea i8 
found to vaiy with the latitude, but it is generally between 
^9^ and 30 inches. The atmosphere is subject to continual 
changes, some irregular, others periodical. If the density 
and consequent elastic force of the air be increased, the col- 
umn of mereiiry will rise till it reaches a corresponding 
increase of weight ; if, on the contrary, the density of the 
air diminish, the column will fall till its diminished weight 
is sufficient to restore the equilibrium. The barometric 
height is therefore subject to continuous variations; during 
any one day there is an oscillation in the column, and the 
mean height for one day is itself subject to un aunnal oscil- 
lation, independently of irregular and rapid oscillationB due 
to high winds and stormy weather. Usually tlie height of 
the column is a masimura about 9 a. m, ; it then descends 
until 3 P. M., and again attains a maximum at 9 p. h. 

45. The "Water-Barometer. — Mercury possesses twi 
great adyantagcs over other liquids, which has led to its9 
being selected above all others for use in barometric instrai!?^ 
ments. The first advantage of mereuiy is that it does not 
give off vapor at ordinary temperatures. If it did, the spt 

* BenofB HjdniMaliiM, p. 7B. 
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? above the mercury would be filled with an elastic vapor, 
which would press down upon the column, so that its weight 
would no longer be a measure of the atmospheric pressure, 
but of the difference between this pressure uiid the elastic 
force of the vapor given off. The second advantage is that, 
on account of the gi'eat density of mercury, the height of 
the column which measures the atmospheric pressure ia 
small that barometers constructed with it are of a rery coi 
Tcnient size. The pressure of the air may be measured by' 
using any kind of liquid. The density of mercury is about 
13.595 times that of water,* and . tlierefore, if water were 
used, it would be necessary l« have a tube of great length, 
since the cohimn of water in the water- barometer would be; 
about 33| feet. 

In order to measure easily and correctly the barometrii 
height, an accurately graduated scale is added, which 
be moved along the tube. 

Rem. — The instrumeut above described involves thee! 
tial parts of a barometer ; it is the province of Physics 
give a full description of different kinds of baromete 
to explain their use, etc. 



46. Manometers. — Barometers are used not only i 
measure the pressure of the external air, but also to deteP^ 
mine the elastic force of gases or vapors which are enclosed 
in vessels. When thus used, they are called manometers. 
These instruments are filled with mercury, and are either 
open or closed ; in the latter case, there may be air above the 
column of mercury or there may be a vacuum. The manom- 
eter with a vacuum above the column of mercury is like the 
common barometer. In order to measure with it the elastic 
force of the gas or vapor, it will be necessary to establish a 
free connection between the cistern of the barometer and 
the vessel eontaiuing the fluid. This is done by means of » j 

• Bne.Brtt.,YoLIVI.,^.a. fl 
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tube DE, one end of which £ opens into the reeBel conttun-i 
iug the fluid, and the other end D enters above the level a 
the mercury B in the cistern. By this means 
the gaa from the vessel flows Ihrough the tube 
ED into the cistern, and presses a column of 
mercury into the tube AB, the height of which 
measures the elastic force of the gas or vapor in 
the vessel. 

When the elastic force of the fluid is consid- 
erable, it is UBUiU to estimate it on so many 
atmospheres : for instance, steam, in the boiler 
of an engine, liaving a preraur^ of two atmos- 
pheres, signifies that its elastic force would sus- 
tain a column of about 60 inches of mercury. 
It it is said to have a pressure of 6 atmospheres, it means 
that its elastic force would sustain a eohimn of about 180 
inches of mercury ; and so on. 

47. The Atmospheric Pressure on a Square Inch, j 

— This may be found at once by observing that it is the I 
WL'ight of a cylindrical column of mercury whose base is ft I 
sijuure inch, and whose height is equal to that of the! 
barometric column. 

Since the speciflc gravity of mercury is 13.595, that of J 
water being 1, it follows that the pressure of the air o 
square inch, taking 30 inches as the height of the barometer I 
at the sea level, 
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: (30 X 13.595 X 
: 14.7 lbs.. 



1' I. 

n 



^1738) lbs. 

and this is called Ike pressure of one atmosphere. 

ScH, — This pressure varies from time to time, but is gea'J 
erally between \i\ and 15 Iba. The standard uauallyf 
adopted wliere the English system of measure is used i 
14.7 lbs. apon the square inch, which corresponds to a c 
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umn of mercury about 30 (exactly 29.922) inches, and to a 
column of water about 34 (exactly 33. 9) feet high. A press- 
ure of two atmospheres, therefore, would mean a pressure 
of 29.4 lbs. on each square inch, and a pressure of six atmos- 
pheres would mean a pressure of 88.2 lbs. on each square 
inch. (See Weisbach's Mechs., p. 777.) 
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1. If the elastic force of a gas is 2|^ atmospheres, find its 
pressure in lbs. on each square inch. Ans. 36.75 lbs. 

2. If the elastic force of steam in a boiler be 5^ atmos- 
pheres, find the pressure on a safety-valve whose area is 
5.4 sq. ins. Ans. 436.59 lbs. 

48. Boyle and Mariotte's Law.*— Gajses readily con- 
tract into smaller volumes when compressed. "When a gas 
is compressed, its elastic force is increased ; and when it is 
allowed to expand, its elastic force is diminished. The 
statement of the law which expresses the relation between 
the pressure and the volume, or the pressure and the density, 
of gases is the following : 

The pressure of a given quantity of air, pj^ 

at a given temperature, varies inversely 
as its volume, and directly as its density. 






N 
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Let ABCD be a bent glass tube, the shorter 
branch of which can have its end D closed, 
and both branches being vertical. Let a little 
mercury be poured in at A, and let it stand at 
the same level EF in both branches. Now 
close the end D ; a definite volume of air is 
thus enclosed in DE under a pressure equal to 
that of the external air, i. e,, the elastic force of the enclosed 
air DE is equal to the atmospheric pressure exerted on F in 



B 



Fig. 33 



* The ezperimental proof of this law was discovered about the same Mme io 
Bngland by the Hon. Robert Boyle, and in Fiance b^ l&AxVoXXft, 
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tbe open branch, and is therefore oqtial to one atmospht 
(Art. 47). 

Take DH = ^DE, and pour mercury alowly into i 
tube AB tiU it stands at H in the shorter branch ; in tbe 
longer branch it will be found to stand at the height LK = 
30 inches above HK, i.e., the me/cury, rising in the Bhorter 
branch, compresses the air which it drives before it, and m 
whoD the air in the shorter brunch is reduced to half itsfl 
volnme, its elastic force or prcBsnro is two atmosphere^.l 
since it now sustains not only the atmospheric pressure ' 
which is exerted on the surface of the mercury in the open 
brancli, but also the weight of a column of mercury 30 
inches high. When mercury is poured into the tube till it 
rises in the shorter branch to M, where DM = ^DE, it will 
bo found to stand in the longer branch at the iieight AN = 
60 inches above MN, i. c, when the air in the shorter 
branch is reduced to one-third of its volume, its elastio 
force or pressure is three atmospheres, since it now sustains 
the atmospheric pressure and the weight of a column of 
mercury 60 inches in height. In the same way, it may be 
shown that if the air occupy one-fourth of its original vol- 
ume DE, it will sustain a pressure of four atmospheres, and 
so on for any number. Hence, generally, the pressure of a 
quantity of air varies inversely as its volume. 

Ifhen the volume is reduced to one-half, the deusity ii 
doubled ; when reduced to one-third, the density is treUef 
and so on ; that is, the volume varies inversely as the dent 
Hence, the pressure varies directly as the density. 

Let « and v' be the volumes of a given mass of air, p aw 
p' the corresponding pressures, and p and p' the correspom 
ing densities. Then we have 



P = *P- 
where A is a constant to be detennined by experiment. 
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EXAMPLES. 9fi\ 

Bbh. 1. — It has been shown by a series of experimeuts 
that thia law coDnecting the elastic force and volume of a 
gas under a constant f«inperatiire is Bensibly true for air and 
most gases as far aa a presearo of 100 atmospbei'es.* It is 
only when tho pressures are very great that variations from 
the law are observed, and even then the departure from the 
law is but small, especially with those gases which we are 
not able to condense into liquids. With gases which undergo 
liqaefactioD at moderate pressures, the departure from the 
law is greater, and increases as the state of liquefaction is 
approached, f 

Rem. 3. — In conducting this exiieriment, care must be 
taken to have the temperatures the same at tho beginning 
and at the couclnsion, as the elastic force of a gas under a 
given volume is influenced by changes of temperature. For 
this reason, it is necessary to jjour in the mercury gradually, 
and to allow some time to elapse before the difference of 
levels is obeerred, since, whenever a gas is compressed, an 
elevation of temperature is produced. Therefore, whatever 
heat is developed by increase of pressure must be allowed to 
pass off before the volume of gas is observed. 

EXAMPI.ES. I 

1, Let DE (Fig. 33), be 10 inches ; if mercury be poured ' 
in until the level in the closed branch stands 3 inches above 
EF, and in the open branch 15.64 inches, find the elastic 
force of the air in the closed branch, the barometer standing 
at 39.5 inches. 

Since the levels of the mercury in the two branches stand 
at 15.6i and 3 inches, the level in the longer branch is 
12.64 inches above that in the closed branch; the elastic 
force of tho compressed air, therefore, sustains a column of 
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mercury lS.6i inches high, together with the 
pressure, which hy the barometer is shown to 
column of 29.6 inches ; henco the elastic force 

= (13.64 + 29.5) inches = 42.14 inches. 

3. If the level in the closed branch rise 6.4 inches, fii 

the height to which the level in the open branch ehoald' 

rise, the barometer standing at 30.43 inches, and HE being 

10 inches. Ans. 60.48 inches. 






49. Effect or H«at on Gases.— When a given qnan- 

tityof air or gaa is iiirreased in temperature, it is found 
that, if the air or gaa cannot change its volume, Its elastJc 
force is increased ; but if the air can expand freely, whili 
its elastic force remains the same, its volume will be in<^ 



To illustrate this, take an air-tight piston in a TCrtical 
cylinder containing air, and let it be in equilihrinm, the 
weight of the piston being supported by the cushion of air 
beneath it. Raise the temperature of the air in the cylinder 
by immersing it in hot water; (1) the piston will rise in the 
cylinder as the volume of the heated air expands ; and whea 
the air has reached the temperature of the snrrouni 
water, the piston will cease to ascend, and will remain 
tionary. But (2) if we suppose that when the heat 
applied, the piston is held down so as to keep the air under 
a constant volume, an effort will be required to prevent the 
piston from ascending in the tube, which becomes greater 
in proportion as the air is heated. Hence 

(1) The effect of heat on. a given quantity of air, i 
elasbie force remaining constant, is to expand i 
jH)lume. 

(S) TTie effe^ of Jieat on a given quantity of air, i 
volume remainiJig constant, is to increase its e 
force. 
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THERMOMETEHa. 

60. Thermometers.— As a general rule, bodies expand 
under the action of lieut, and contract under the action of 
cold, and the only method of measuring temperatures is by 
observing the extent of the expansion or contraction of 
some known substance. Anybody which indicates changes 
of temperature may be called a thermometer. 

As the expansions of different substances are not exactly 
proportional to one another, it is necessary to select some 
one substance or combination of substances to famish a 
standard, and the standard usually adopted for all ordinary 
temperatures is the apparent expansion of mercury in a 
graduated glass yessel; for very high temperatures, a melal 
of some kind is the more useful, and for very low tempera- 
tures, at which mercury freezes, alcohol must be employed. 

The mercurial Ikermomeler is formed of a thin glass tube 
of uniform bore, terminating in a bulb, and having its upper 
end hermetically sealed. The bnlb contains mei-curj', which 
also extends partly up the tube, and the space between the 
mercury and the top of the tube is a vacuum. Since the 
glass, as well as the mercury, expands with an increase of 
temperature, the apparent expansion is the difference be- 
tween the actual expansion and the expansion of the glass. 
The construction of an accural* mercurial thermometer is 
an operation of great delicacy. 

In Fakrenkeifs Thermometer, which is chiefly used in 
England and in this country, the freezing point is marked I 
32°, and the boiling point 312°. The space, therefore, be- . 
tween these two points ia 180°. 

In the Centigrade Tltermomeler the freezing point is J 
marked 0", and the boiling point 100°, the apace between | 
being divided into 100°. 

In Reaumur's Thermmneter the freezing jioiut 
marked 0°, but the boiling point is marked 80°*. 
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100 EXAiieLES. 

HBy.— Mercary freesea at a temperature of —40° C. o( F.,&Dd b 
at a temppraturB of about 350" C. or 063 F. ; it is therefore nweBaary, 
for very liigli or very low temperatures, to employ other BubfiiaiiceB. 

For very low teinperatureB, spirit of wine is nseil ; this liqnid has 
never coDgealed, although a ti^mperaturu of —1*0 C. has been cdlj 
served, which Is the lowuBt temperature yet attained.* 

High temperatures are compared by observing the expansion of b 
i)~ metal or other niilid substances, and mstruments called ji 
Iiuve biHiU couatructed fur tlila purpose. 

51. ComparUoD of the Scales of these Tbermoi 

eters. — Any degrees of temperature by either thermometer 

may be converted into the cor responding degrees of the 
other thermometers ; for the space between the fised pointa 
in Fahrenheit's being 180°, in the Centigrade 100°, and u 
Eeaumur'B 80", we have 180° Fahrenheit = 100° CenJ 
grade = 80° Eeaiimur ; imd therefore each of Fahrenheii 
degrees = | of one of Centigrude = ^ of one of Reanmur. 
r^t F, C, and R be the numbers of degrees marking the 
Bttme temperature on the respective thermometers; then 
since the space between the boiling and freezing poin) " 
must in each case be divided in the same proportion by 
mark of any given temperature, we must have 

J-— 3a _ c R _ 

180 ~ 100 ~ 80 ' 
F—^% C R 



Bbm. — The various scales were formed in the early part of the 181 
century — Fahrenli«it's in 1714. at Dautzic; Keaamnr's In 1731 ; M 
the Centigrade somewhat later. f 



1, What temperatures on tlie other two scales are eqoin 
lent t« the temperature 50° F. ? I Ans. 10° C, or 8° R. j 



Jf ALTON'S AND GAT-LUS8A&8 LAW. 101 

2. Find (1) what temperature C. is the same as 60^ B., 
and (2) what temperature B. is the same as 45° C. 

Ans. (1) 75° C. ; (2) 36° K 

62. Expansion of Mercury.— The expansion of mer- 
cury is very nearly uniform between 0° and 300°. Experi- 
ments show that, for an increase of 1° Centigrade, the 
expansion of mercury is ^^Sitj ^^ .0001815 of its volume ;* 
hence, if <t^ be the density at a temperature t, and a^ the 
density at a temperature 0°, we have 

a^ = (7^(1 +.000180180; 

or, if we put .00018018 = (9, we have 

a, =at{l + et), (1) 

which, in (1) of Art. 43, gives 

TT = gat PB = ga^ (1 - Ot) PB, (2) 

by means of which the atmospheric pressure at any place 
can be calculated. 

53. Dalton's and Gay-Lussac's Law of the Ex- 
pansion of Gases by Heat. — The following experimental 
law was discovered by Gay-Lussac \ and Dalton, and more 
recently corrected by Regnault 

If the pressure remains constant, an increase of 
temperature of 1° C. produces in a given mass of air 
an expansion of .003665 of its volume. 

By means of this experimental law, combined with Boyle's 
(Art 48), the relation between the pressure, density, and 
temperature of a given mass of air or gas may be expressed. 

Conceive that a mass of air at the temperature of 0° C. is 
inclosed in a cylinder by a piston to which a given force is 

♦ Bnc. Brit., Vol. XVI., p. 88. \ ^eftI>eftOMKos3C^'^*'^..'^^^'^^-'«SV. | 
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applied; let the temperatare be increased to/; the piston 
will then be forced out until the original yokime v^ is in- 
creased by .003665^i;o, where v^ is the volume of air at 0®. 

Let V be the volume of- the same mass of air at the tem- 
perature t ; then we have 

V = v^{l + .0036650 ; 

or, denoting .003665 by «, we have 

t; = t;, (1 + at). (1) 

CoR. 1. — If Fahrenheit's scale is used, the number of de- 
grees above the freezing point is ^ — 32 ; and, since 180° F. 

correspond to 100° C, the expansion for V F. is \q^ = 

loU 

^iy of the volume at 32° F. The more accurate value of 

the denominator is 491.13. 

Hence, the increase of volume = ^ \^c^ — ■ ; 

492 

and, for the whole volume, we have 

460 + t ... 

or, V = f —493- ' (2) 

• where t is the temperature on Fahrenheit's scale, and v, is 
the volume at 32° F. 

Cob. 2. — If v' be the volume which the same mass of air 
assumes at the temperature t', we have 

460 + f ,_. 

Dividing (3) by (2), we have 

460 + f ... 

" ="460^- ^*> 
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By meaDS of (4) we may determine the volume which a 
gas will assume at a given temperature ; or, conversely, the 
temperature it will have under a given volume, if the volume 
it has at any given temperature is known, the pressure re- 
maining constant. 

EXAMPLES. 

1. K 100 cubic inches of gas at 68° F. be heated to 
1^° F., find the volume, the pressure being constant. 

Ans, 109.85 cu. ins. 

2. A mass of air at 50° F. is raised to 51° F. What is 
the increase of its volume under a constant pressure ? 

Ans. "5^ of its volume. 

54. Law of the Pressure^ Temperature^ and 
Density of a Mass of Gas.— Let ;;, p, and v be the 
pressure, density, and volume of a mass of gas at the tem- 
perature /, vq and /oo the volume and density at 0°. 

Then, when p remains constant, we have, from (1) of 

Art. 53, 

V = V,{1 + at). (1) 

Now, if t remains constant while the gas is compressed 
from t; to v^, the volume varies inversely as the density 
(Boyle's Law) ; that is, 

which in (1) gives, 

Po = P (1 + «0- (^) 

Substituting in (2) of Art 48, we have 

p = kp^:= kp (1 + at). (3) 

CoR. 1. — If p'y p' be the pressure and density of the same 
gas at a temperature t', we have 
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. P_ _ P 1 + «»< 



(*) 



CoE. 2. — If the volume, and therefore the density^ re- 
mains constant, while the temperature rises, the pressure 
will also rise. 

Let ^0 be the pressure when ^ = 0, v and p remaining 
constant. Then (3) becomes. 

Substituting in (3), we have 

where 'p and j^^ are the pressures at the temperatures t and 
0, the volume being constant 
Let ^ = 1, then (6) becomes 

j9 — i^o = />o« = .003665/?o (Art 53) ; 

that is, if the volume of a mass of gas remains con- 
stant, an increase of tem^perature of V C. produces an 
increase of pressure equal to .003665 of its original 
pressure, 

CoR. 3. — If Fahrenheit's scale is used, (3), (4), and (6) 
become respectively 

P__P_ ^QO + t fr.. 

^ = ^^ -492- <^) 

CoR. 4. — If ^' be the pressure of the same gas at a temper- 
ature /', the volume remaining constant, we have, from (9), 

, _ 460 +t' 
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•• y-460 + r' ^ ^ 

in which p and ji?' are the pressures corresponding to the 
temperatures t and t' of a given mass of gas, the volume 
being constant, 

CoR. 5. — Since the volume of a given mass of air varies 
inversely as its density, we have, from (4) and (8), 

^^v\±^P (11) 

1 -\- at p ^ ' 

where r' and v denote the volumes of a given mass of air at 
the temperatures t' and L 

EXAMPLES. 

1. If the pressure of a given mass of gas be 29.25 inches, 
at the temperature 56° F., what will it become if heated to 
300° F., the -volume being constant? Ans, 43.081 inches. 

2. If 200 cubic inches of gas at 60° F. , under a pressure 
of 30 inches of mercury, be raised in temperature to 280° F., 
while the pressure is reduced to 20 inches, find the volume. 

Arts. 426.9 cubic inches. 

65. Absolute Temperature.— If we can imagine the 
temperature of a gas lowered until its pressure vanishes, 
without any change of volume, we arrive at what is called 
the absolute zero of temperature, and absolute temperature 
is measured from this point.* 

Let t^ represent this temperature on ihe Centigrade 
scale ; then (3) of Art. 54 becomes 

^ M^^WW I I ■! ■ I __ _ ■_ _ _ ■ — ■ ^ ^^^- 

^ Be8aDt*B HydromechaiiieB, p. 118. 
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or, /„ = —-=- 373°. I 

In Fahrenheit's Bcalc, the reading fur ubsoluto zero Ih 

— 459°. ■ 

Combiniug (1) of this Art. with (3) of Art. 54, wc have ■ 

p=kp^{t-t,) I 

= kpa(t + 273) = JcpaT, (sd 

where T is the absolute temperature. ■ 

If i; and p be the volume and density of a mass of gas, pM 

ia constant, and therefore, from (:^), -^^ is constant; froi^| 

which it appears that ths product of the pressure an^fl 
voLitme of a given iiiasS of gas is proportional to th^^ 
absolute temperature. S 

ScH.— If the difference of temperature between the frees- 1 
ing and boiling points be divided into a hundred degreec^ J 
as in the Centigrade thermometer, the freezing point will 
then be 273° and the boiling point 373° absolute tempera- 
ture, and the zero of the scale will be that temperatnre at 
which the preasiire vanishes. Denoting the absolute tem- 
peratore by T, and the ordinary Centigrade temperature by j 
t, we have I 

T = 273° + I. (3) I 

56. The Pressure of a Mixture of Oases.— If twO' I 

liquids, which do not act eliemically on each other, are' ^ 
mixed together in a vessel which remains at rest, they will 
gradually separate, and finally attain equilibrium with the 
lighter liquid above the heavier. But if two gasex are 
placed in communication with each other, even if tbe-i 
heavier be below the lighter, they will rapidly interming^M 



MIXTURE OF GASES. 107 

until the proportion of the two gases is the same throughout^ 
and the greater the difference of density the more rapidly 
will the mixture take place. 

Take two different gases^ of the same temperature and 
pressure^ contained in separate vessels; let a communica- 
tion be established between the vessels^ and it will be found 
that, unless a chemical action take place^ the two gases will 
permeate each other till they are completely mixed, and 
that, when equilibrium is attained, the pressure of the mix- 
ture will be the same as before, provided the temperature is 
the same. Hence, from this experimental fact, the follow- 
ing proposition can be deduced. 

57. Mixture of Equal Volumes of Gases having 
Unequal Pressures. — // two gases having the same 
temperature he mixed together in a vessel of volume v, 
and if the pressures of the gases when respectively con- 
tained in V, at the same temperature, be p and p', the- 
pressure of the mixture will he p+p'- 

Suppose the gases are separate. Take the gas whose 
pressure is J9, and change its volume until its pressure is p% 
its temperature remaining the same. Its volume will then 

be, by Mariotte's law (Art. 48), ^ v. 

Now let the two gases be mixed without change of vol- 
ume, so that the volume of the mixture is 

p p 

then the pressure of the mixture will be jo', according to the 
preceding experimental fact (Art. 56). Now if the mixture 
be compressed till its volume is v, its temperature remain- 
ing constant, the pressure will become, by Mariotte's law, 
p+p'. 

This result is equally true for a mixture of any number 
of gases. 
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58. Mixture of Fnequal Volumes of GaseH hor-^ 
ing Unequal Vres^nres.—Tivo ToLum^s v, v', of dif- 

feri-nt giisef. (it fhf respective- presmres p. p'. are mixed 
togetiter so that the vdiime of tlie mixtwre is V; to 
find tJte pressure of the jnixfure. 

ChuQge the volume of each gas to F; their pressures will 
be, respectively (Art. 48), 

V v' , 

yP. yP, 

and therefore (Art. 67) the preesure of the mixture is 

■fi' + fp'; 

and if P be this pressure, we have 

PF = pv + p'v'. 
(See Besant'a Hydromeohaiiica, p. 114.) 

59. Vapors, Gases.— The term vapor is applied to 
those gaseous bodies, such as steam, which can be liquefied 
at ordinary pressurea and temperatures ; while the word gas 
generally denotes a body which, under ordioary conditions, 
is never found iu any state but the gaseous. The laws 
already stated of gases are equally true of vapors within 
oertain ranges of temperature, the only difference between 
the mechanical qualities of vapors and gases, as distinguished 
from their diemical qualities, being that the former are 
easily condensed into liquids by lowering the temperature, 
while the latter can be condenaed only by the application 
either of great pressure or extreme cold, or a combination of 
both. 

Prof. Famdaj succeeded in caodenniig; a namber of different gasee ; 
he found that corbonic acid, at the temperetiire of —11°, was liquefied 
by B pressure of 20 Btmoipheres, but when it was at Ihe leniperature 
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of 0'', a preasun^ of 36 DtmoflphercH* waa required to produce coiiden- 

In 1877, M. Pietet Hucceeded in liqui'iying oxjgpn bj subjectiog- it 
to a presBure of 300 atmOfl|iheres ; ot tbe close of the Borae jear, M. 
CBilletet effecW the liquefaction of nitrogen, liydn^en, and atmos- 
pberic air. Such eiperimeotal results point to tlie general concluilOD 
that all gases are the vapors of liquids of diSerent kiods.f 

60. Formation of Vapor, Saturation. — The major- 
ity of liquiOs, when left to themselves in contact with the 
atmosphere, gradaallj pa^s into the state of yapor and dis- 
appear. This phenomenon occurs much more rapidly with 
some liquids than with others. Tlina, a drop of ether dis- 
appears almost instantaneoualj ; alcohol also evaporates very 
quickly; but water evaporates much more slowly. If wuter 
be introduced into a space containing dry air, vapor is im- 
mediately formed; if the temperature be increased, or the 
space enlarged, the quantity of vupor will be increased ; hut 
if the temperature be lowered, or the space diminished, some 
portion of the vapor will he condensed; in nil cases the 
pressure of the air will be increased by the pressure due to 
the vapor thus formed. The formation of vapor is inde- 
pendent of the presence of air or of its density, the only 
effect which the air produces being a retardation of the 
time in which the vapor is formed. If water be introduced 
into a vacuum, it is iuatantaueously filled with vapor, but 
the quantity of vapor is the same as if the space had been 
originally 6lled with air. 

While the supply of water remains, as a source from 
which vapor can be produced, any given space will be 
always saturated with vapor, i. e., there will be as much 
vapor as the temperature admits of. If the temperature be 
lowered, a portion of the vajwr will be immediately con- 
densed, and become visible in the form of a liquid ; but if 



* Ad BtmosiibBre dcnnlFs Ibc- preaBore due to a colamn of mercnr; n.SIncbeaia 

Igtat. 

t Bsunt's HydioaUUCB, p. m. 
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the temi>eratnro bo increitsed so that all the water is turoed 
iuto vapor, tlien for this aud all higlit-r tomperatureB the 
pressure of the vapor will change iu accorduuce with the 
same law which regulates the connection between the pre ~ 
lire and temperature of gases (Art. B3). 

The atmosphere always contains more or less aqnec 
vapor, and if p be the presaure of dry air, and jt of tbi 
vapor in the atmosphere at any time, the actual preseure ( 
the atmosphere is p + T. 

61. Tolonie of Atmospheric Air without its Tlj 
por. — Hnvin.^ givm thr pressures of a- volume v i 
atnwspheric air, and of th^ vapor it contains, to / 
tfie vdlicme of the air icithout Us vapor at th« aam 
pressure and temperature. 

Let P be the pressure of the atmosphere and p that wl 
the vapor; and let v' be the rcquii-ed volume of the c 
without it« vapor, at the pressure /'. Then P ~p is tin 
pressure of the air alone when its volume is r. Hence « 
have (Art. 48), 

P : P-v :: V : v' ; 



63. Pressnre of Gas when Toluine and Temper- 
ature are Changed. — A gas i-ontain^il in a d/tsetl 
vessel of voltutw v is in contact with ivater, and i 
pressure at the temperature t is P ; it is required i 
determine-its pressure when v is changed to v' omlfi 
to ('. 

Let p and 71' be the pressures of the vapor at the t 
atures t and i', respectively, and P' the rei^uired pressui 

Then P~p and /" —p' are the pi'cesurcB of t 
alone, under the two sets of conditions stated. Hen 
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calling p and p' the densities of the gas, we have^ from (3) 
of Art. 54, 

P^p=zkp{l + «0> 

also, from (1) of Art. 48, we have vp = v'p'. 



P-p " v'\ + at' 



(i) 



which gives the value of P\ 



CoR. — If a and a' be the densities of vapor under the two 

conditions, we have 

p' _ a'{l^at') 

p '^ a{l + at)^ ^^ 

Dividing (1) by (2), we get 

p P' — p' va 



t^i y 



p' P — p v'a 

-=^^!. (3) 

va Pp — pp 

If Pp* > Ppy v'a' will exceed va ; i. e., more vapor will 
have been absorbed by the gas. But if Pp < P'p, then 
v'a' will be less than va, and the gas must therefore, in 
changing its volume and temperature, have lost a portion 
of its vapor. (See Besant's Hydrostatics, p. 138.) 

EXAMPLE. 

Having given the pressures P and jo of a volume v of 
atmospheric air, and of the vapor it contains, to find the 
volume of the air, without its vapor, at the same pressure 

P, ihe temperature remaining constant. 

P — p 
Ans. Volume of air = -^^-^ 
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63. Formation of Dew, the Dew Point. — Dew ib 

the name given to those ilrops at water ivliith are seen in 
the inomiiig on Hie leaves of plants, and are espeeiallj 
noticeable in the spring and autumn. If any portion of the 
space occupied by the atmosphere be satui-ated with vapor, 
t, e., if the density of tlie vapor be as great as it can be for 
the temperatnre, then the sliglitest fall of temperature will 
produce condensation of some portion of the vapor; but if 
the density of the vapor be not at its maximum for that 
temperature, no condensatioii will take place until the tem- 
perature ia lowered below the point corresponding to the 
satui-ation of the space. 

If any body in contact with the atmosphere bo cooled 
down until its temperature Is below that which corresponds 
to the saturation of the air around it, condensation of the 
vapor will take place, and the condensed vapor will be 
deposited in the form of dew upon the surface of the body. 
Heat radiates from the ground, and from the bodies upon 
it, and unless there are clonds from which the beat would 
be radiated back, the surfaces are cooled, and the vapor in 
the adjacent stnitum of the atmosphere condenses and falls 
in small dro]>a of water ou the surface. The formation of dew 
on the ground depends therefore on the cooling of its surface, 
and this lain general greater and more quickly effected when 
the sky is free from clouds. This accounts for the dew 
with which the ground is covered after a clear night A 
covering of any kind will diminish the formation of dew 
beneath; for instance, but very little dew will be formed 
under the shade of large trees, 

The dew-poinl is the temperature at which vapor b 
to be deposited in the form of dew, and it must be d 
mined by actual observatiou. 

64. Pressure of Vapor in the Air. — Tables * 1 
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MAXIMUM DESSITY OF WATER. 

been formed and empirioal formula' constructed for detepij 
mining the relation between the temperature aud the elast 
force of vapor, at the eatarating density, for certain ranges 
of temperature. If, therefore, tho dew-point be ascertained, 
we can at once determine the pressure of the vapor in the 
air by means of these tablea. For, if /' be the dew-point, 
and f' the corresponding pressure, then at any other 
perature t of the air above t', we have, for the requii 
preeaure, 



1 + «;'■' 



65. Effect of Compression or Dilatation on the 
Temperatnre of a Oas.— It is an experimental fact that, 
if a quantity of air be suddenly compressed, its temperature 
is raised ; and that, if the compression be of small amount, 
the relative increase of temperature is proportional to the 
condensation. Thus, if the density be changed from p to 
p', the increase of temperatnre is proportional to 



'lit, I 

the^^ 



If the air be allowed to dilate, its temperature is dimin- 
ished according to the same law. A. stream of compressed 
air when issuing from a closed vessel is sensibly chilled. The 
reason that the compression or dilatation must be sudden, 
is that no heat should be allowed to escape, or to be admit- 
ted. If tho esperimcut be performed in a non-conducting 
vessel, there is no necessity for rapidity of action. 

66. Expansion of Bodies — Haxininm Density of i 
Water. — In general, all solid and liquid bodies expand 
under the action of heat, and contract when heat is with- 
drawn. The expansion of mercury is proportional to the 
increase of temperature, within certain limits; this is o 
the case with solid bodies, such w gWa %^^ %W^ 
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water aad uqueoua bodit^s generally, the law of espaiiBirat< 
unknown. 

It is a, remarkable property of water that, at a tempei 
tare of about 4° 0. or iO° F,, its volume is a minimum anfl 
therefore its denaity is a maximum ; * and whether its tem- 
perature increasea or decreases from this point, the wutei- 
expands in volume. When the temperature descends to the 
freezing point, there is a still further expanBiou at the 
moment of congelation; for this reason, ice floa 
water. 

We can now see what takes place in a jmnd of 
water during winter. The fall of temperature at the 
face of the pond does not extend to the bottom, wliere 
water seldom falls below 4° C, whatever may he the exter- 
nal temperature. As the temperature at the surface de- 
Bcends, the water at the surface cools, and being contracted, 
it becomes heavier than the water beneath, and sinks to the 
botiom. The water from beneath rises and becomes cooled 
in its turn; and this process goes on tilt all the water has 
attained its maximum density, i.e., till its temperature is 
4° C. But when all the water has attained this tempera- 
ture, it will remain stationary ; and any further cooling of 
the water at the surface will expand it, until it finally con- 
geals. It is clear that the deeper the water is, tlie longer 
will ho the time before the whole of the water has attained 
its maximum density, and therefore that ice will form mach 
less rapidly on the surface of deep than on the surface of 
shallow ponds. 

It is from the fact that water expands in freezing, taken 
in. connection with the low conducting power of liquids 
generally, that the tempcratare at the bottom of deep poi 
remains moderate even during very severe cold, and tbst 
lives of aquatic animals are preserved. 

g\vv H".MGC. »H tbc lemiwralura it wUob^ 
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67. Thermal Capacity — Unit of Heat — Specific 

Ueat. — The thermal capacity of a body is the quantity of 
heat required to raise the temperature of the body one 
degree. 

Tlie -unit of heat which is generally employed is the quan- 
tity of heat required to raise a unit mass of water through 
one degree C, the temperature of the water being between 
0° C. and 40° C. It is called the thermal unit Centigrade, 

The specific heal of a body is the thermal capacity of a 
unit of ita mass ; and it is always to be underetood that the 
same unit of mass is employed for the body as for the water 
mentioned in the definition of the unit of heat Therefore, 
specific heat is independent of the unit, and is merely the 
ratio of the quantity of lieat required to increase by 1'^ the 
temperature of the body to the quantity of heat required to 
increase by 1° the temperature of an equal mass of water. 

The quantity of heat expended in changing the tempera- 
ture from I to t' 

varies HB t' — t when the maes is given, ^ 

and varies as the mass ■when f — /is given ; 

and therefore generally it varies as m(l' — I), if m be the 
mass. Hence, the C|aautity of heat eic^iended in changing 
the temperature of the mass m from ( to i' is 

sm {f — (), (1) 

where 8 is the specific heat of the substance, since it is the 
quantity of heat required to raise by 1" the temperature of 
the unit of mass, which may be shown by putting ?« = 1 
and t' — t ^ 1. 

Let dH denote the quantity of heat which produces in 
the unit of mass a change of temiwrature dt, tiien the meas- 

are of the specific heat is -^r- ^1 
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68. Comparison of Speclttc Heat at a Constant 
Pressure with that at a Constant Volume.— In the 

specific heat of gases there are two cases to be considered : 
(1) when the preaaiire remains constant, the gas being 
allowed to expand ; (2) when the volume is constant. 

Let the pressure^ remain constant while the application I 
of a small quantity of heat H increases the temperature T I 
by T, and changes the density from p to p'. From (3) of | 
Art. 55, by putting ka ^ K, we have 

p ^ KpT = Kp' (T + r). (1) ^ 

Now if the air be rapidly compressed into its original I 



1 



Tolume, ite temperature will 
shall have 



increased (Art. 65), and we ' 
the increase of temperature _ p — p' 

= /•; [by (I)]. 



where ;u is a constant. 

.'. the increase of temperature = 



(a) 1 



and hence the whole change of temperature produced by 
' the heat S, when the volume ia constant, 

= r + ^T = At. (3) 1 

In order, therefore, to produce a change of temperature ] 
T when the volume is constant, the quantity of heat required I 
. S" 



, and consequently, 

epecifie heat at constant pressure 
specific heat at constant volume 



(*>1 



Cor. — ^Therefore the specific heat at a constant presanrs 
exceeds the specific heat at a constant volume; and thug 



BXAMPLES. 



llfl 



n from (2) is eqaal to the quantity of heat ^r that is 

disengaged when the gaa is suddenly compressed into its 
original volume. 

ScH. — The value of A is found expen men tally to be con- 
stant for all simple gasea, its value being approximately 
1.408. (See Besant's Hydromechanics, p. 118.) 



EXAMPLES. 



1. A maas ?n, of a substance of specific heat s^ and tern- 
perature i,, is mixed with a masa m, of a aubatance of spe- 
cific heat Sj and temperatare t^, the mixture being merely 
mechanical, so that no heat ia generated or abaorbed by any 
action between the substances, and all gain or loss of heat 
from external sources is prevented. Find the resulting 
temperature i of the mixture. 

Suppose the former body to be the warmer; then iteoola 
down from t^ to t, while the colder rises from t^ to t. 
Therefore we ah all have 



4 



,». ('■ - = 



the units of heat lost by the 
former body. 



,('-',) = 



be units of heat gained by the 
latter body, 

and aince the quantity of heat lost by the warmer body ia 
equal to that gained by the cooler, these two expressions 
are equal ; therefore 



I 



'"l*! ('] 



, (' - ',) ; 



One of the methods of finding the specific heat of a aafe 
stance is by immeraing it in a given weight of water, anq 
obeerving the temperature attained by tW Wo »sfe(*«».»W! 
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3. A masB M of a substance of specific heat S and tern- I 

peratnre T, ib immereed in a vessel of water, m' and vi 
being tlie nmsses of the veasel and of the water in it, ami 
t' their commoti temperature und s' the specific heat of the^J 
vesBel. Find the temperature t of the whole after imme 
sion. . ^ MST + ml' + m's'f 

Ans. t = — Tr2r-. n — 

MS -f w + ms' 

3. A glass vessel weighing 1 lb. contains 5 oz. of watefJ 
both at 30°, and 2 oz. of iron at 100" is immersed. Whaa 
is the temperatnre of the whole, taking .2 as the specified 
heat of glass and .13 of iron ? Ans. 22°^^. 

The following are approximate values of the s|>ecific hoata. 1 
of a few substancea ; 

Water, 1 

Thermometer-glaes, .... 0. 198 

Iron, _ . 0.114 

Zinc, __.._.._. 0.1 

Mereury, 0.03 

Silver, 0.06 

Brass, _ . . 0.09 

(Besant's HydrosUtics, p. 147.) 

69. Sudden Compression of a Mass of Air. — 4.-M 
nhass of air being suddenly * compressed or dilated; i^'M 
is required to find the new -pressure and temperatu-re.' 

Let p, p, T be the pressure, density, and absolute tem- 
perature at any stage of the process; p', p', T' the new 
pressure, density, and temperature; and letdTbe the change 
of temperature due to the change dp in p. Then we t 



dT 
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Fi*om (1) of Art. 68, we have 

p^KpT^ (2) 

.. -^KT+Kp^ 

= KT^ KiiT [from (1)]. (3) 

Dividing (3) by (2), we have 

l^:=:l + ff = :?: [from (3) of Art. 68], 
pdp p p p ^ ^ ^ ■" 

dp Xdp ... 

or, -f = — ^. (4) 

P P 

Integrating between the limits p' and p, p' and p, we have 

which determines the pressure. 

Also, p' = Kp'r, 

which, divided by (2), gives 



^ = ^' (6) 

p pT ^ ' 



Prom (6) and (6), we have 



T ""\p/' 

... r = r(^)r (7) 



which determines the temperature. (See Besant's Hydros 
mechanics, p. 118.) 
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70. Mass of the Earth's Atmosphere. — By means i 
of tlie barometer, some idea may be formed of the mass of I 
air and vapor siirroundiug tlie earth, since the weight of the , 
whole atmosphere is equal to that of a stratum of mercury j 
about 29,9 inches thick covering the globe. Suppose the ' 
earth to be a sphere of radius r, and that h is the height o 
the barometric column at all points of its sarface. Then 
the mass of the atmosphere ia approximately equivalent to 
the mass i-nar'h of mercury, where a is the density of the 
mercury. 
Let p be the mean density of the earth ; then, 
the mass of the atmosphere : the mass of the earth 
^ inar'h : ^Ttpr^ 
= dtrh : pr. 

Taking o = 13.568 (Art 47), and p = 5.6,* and sup- I 
posing the height of the barometric column A to be 30 I 
inches, which ia probably near the average height at sett- | 
leveljf it will be found that the above ratio of the mass of I 
the atmosphere to that of the earth is about -j 



71. The Height of the Homogeneous Atmosphere. I 

— If the atmosphere were of the same density throughontrl 
as at the surface of the earth, its height I would be approz- 
iniately obtained from the following equation. 



ah : 



pi, 



(1) 



where a and p are the densities of mercury and air respeot>-| 
ively, and A is the height of the barometric colunm. FroiaJ 
Art 70, and Art. 33, Sch., we have 



: 13.568 X 768p = 10430.224p, 



u 



Bome donbl nlmnt 

:r Royal at tile Bar 

I See Biicy. BrlL, Vol UL, p. 
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LIMIT TO THE HEIGHT OF THE ATMOSPHERE. 

and taking h = 30 inehea, wo have, by solving (1) for I, 



which IB a little less than 5 mileB. 

73. Necessary Limit to the Height of the At- 
mosphere. — Since the attraction of the earth diminiahea 
at a distance fiom its Bui'face (Anal. Mecha., Art. I33a), it 
is clear that the atmosphere ia very, far from heing of uni- 
form density throughout, and therefore the result in Art 71 
ia very far from the truth. A Hmii can be found, however, 
to the height of the atmosphere from the consideration that, 
beyond a certain distance from the earth's centre, its attrac- 
tion will be unable to retain the particles of air in the cir- 
cular paths which they describe abont the earth, since the 
centrifiigal force must exceed the force of gravity. 

Let u be the earth's angular velocity, and r its radius. 
Then the centrifugal force of a particle m of air on the J 

earth's surface is mwV, and this ia equal to ^~ [&nai 

Mechs., Art. 199, (3)] ; therefore, at a height z above the I 
snrfaoe, the centrifu^ force mio* (r + z) 



The earth's attraction at the same height (Anal. Mechsi,! 
Art. 133b) 

and, in order that the particle may be retained in its path, 
these two forces must equal each other. 
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' 289r ~ (/■ + «)"' 

.-. a = r(V389 — l); 
= 6.61- + 
= 33000 miles (approximately). 

Rem, — The actual height of the atmosphere, however, i 
possibly much lower than this, for its temperature has bee 
found, by experiments made in balloons, to diminish wiflTI 
great rapidity during an ascent; it is therefore very likely 
that, at a height less than 5r, the air may be liquefied by 
extreme cold, and in that case its external surface would be 
of the same kind a^ the surfaces of known inelastic flnidB^J 
(Besant's Hydromechanics, p. 120.) 

73. Decrease of Density of the Atmosphere. 

(1) TfTieti- tits force of grat-ity is constniit. 

Take a vertical column of the atmosphei'e, and let it be 
divided into an indefinite number of horizontal strata of 
equal tliitkness, eo that the density of the air may be uni- 
form thronghont the same stratum. Let the weight of the 
whole column from the top of the atmosphere to the earth 
^ a, that of the whole column above the lowest stratum = 
b, that of the column above the second = c, and so on. 
Then b, c, d, etc., are the forces respectively which compress 
the first, second, third, etc. strata, which, as they are of 
equal thickness, are as their weights, a — b, b — c, c — 4* 
etc. Hence we have 



a_S:i_-c::&:c; 
.-. a : b '.: b : c. 
In the same way, it may be shown that 
b: c :: c- d, 
and so on. Hence, bj c, d, etc., and therefore the da 
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of the sncceesive strata, forni a aeries of terms in geometric 
progression, which is decreasing since a \s gi-eater than b, 
and therefore 5 greater than c, aud so on ; and aa the strata 
all have the same thickness, the heights of the several strata 
above the earth's sui-faee iacrease in ariclimetic progression. 
Hence, 

If a series of heights be taken in arithmetic pro- 
gressUm, when the force of gravity is constant, tJte 
densities of the air decrease in geometric progression. 

See. — By barometric observations at different altitudes, 
it is found that at the height of 3^^ miles above the earth's 
surface, the air is about one-half as dense as it is at the 
surface. Forming therefore an arithmetic series, with 3^ 
for the common difference, to denote the heights, and a 
geometric series with I- for the common ratio, to denote 
densities, we have 

Heights, 3i, 7, lOJ, 14, 17^, 31, SIJ, 38, 31^, 35, etc 
Densities, i^, J, i, ^. ^, ^y, -risi s^t. nh' TuVi-etc 

That is, according to this law, at the height of 35 miles 
the air is less than a thousandth part as dense as it is at the 
surface of the earth. 

(3) W%en the force of gravity varies inversely as the 
square of the distance from the earth's centre. 

Let r be the radius of the earth, p' the density at the sur- 
face of the earth, p the density at a height a, and A the 
height of a homogeneous atmosphere. Then, since the 
density varies as the compressing force, and this 
the weight, we have 



: dp :: hp'g : (J- ^ - ^ ^^{—pdz). 



where g and y— — r- are the measures of the earth's atti 
V -f- 2; 
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tion at the surface and at a height z, the negative eigti beiB 
taken because the density is a decreadDg function of tb^ 

height z. 

dp _ _i^ dz 
■'■ p - h(r + z)^' 

lutegratiiig, observing that when z 
ave 

r>/ 1 l\ 



log:-,= 



' h\r + z 



which shows that, it r + z increases in hiirmonic progi 

fiion, --j^ will decrease in arithmetic pr 

therefore p will decrease in geometric progression. Henee,1 

If a series of heights be taken in hamwuic prqgi 
sion, when the force of gravity is regarded as varia* 
the densities of the air decrease in geometric p 
sian. (See Bland's Hydrostatics, p. 368.) 

71. Heights Determined by the Barometer.— A.' 

very important use of the barometer is to find the difference 
of level of two pjaces situated at unequal distances above 
the surface of the earth. Since the height of the column of 
mercury in the barometer depends on the pressure of the 
atmosphere (Art. 4.3), and aa the pressure of the atmosphere 
at any point depends upon the height of the column of 
extending from that point to the top of the atmosphere, 
follows that this pressure will decrease as we ascend 
the earth's surface, and therefore that the height of 
column of mercury will diminish. That is, the mercury 
the barometer will fall when the instrument is carried 
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the foot to the top of a mouDtain, and will rise again when J 
it is returned to its former poeitioo. 

(1) When the force of gravity is regarded as con- j 
stant. 

Consider a vertical column of the atmosphere at rest ^ 
under the action of gravity. Let a be taken yertical and 
positive upwards ; ami at a height z, let p be the pressure 
antl p the density. The pressure p, at any height a, is meas- 
ured by the weight of the column of air extending from 
that height to the top of the atmosphere; and the element- 
ary pressure dp will be measured by the weight of the col- 
umn having the same base and the elementary height de. 
Therefore, if ^ be the area of the section of the column, we 
have 

A dp = — Agp dz, 

or, dp = —gpdz, (1) 

the Illative sign being taken because the pressure ;i ie a | 
decreasing function of the height z. 

If t be the temperature, we have from (3) of Art. S4, 

p = kp(i + al). (3) 

Dividing (1) by (2), we have 

dp _ gdz 

If the heights above the earth's surface are small, the i 
force of gravity g may be regwrded as constant ; and sup- 
posing ( constant, we have, by integrating (3), 

where ^' is the pressui'e at the height z\ J 
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Let h, h' be the observed barometric beights at the twi 
ataKons, whose altitudea ure z and z' : let o be the densityd 
mercurj at a temperature zero, and r, t', the temperature 
at the two slationa. Then we have, from (2) of Art 52, 

p = gah (1 - dr), 

HTid p' =; gak' (1 — 9t'), 



which in (4) gives 



fe ,, , ,, , A (1 - flr) 



m 



where I may be taken approsimately eqnal to ^(t + r'Vj 
from this eqaatioii the diflerencc of the height* of the tw) 
station a can be calculated. 

(3) When the force iif gravity is regarded < 
rinl}le. 

If the heights above the earth's surface be considerably 
it is necessary to talie account of the variation of gravity a 
different distances from the earth's centre. 

Calling g the measure of the eai'th's attraction at the levt 
of the sea, and r the radius of the earth, then we have, fo* 
the measure of the attraction at a height z, 



which, being substituted in (1) for 5, gives 



«l 



t Divid 



"' - » (r + .y 
Dividing (7) by (%), we have 



pdz. 



jfjz 
i (r + if 



-* R must b€[ observed that p is the snm of the pressures 
^e^-^o the ^ ittelli^ftnd'to tV aqueous vapor which is 
mixed with it; i. e., the quantity ip in (^) is tiie snmof 
the two, kp, l!p\ ^here Pjand p' are the densities of the air 
and ,^ aquepus: vapor^ [r^^jctiteTy. 



<,- • t 



Considering t constant as before, and equal to the mean 
of the temperatjiS*^ at the two stations, and integrating (8), 
we have 

^^^Sj- -0^ + „f>f^r + z){r + z'y ^ -^ 

As before, let 7ij,/iV*"d7^ "^^ be the observed barometric 
heights and temperatures, and a the density of mercury at 
a temperature zero ; then from (2) of Art. 52, by substitut- 
ing for ^,,ite vj^hie fvorn. (6), we have 



•. \ 






r:i 



Substituting (10) in (9), and solving for z — z', we have 

(11) 
Since fl is very sniall (Art. 52), we nave 

log J^' = log [1 - fl (r' _ t)] 
_ =-e(r'_T). 

(Dolculus, Art. 6L\ 
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Subetituting this in (11), and redncing N^aperian to com- 
mon logarithms by multiplying by m, the modulus of the 
Q system, we have 



-.««(t'-t)], (12) 

from which the valno of z can be determiued when z' is 

known. 

Cor. 1. — If the lower station be nearly at the level of the 
sea, j' ^ 0, and (12) becomes 

(13) 
Cor. 2, — In the above investigation no account baa been 
taken of the variation of gravity at different parts of the 
earth's surface. From a comparison of the results obtained 
by causing pendnlumg to oscillate in diSerent latitudes, if ^ 
be the measure of gravity at a place of latitude X, saAg' at 
a place of latitude A', it has been found (Poisson, Art. 638) 
that 

^ _ 1 — .002588 cos 2J, _ ^^ 

g' ~ \ — .002588 cos 3A.' ' ^^H 

^, „ k h 1 — .002588 cos 2;i' :,J^^I 

therefore, — = — -,-, -H n.,.no m ■ l^^^H 

mg mg 1 — .002588 cos 2k ^^^^H 

If A' be the latitude of Paris, the value of the quantity'^^^l 

-^ (1 ~ .003588 cos 2^) (13) 

is nearly 18336 French metres,* or about G0158.56 EngUsl^^ 

» A French nwtra ie 8».SWre Inclioe. ^^^H 
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feet; repreeeatiDg this numerical quantity by c and substifl 
hiting it in (14), we get 



vig 1 — ,002588 cos 2A' 
which in (13) gives 

' = 1-002588 c oiaA \}'^''k +^ '"^"1^ + ^) 

-me{T'-r)^, (16) 

from whicli tlie value of z may be detennined by a series of 
approximatioTiB ; i. e., an approximate value must be first 

obtained by neglecting - ; then this approximate value 

must be substituted for z in -_, und a more accurate value 

will be obtained, and the same process may be repeated, if 



ScH. l.^When - is very smalt, it may be neglected in 

(16). It has been fonnd in practice, however, that in thia 
case the results are more accurate by employing 18,393 
metres as the value of c. (Duhamel, p. 259.) 

In order that the heights as determined by the barometer 
may be very exact in practice, certain corrections are neees- 
Bary. For instance, the value of k is modified by the fact 
that the density of aqueous vapor at a given temperature 
and pressure is less than the density of dry air under the 
same circumstances; and the proportion of aqueous vapor 
to dry air will generally be different at the two stations. 
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ScH. 3. — Formula (IC) has been obtained on the 
tiun that the lutnperature uf the iiir i-einaiiiB constant 
passing froni the lower to the higher station; if, 
the difference between the heiglita be very great, a eonsiiJ- 
erable error may be thus introdueed, and formulie have 
therefore been conetnicted in which account is taken, on 
Tariona hypotheses, of the variation of atmospheric temper- 
ature. A formula of thia kind is given in Lindeman's 
Barometrie Tablae, conatnietcd on the supposition that the 
temperature dirainiBhes in harmonic progression throii^ .fti 
eeries o£ heights increasing in arithmetic progression. 

Also, we have assumed that the temiierature of 
mercury in the barometer is t!ie same as that uf the 
aarrounding it ; but in some cases, as for instance when 
servations are made in a balloon, the barometer may 
remain long enough in the same place to acquire the tem^ 
petttturo of the surrounding air. The temperature of the 
mercury may be observed, however, by placing the bulb of a 
thermometer in the cistern of the barometer, and the tei ' 
peratures thus obtained must be used in (10), (See 
Bant's Hydromechanics, p. 131.) 

SPECIFIC GRAVITIES. 



f of the Specific Gravities of different . 
stances to that of Water at 60°. 



Diamond, 

Bnlphur, 

Iodine, 

Arsenic, 

Gold, . 

Platina, 

Silver, 

Mercury, 

Copper, 



. 6.96 
. 19.4 



. 10.5 
! 13.568 
. 8.85 



Tin, . . _ _ _ 7.29 I 

Load, - _ . . . ILiS"*! 

Zinc, fi.864 

Nickel, . . _ 

Iron, . . _ _ . 7.8 

Flint-glass,. . 

Marble, .... a.TlJ 

Eock-sftit, . . 

Ivory, . -, .,. „., X^ 



loe (at 0"), 
8ea-wateF, 
OIiTe-oil, 



BXAMPLSS, 

0.926 I Alcohol,. 
1.037 Ether, . 
0.915 I 



n.794 
0.734 



Ratios of th£ densities of £ases and vapors of differ- 
ent substances to that of atmosplveric air at tins same 
temperature and uttder the same pressure. 

Water, .... 0.63 

Alcohol, .... 1.613 

Carbonic Acid, . 1.524 

AmmoDiii, . - . 0.691 

Sulphurous Acid, 2.312 

Sulphuric Acid, . 2.7G3 

Ether, .... 2.58(i 



1. If the barometer stand at 28.373 inches, find the 
preasure on a square iueb, Ans. 13.903 lbs, 

3. If the clastic force of a vapor eustaih a colnmn of 
mercury 3.34 inches high, find its pressure on a square 



Oxygen, - 






1.103 


Hydrogen, 






0.069 


Nitrogen, 






0.976 


Chlorine, 






2.44 


Bromine, 






5.395 


Iodine, _ 






8.701 


Arsenic, . 






10.365 


Mercury, 






6,978 



inch. 



Ans. 1.64 lbs. 



\ 



3. A cubic inch of mercury at 16° weighs 3439^ gra. 
neai'ly, and the barometer etanda at 30 inches. Find (1) 
the atmospheric preasure on the square inch of surface, and 
(2) the height of a barometer filled with water instead of 
mercury, the specific gravity of mercury being 13.6, 

Ans. (1) 14.698 lbs. ; (2) 34 feet. 
A hollow cylinder, open at the top, is inverted, and 
partly immersed in water. It is required to find the depth 
of the surface of the water within the cylinder below the 
surface of the water without. 

Let a = the length of the cylinder, h = the length of 
tb« part not immersed, x ^ the required depth of the sor- 



EXAMPLES. 



face within below the surface without, and rr, 77', the pre 
iires of the atmospheric air and of tlie compressed air- 
Then (Art. 48) we have 



also, Ti' = pressure on the water within = n- + 5 
gph + gpx, if A be the height of the water barometer. 

Substituting these values of ir and n' in (1), we have 
k h -\- x' 



_ v'4aA + (A — 6)' — (A + ft) 
■■■ ''- ~ r~ ~^ 

5. A cylinder, 20 ft. long, is half filled with water, ani 
inverted with the open end just dipping into a vessel of 
water. Find tho altitude of the water in the cylinder, thi 
height of the water barometer being 33 feet 

Am, 7.21 ft 



liqriio^^^ 



6. When the mercurial barometer stands at 30 inci 
what is the height of the barometer formed of a 
whose specific gravity is 5.6 F Ans. 72.7 inches nearly. 

7. The air contained in a cubical vessel, the edge of 
which is one foot, is compressed into a cnbical veseel of 
which the edge is one inch. Compare the preaaures on a 
side of each veBsel. Ans. 1:13. 

8. If the elastic force of a mass of gas whose volume is 
100 cubic inches he 30.375 inches of mercury, find its elasti 
force if it be allowed to expand to a volume of 387 
inches. Ans. 7.833 inchi 

9. If Fahrenheit's Thermometer mark 40°, what are' 
corresponding marks of Reaumur's and the Centigrade 

Ans. 44 



I 
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10. If the sum of the readings on Fahrenheit's and the 
Centigrade thermometer be zero for the same temperature, 
find the reading of each thermometer. 

Ans. 11^; — llf 

11. If 327 cubic inches of gas at 280° be allowed to cool 
down to 66°, find the volume.* Ans. 223 cubic inches. 

12. If, by the application of heat, 120 cubic inches at 
60° F. expaud into 180 cubic inches, find the temperature. 

-4W5. 320°.:. 

13. If the pressure be 14.7 lbs. on the square inch at the 
temperature 62°, what will it become if raised to 420° ? 

Ans. 24.78 lbs. 

14. If the pressure at 50° be 15 lbs., and if the tempera- 
ture be so far increased as to make the pressure 21 lbs., find 
the temperature. Ans. ^54°. 

15. The air in a spherical globe, one foot in diameter, is 
compressed into another globe, 6 inches in diameter, and 
the temperature is raised f. Compare (1) the pressures of 
the air under the two conditions, and (2) the pressures on 
the surfaces of the globes. . j (1) 1 : 8 (1 + a^) ; 

^'''^•1(2) 1 : 2(1 + «0- 

16. The temperature of the air in an extensible spherical 
enyelope is gradually raised ^°, and the envelope is allowed 
to expand till its radius is n times its original length. Com- 
pare the pressure of the air in the two cases. 

Ans. 1 + at \ n\ 

17. A mass of air at a temperature t is contained in a 
cylinder which" has an air-tight piston fitting into it, and it 
is found that the air exerts a pressure P on the piston ; the 

air being suddenly compressed into - of its former vol- 

• Fahienheit^B Thermometer is undeiBtood^ \m\fi«i& oiO^^rviNaA 



ume, and the temperature chBiiged to i', find thepressn^l 

P' on the pist^m. , ,,, _ 1 4- at' ■ 

^ Ans. r = Pn - — - — -• ■ 

\ + at I 

18. If a cubic foot of gas, whose temperature is ICK)" an^l 
elastic force 29^ iiichea, be cooled down to 40°, and coni'J 
pressed by a force equivalent to 10^ inches, find its volumeJI 

Ans. 4:334.7 cabic inches, fl 

19. If 20 cubic inches of air, whose temperature is 56*J 
and elastic force 28.8 inchcB, be expanded to 35 inches b^B 
the application of heat, and if the elastic force become 31 1 
inches, find the temperature. Ans. 234.27°. I 

20. Let 100 cubic inches of air have a temperature 33^a 
and a pressure 29.922 inches; if the temperature becom&fl 
60°, and the pressure 30 inches, find the rolume. I 

Am. 105.42 cubic inches. V 

21. A cubic foot of air at a tcmperatnre of 100°, and I 
under a pressure of 29{^ inches of mercury, is cooled down< J 
to 40° and compressed by iin additional 10^ inches of mei^l 
cury. Find the volume. Ans, 1137.86 cubic inohes, I 

32. If h and A' be the heights of the surface of the mer- ' 
Dury in the tube of a barometer above the surface of mercury 
in the cistern at two different times, compare the densities 
of the air at those times, the temperature being Bnpposed' 
unaltered. Ana. 

23. A conical wine-ghiss is immersed, mouth downwi 
in water. Hou'far must it be depressed in order that tliel 
water within the glass may rise half-way up it? 

Ans. 7!i, where // is the height of the water barometer, 

24, A cubic foot of air having a pressure of 15 lbs. on a 
square inch ia mixed with a cubic inch of compressed atr, 
having a pressure of 60 lbs. on a square inch. Find the 
pressure of the mixture when its volume is 1729. cul 
inches. Ans. IStHf 
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25. Tur^ iftlumes, V and F, of different gases, at press- 
ures p, p\ andf temperature t, are mixed together ; the 
volume of the mixliife is Z7, and its temperature t\ Deter- 
mine the pressure. . pV + p' V 1 + at' 

A.nS, z=p 'r — "^ r* 

U 1 + at 

26. Three gallons of water ^ 45° are mixed with six gal- 
lons at 90°. What is the temperature of the mixture ? 

Ans. 75° 

27. An ounce of iron at 320°, and 2 oz. of zinc at 90°, 
are thrown into 6 oz. of water at 10°, contained in a glass 
vessel weighing 10 oz. What is the final temperature, 
tailing .1 and .12 as the specfflc heats of zinc and iron ? 

Ans. 13°^. 



\ 
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PART II. 
HYDROKINETICS. 



CHAPTER I. 

MOTION OF LIQUIDS.— EFFLUX.-RESISTANCE AND ] 
WORK OF LIQUIDS, 

76. Velocity of a Liquid in Pipes.—// a liquid { 
run through any pipe of vaTiahle diameter, which i 
kept continually full, and- the velocity is the same i 
every part of a transverse section, the velocities in 
different transverse sections vary inversely as 
areas of the sections. 

For as the tube is kept full, and tho liquid is ino 
preaaible (Art, 3), the same quuntity of liquid which runs 
through one gection will, in the same time, rnu throngh 
the nest section, and eo on through any other. Hence if 
k, k' be the areas of any two sectiouB, aud v, v' the veloo- J 
ities of the particles at those sections, we have, since th^fl 
qnantity of hquid which flows throngh any section in t 
unit of time is the product of tlie area of the section by the I 
velocity, 

kv = k'v; 



k' : k. 



i 



Cob. — Heuce, as the section of a mass of liquid d 
its velocity increases in the same proportion. For instancf 
the velocity of a stream or river is greater at places whet 
its width is diminished. This demonatratiou 
applicable to different sections of a liquid iesuing throng] 
the oii&ce of a vessel, whether the section be taken i 



r 
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or withont the vessel, provided tliere be no vacnity in the 
t-tream between the sections, 

ScH. — It is supposed in this proposrt on that th 1 anges 
in the diameters of the sections sjc g at al and nowhere 
abrupt ; if there are any angles in the pic tl ey will 
produce eddies in the motion of the liqu d a d th propo- 
sition will not hold true, 

76. Velocity of Efflux // a small dpeHure be 

jiiade in o, vessel containing liquid, the velocity itiith 
which the liquid issues from, the vessel i-s the same as 
if it httd fallen from, the level of the surface to the 
level-ofthe aperture.* 

Let EF represent a very small orifice in the b()ttom of 
the vessel ABCD, which is Kllcd with a liquid to the level 
AB; and suppose the vessel to be i i u o 

kept full by supplying it from above, 
while the liquid ia running ont 
through the orifice EF. Let u be 
the velocity of efflux, w the weight 
of the liquid which issues with that 
velocity per second, and h the height 
of the surface above the orifice, '°'^ 

called the head] of the liquid. Then the work which to 
can perform while descending through the distauce h, 
from the surface to the orifice = icit, and the kinetic 
energy stored up in w as it issues through the orifice 



no loss of energy during the passage through the onfice. 



deptli of thai 
(leBcunda thto 
above (ho orlG 
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we may equate these two quantities of work, and i 



from which we i 



.: V = V^gh; 

that is, the velocity of effliLX is the same as that of A 
body which has fallen, freely through the height A. 

From (2) we have A = ^, iu which the height j 

•«? 

corresponding to the velocity t', is called the head due to tm 

velocity, or simply the head. The corresponding velocityJ 

called the velocity due to the head. 

Cob. l.^If the orifice be made in the vertical face t 
the vessel, and a tnbe be hiserted so as to direct the curreqj 
obligttely, horixontally, or rBrtically upward, the velocity a 
elBux will be the same, since the pressure of fluids at t)^ 
same depth is the same in every direction (Art. 7), and 
each particle of liquid having the same velocity will follow 
the same path ; a parabola whose directrix, whatever be the 
angle of elevation, is flxed, and lies iu the surface of thi 
liquid (Anal, Mechs., Arts, 151 and 153). If the 1 
Issue obliquely, its equation is given in (3) of Art. 15^ 
Anal. Mechs. If it issue horizontally, « = 0, and " 
equation becomes 

at'* 
J-! = — y = 44y. 



CoK. 2.— If A I be the depth of a second 
surface, and v^ the velocity, we have 

therefore, from (2) and (3), we have 

y : «, :: '/h: */h^\ 



rifice below t 
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that is, the velocities of efflux are aa the square roots 

of the depths. 

CoK. 3. — The quantity of liquid mn out in any time ia 
equal to A cylinder, or prism, whose base is the area of the 
orifice, and whose altitude ia the space deacribod in that 
time by the velocity acquired in falling through the height 
of the liquid. 

Goa. 4. — If any pressure bo exerted on the surface oftlie 
liquid, the Telocity of efflux will be increased. 

Let h he the depth of the orifice below the surface of the 
liquid, ki the height of the column of liquid which would 
exert tlie same pressure as that which is applied at the 
surface; then the velocity of efflux will be due to the 
vertical height A + S,; hence we have from (2) 

V = VWW+K)- (4) 

If ft, be taken equal to the height of a column of water 
eqnai to the pressure of the atmosphere (= 34 feet), (4) 
becomes 

V = V^S ('' + 34)- (5) 

which is the velocity of efflux when- a liquid is pro- 
jected into a vacuum, the orifice being at a depth h, 
below the surface of the liquid. 

If k he the area of the orifice, then the quantity of liquid 
Q which flows through the orifice in the unit of time is 

Q=-kv=^k VW'- (6) 

Cob. 5, — If a parabola, with a parameter = 2g, be 
described with its axis vertical, and vertex in the upper 
surface of the liquid, the velocity of efflux through any 
small orifices in the side, would he represented by the cor- 
responding ordinatee. 



r 
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SCH.— The correctoesa of this theorem cau t 
by the following experiracDt. If in tiie Tsssei (Fig. 34) hd 
orifice K or R be made, directed vertically upwards, the 
Telocity of the jet K or R is such us to carry the particles 
of liquid up nearly to the same level as the surface of the 
liquid in the toshcI. Practically the resiatauee of the air 
and friction in the conducting tube destroy a portion 
this velocity, 






1. With what velocity will water issue from a 
orifice IG-jij ft. below the surface of the liquid ? 

Ans. SSj^ft. 

3. A vesBel has in it a hole an inch square ; water is kept 

in the basin at a constant level of 9 ft. above the hole ; 

what is the outflow in one hour? Ann. 600 eu. ft 

3. What is the discharge per second through an orifi< 

of 10 square inches, 5 ft, below the surface of the liquid? 

Ans. 3153 cu. ins. 

77. The Horizontal Bauge of a Liijuid IssulniE: 
through a very 8mall Orifice in the Vertical ! 
of a Vessel — Let ABCD be a vessel filled with a liqui^ 
having its side EG vertical, M a small 
oriflce in the side of the vessel, MH 
the parabola described by the liquid, 
and OH the horizontal range. On 
BC describe the semicircle BFC, and 
through M draw MN perpendicular 
to BC. If the liquid issue horizon- 
tally from the orifice M, the equation 
of its path is (Art. 76, Cor. 1), 

a? = ikp, (^ 

in which A = BM, the height of the surface above i 



in o^^^^ 

I 
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orifice: thon the range CH will be determined by niakiiu 
y ^ MC. Hence we have from (1) 



(2) 

tliat is, the horizontal range of a liquid, issuing hori- 
zontally .through a very sTuall orifice in the side of a 
vessel is equal to twice the ordinate at the orifice, in 
a semicircle whose diameter is the vertical distance 
from, the surface of the liquid to the horizontat^i 
plane. ■ 

COE. — When the orifice is made at tbe centre of the side'* 
BC, the horizontal range is a masimunj, and equal to the 
height of the liquid above CH; at equal distances above 
and below the centre, the range will be the same 

78. Time of Discharge from a Cjiiiidrical Tess^ 

when the Height is Constant Wheit a cylindriet 

vessel is kept constantly full, it is required to dete 
mine the time in which a quantity of liquid equal ^ 
volume to the cylinder wUl flow through i 
orifice in its base. 

Ijet 7i be the height of the surface, K the area of the base' 
of the vessel, and k of the orifice, V the velocity of descent 
of the anrface of the liquid, and v tbe velocity of efflux at 
the orifice, and / the time necessary to discharge a volume 
of liquid eqnal to that of tlie cylinder, which remains con- 
stantly full. 

Then the quantity of liquid which flows through the 
orifice in the unit of time is ii: V2i/h ; and since the velocity 
of the snrfHce is V, the quantity of liquid which passes 
through the orifice in the unit of time must equal VK. 
Hence we have 



i 
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V: 



K 



Viigh', 



("H 



(Ifl 



and as the vessel is kept constantly full, we have 

/ = A = ^'-g^ ^ Q _ 

where Q denotes the whole quantity of liquid in the vessel^ I 

Cor, — If the liquid be kept at a height A' in a eecon^l 
vesael, containing a quantity Q', which flows through aftfl 
orifice h', in the time i, we li!ave from (1) 



and from (1) and (2) we have 

Hence, the quantities discharged in the same time,' 
from orifices of different sizes, and 
depths, are as the areas of those orifices and l 
si/iiare roots of their depths Jointly. 

79. The Time of Emptying any Vessel through j 
)t Small Orifice in the Bottom.— Let EH be the npperj 

surface of the liquid at the time I, x and 
y the distances OD and DH, h the depth 
OC of the liquid when the vessel ia full, 
]e the area of the orifice, and K the area 
of the upper surface of the liquid at the 
time t, which, when the figure of the 
vessel ia known, will he given in terms 
of X and y. 

Tlicn the quantity of liqnid which flows through I 
orifice in an element of time is k Viffx (It ; and since ii 
same time the surface EH descends a distance dx, the qui 
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tity of liquid which flows through the orifice in this time 
must equal Kdx, Hence we have 



k V^igx dt = — Kdx, 

the negative sign being taken^ because x decreases as t 

increases, 

r Kdx ,,, 

Cor. 1. — If the vessel be a surface of revolution round a 
vertical axis, K = ny^, which in (1) gives 

^ k V2gx 

CoR. 2. — To determine the time of emptying a right 
cylinder or prism. Here ^is constant, and (1) becomes 






K r dx %K 



r dx %K X ^^ 



2-ff' 

remembering that when ^ = 0, x z= h.^ 

When a; = 0, we have for the time of emptying the 
whole cylinder, 

t^-^=Vh^-^, (4) 

kV^ ky/%gh 

where Q denotes the quantity of liquid in the vessel. 

By comparing this result with that in (1) of Art. 78, it 
appears that the time necessary for the entire discharge 
of the licfXJbid, when the vessel empties itself is twice as 
great as that which is required to discharge the same 
quantity ichen the vessel is hept constantly full. 

Cob. 3. — If a cylinder of givep altitude empty itself in 
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n seconds, tJirougli a given orifice, the radius : 
cylinder from (4) ii 

ink Vg 

and if the radius is given, its height A ia 



V"- 



7^% 



(3)1 



(6)1 



-- 80. The Time of Emptying a Cylinder into 
Tacnnm. — To determine the time in which a cylin- \ 
di-ical vessel will empty itself, through an orifice in I 
the bottom, into a vacuum, when its upper surface is i 
exposed to the pressure of the atmosphere. 

Let h be the height of the vessel, h' the height of a 
column of liquid which is equal to the weight of the 
atmosphere ; and x the depth of the orifice below the 
upper Burfac* of the liquid. Then from (4) of Art, 76, the 
velocity of discharge is ^/'ig {x + h'), which iu (I) otj 
Art. 79 gives 



HE 



(t + 4')t + 



h^ig 



[(» + U')i -(x + ;.')!], 



riuce when x := h, t =■ Q. 
And making a; = 0, (1) becomes 

I- V'^ 

xvhich is the time of emptying the ves 



.[(;, + ;/)! -/.■!], 
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(7 SI. The Time of Eiiiptyiug a Paraboloid — Let 

the vessel be a paraboloid of revolution round the 
vertical axis, h its height, and 2^ its parameter. Then 
if X is .the depth of the orifice in the bottom below the 
upper enrface of the liquid) we have 



which, in (a) of Art. 79, f 





xdx i^pit _| 


+ 




* ^^ (A* 


-^). 




i 


Bince wheti x = h, t = 


0. 




1 


Making x = 0, iiiid putting r — the radiu 


of the base, 


(1) becomes 








/ 


2 rh,hi 

3 k V-2J' 




ii> 


which is the time of emptying the vessel. 







82. Cylindrical Vessel with Two Small Orifices.— 
A cylindrical vessel of given dimensions, is filled u-ith 
a liquid ; there are two given and equal small orifices, 
one at the bottom, the other bisecting the attitude; 
to find the time of emptying the upper half, suppos- 
ing both orifices to be opened at the same instant. 

Let %a = the altitude of the veasel, x =■ the altitude of 
the aaTface of the liquid from the upper orilicc at the time 
I, and r = the radius of the base. Then the quantities of 
liquid which flow through the upper and lower orifices in 
one second ai-e, reapectively, k VSja; and k VS^ {x + o), 
which in (1) of Art. 79, gives 



M 
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1- -/I-,'' 




^^[{2V2-l)ai-{a + ^}i + xil (1).J 
Ska \%g ■ 



between the limits, m ■=■ a and x •= %. 
And making a: = 0, (1) becomes 



3ifc 



(V3 - 1), 



which is the ti?ne of emptying the upper half of them 
vessel. (Bee Bland's HydrostaticB, p. 165.J 

r 83. Orifice in the Side of a Conical Vessel.- 
hoUow cone, base downward, whose vertical angle i 
60°, is fUZed with a liquid ; to determine the f 
where a small orifice must be made in its side, so t 
the issuing liquid jnay strike the horixontai plane inM 
a point whose distance from the bottom of the ves 
is to the distance of the orifice from the fop :: 5 ■■ 4-J 

Let AN = X, and AM 

then NM ^ a — x, and AP = 

Also by hypothesis wo have 

BO : AP : : 



t 



BO = 




2-\/3 



: PR tan 30° = — 



a — X 5x _ia + 3x 
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Substitnting this value of RO for » in (3) of Art. 151, 
Anal. Mecha., and for r* ite value 2gx, we have ~ 



2g + Sa: 



(2fl^ 



( ia + 3 a;Y _ 
2^/3 j 4, 
- 3a:)'. 



36^ 

ivhich is the depth of the orijiue, from the vextex. 
Bland's Hydrostatics, p. 142.) 

81. Velocity of EIHux through an Orifice of any 

Size in the Bottom of a Cylindrical Vessel Let 

AB be the upper surface of the liquid at ii . 
height A above the orifice EF; couBider any 
lamina GH, at a height x above tlie orifice; 
and as before, let Ic, K be tlie areas of the 
orifice and the section OH, respectively. 

At the height x above the orifice, let jo be 
the preseuro and p the density, and at a height 
X -y dx, let p + dp be the pressure. Then 
the volume ICdx ot liquid may be considered ' '"' " 

as acted upon by the pressures pJC, (p + dp) K, and its 
weight, — gpKdx. Hence the moving force will be 

pK — {p -\- dp) K — gpKdx = — Kdp — gpKdx 

and since the moving force is mcasored by the mass iiit#' 
the acceleration (Anal. Mechs., (3) of Art. 20), we have 



ee \ 



A 



- Kdp — gpKdx ^ pKdx -7 
iPx _ dp + gpdx 



(1) 



• Ttw movlog fDTce jb bem nogntlve bi 
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Let V be the velocity of efflm ; theu the quantity i 
liquid which flows through the orifice in an element of | 
time is kedl, and since in th<.' same time the surface K \ 
deecendB a distance equal to dx, wo have 



Kdx = 


- iedl, or ^| = - 


kr 




(2) 


the negative aign 


being 


lalcen beeanse 


:!■ decreases 


as t 


whieh ill (1) gives 


df '' 
i- iJ« 


i dv 
~ K dl' 

dp + gpdx 








dp + f/pdj; 


pMi, 

= -ir 


dx pi^ _, 
li = -!?>«'' 


■ [from 


(2)]- 





IiitegratiTig, we have 

p -^ypx^ - ^ + C 



remembering that when a; = 0, A' = i. 
Hence, 'igx = v' U — ^-^ 



, = y^-J 



A'= 



which IS the velocity of efflux at n depth x. 

When X =: Ji.oT the vessel ia full, we have for the velocity ] 



Vr^ 



M' 



t-k. 



EXAMPLE. 



velocity decreases, becoming a rainimum and ^ "^'igh, 
when the croBs-setstion h of the orifice is very small com- 
pared with that of -ff, which agrees with (3) of Art. 76, as 
it clearly should. 

Cor. 3. — As the ratio -^ increases the velocity increases, 

and it approaicheB nearer and nearer to inSnity, the smaller 
the difference between the two cross- sections becomes. If 
h =. K, (4) becomes 



from which we infer that, if a cylindrical vessel is without 
a bottom, a liquid must flow in and out with an intitiitely 
great velocity, or else a section of the liquid flowing out of 
the vessel can never be equal to a section of the vessel. If 
a cylindrical tube be vertical, and filled with a liquid, the 
portion of the liquid at the lower extrcmitj, being ui^ed by 
the pressure of all above it, will necessarily have a greater 
velocity than those portions which are higher, and therefore 
(Art 75) a section of the liquid issuing irom the vessel 
must be less than a section uf the tube, i.e., the stream of 
liquid will not fill the orifice of CTit.* 



If water flows from a vessel, whose cross-section is 60 
square inches, through a eircidar orifice in the bottom 
5 inches in diameter, under a head of watar of 6 feet, find 
its velocity. Ans. 20.79 11. 

S5. Rectangular Orifice in the Side of a Tessel. — 

To (leterinine, the quantltij of liquid irhinh will 

D by Bcmouilli, and wis aftenrarde much dlspaled 



■UTANGULAS OKIFICE l.V 



floiv from u reotangiUar orifice in the side of a veast 
which is kepi constantly fuU. 

(1) Wh£» one side of tk» arifime eaiMeides mth i 
surface of the liquid 

Let h be the height and b the 
breadth of the rectangnlar ori- 
fice ALMD, through which the 
efflux taken place , let HK be 
a horizontal Btnp at the dis 
tance x bolow AD, and of mfin- 
iteaimal thickness dr, so that 
the velocity of the liquid in 
every part of the atnp is the 

Then the velocity of eflnv throogh this ttnj) is ' 
[Art. 76, (2)],_and the iiuiintitv discharged in a unit ( 
time is hdxV^fx, hence, calling Q the whole qnantin 
dischai^ed in a unit of time, we haie 




F.0 3B 



« = /, 






and integrating between x ^^ Q and x = /t, we have 

Q = \b Vigh'. (aj 

If wo denote by v the menu velocity, /. f., the yelociri 
which would have to exisb at every point of the orifice, id 
order that the same i(uant.ity of liquid would (low throngi 
the orifice with a uniform velocity as now flows thniug^ 
with, the variable velocity, we have 



which ill (-i) gives 



Q = bhP, 



the mean reJ^city of a liquid flowing i 
fh a rectangular orifice in the side of ct i 
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is I the velocity at the lower edge of ika arijice; and 
the qibantity of liquid flowing out through this erifiat 
in any given time is f the quantity that would flow 
through an orifl.ce of equal area placed horizontally 
at the whole depth, in the same time, the vessel being 
kept constantly full. 

(3) When the upper surface of tJie rectangular nri- 
fice is below tJie surface of the liquid. 

Let 8R lie the iiiijiereOge of the orifice at the depth h^ 
below the Burface AD. Theu, integrating (1) between the 
limits X = A, and -.c = /(, we have ' ' 

Q = \hV^{h\-h,i). (4) 

If the mean velocity of efflux is r, iie have 

« = *(*-*,).', 



which in (4) g 



--W^g 



fel — Ai* 



(fi) 



86. Triangular Orifice in the Side of a Tessel.— 



irtir.v of the triangle is in the surface 



(I) men the. 
of tlui liquid. 

r^t h be the height EF, aud i the breadth 
HF of the trittDgular oriflce EHF, through 
which the efflux takca place; let LM be a 
horizontal atrip at tlie distaTice x below AD, 
iind of inflnitesimal thickness dx, so that the 
velocity of the liquid in every part of the atrip 
is the same. 

Theu LM = .r, and calling Q the ([uantity of li(|i 

discharged in a unit of time, we havy 



i 



E SIDE OF A rSBBSL. 






If the mean velocity ia v, we have 
Q — ythv, 
which ill (1) gives v = \'/%gh. 

(2) When the base of tli^ trUiiigle is In tJie surfai 
of the liquid. 

Let KEH be the triangular orifice, KE = h, and KH~~ 

= h. Then the quantity discharged through KEH will 
equal the discharge through the rectangle KHFE, mitius 
that through the triangle EliF ; therefore aubtractiiig (1) 
of this Art. from (2) of Art. 85, we have 



and 






(3) 

(4) 



Cor, 1. — If the orifice he a trapezoid ABCD, 
whose Dpper buse AB = ft, lies in the sur- 
face of the liquid, whose lower base (JD = Sg, 
and whose altitude is DF = A, the discharge 
may he found by combining the discharge 
through the rectangle EGDF with those 
through the two triangles ADF and BCE. 
Hence, combining (3) with (2) of Art. 85, we have 



Q = ibJiV2f/h+^ (b, - b,) hV'igh 
= -ft (3^1 +36,)Av'^A. (5) 



TBIANQULAR ORIFICE IJf THE SIDE OF A VESSEL. 153 

■ CoH. 2.— If the orifice be a triangle DC;H (Fig. 41), 

whose base DC = b^ is situated at a depth KL = A, be- 
low the surface of the li(iuid, and whune vertex H is at a 
depth h below the eurfaee, the discharge is equal to that 
through the triangle AUB, minus that through the trap- 

I ezoid ABCD. Hence, from (3) and (5), we have 

^^ e = ^ihV^gh-^sCib + ■3b,)h,VWi 

i =^v'2^[3i(/,S_A,*)-3iiA.?J. (6) 

\ Since AB : DC :; HK : HL, we have 

I 6 : b^ :: 7i : k-h,; 

^ ■■■ ^ = W^^^' 

which in (6) gives 

^ - 15 V" h^^ /" *'' ' 



Cob. 3.— If the orifice be a triangle ABC, 
whose vertex A is above its base, and at a 
depth A, below the surface of the lifjuid, 
whose base CB = i, is at a depth h below 
the surface, the discharge is equal to that 
through the rectangle ACBK, minus that 
through the triangle ABK. Hence, from 
(7) and (4) of Art. 85, we have 



= —5—1 — A-^Tfl; — ;• *^i^ 



p 
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ORIFICE IN -1 



OtherwUi thus ; Let ODC be a vertical orifice, forDied t 
a plane curve, whose vertex ia 0, afc the 
depth AO below the suriaof of the liniiid. 

Let AB = A, AO = /i^, OE = a;, EQ = 
y ; then the area of tlie horizontal strip PQ, 
of infinitesimal thickness da:, :=:'iifdx; and 
therefore the quantity discharged in a unit 
of time through this elements Etrip is 

Zy dj: ■\/%g (A, +^ ; 
and hence we have 





H 


A 


D 

£5 



Fig. 43 



Q = fiyVig(h^+:<^)dT. 



(1) When the orifice in a rectajigle. 

Here y is constant, which put =; \b, and integrating (1 
between the limits a; = and x = h — ft,, we have fi 
the discharge through the whole orifice ODO, 

which is the same as (i) of Art. 85, 

Gob. 4. — If the upper side coincides willi the surf 
the liquid, Aj = 0, and (10) becomes 

Q = %bhV^h, 

which agrees with (3) of Art. 85. 

(3) W7ien the orifice is a triangle ivhose vertex £ 
downwards and the base horizontal. 

Let a : J be the ratio of the altitude to the base ; then 

3y= -{b — !i^ —X), 

which in (9), and integrating between the limits x = 
a- = h — hi, gives 



6RtFtCE M TffJS ^n>^ OF A VESSEL. 156 

Q ^ J - V2^ (7* — Z^i —x) Vh^ ■\- X dx 

which agrees with (7). 

Cor. 5.— K the base coincides with the surface of the 
liquid, h^ = 0, and (11) becomes 



Q = ^hh^/'Zgh, 
which agrees with (3). 

(3) When the orifice is a triangle whose vertex is 
upwards and base horizontal. 

Here 2y = - a;, 

which in (9), between the same limits, a? = and x = 
'h — A|, gives 

which agrees with (8). 

Cor. 6.^If the vertex coincides with the surface of the 
liquid, Aj = 0, and (12) becomes 



which agrees with (1). 

Cor. 7. — ^Prom Cors. 5 and 6 we see that the quantities 
discharged in the same time through two equal triangular 
orifices in the side of a vessel kept constantly full, the one 
having its base and the other its vertex upwards in the sur- 
&ce of the liquid, are in the ratio of 2 : 3. 



186 EXAMPLE. 

87. The Time of Emptying any Vessel through 

a Vertical Orifice.— Lei A be tbt aurfacc ^ 

of the liquid in llie vessel when llie urilice 
OOD is opened, and Q the sui-faco at ihi; end 
of the time (; let AH = z, kO = h', OE 
= a-, AB = /(, mid PQ, = 2y. 

Then the quantity discharged tiirough the 
orifice in an element of time, from (9) of 
Art. 86, is 








?>^ 


^n 


/ 


^ \ 



yVx-i-h'- 



zdx \dt. 



(1) 



the a--integration being taken between h — h' and 0, e 
being conataut during this integration; and since, in the 
same time, the surface of the liquid at H descends a dis- 
tance dt, the quantity discharged through the orifice in 
this time must equal Kdz, where K is the area of the sec- 
tion of the vessel at H. Hence, we liave 



\%'^%gfyV^-y1t' — xdx dt = Kdz; 



(3) 



4=/--. 



%^/igJ Sy^/x + A' — tdx 
;-int«gration being taken between and A. 



Find the time of emptying a cone 
by an oritice ACB iu its side. 

Let AH = A be the aris of the cone, 
CB = 5, CA = I, angle HAC = «, 
AK = X, PK being perpendicular to 
AH. When the oi-ifice is opened, let 
the surface of the liquid in the vessel 
be at H, and at the end of the time i 
Jet it be at M, and let AM =3 e. 




Then we have 

AP = a; sec «, Pp = sec « dxy 

' T>^, d sec a 

and y = PF = — - — x\ 

IX. If Ti-nf I * sec* a , 

A the area of rYp'p = — = — x ax. 

The velocity of discharge through this area 

therefore the quantity discharged in an element of time 
= — ^ — V^J ^"^z -^xdx dt 



= \}^V^^z^dt, 



the rp-limits being and z\ and this must equal KdZy 
from (2). 

Hence we have, from (3), taking the negative sign, be- 
cause % decreases as t increases, 



t 



=/ 



^Kdz 



h sec* 



^V^iV«* 



I 
— 15?7r tan* a s^dz 






4:bV2g sec* a «♦ 

15Z7rtan*« Pdz 
4JV^sec*a*^ «♦ 

157rZ tan* a 



2bV2g sec* a 
between the limits h and 2?. 



{Vh-V^ 



EFFLUX FROM i 



Therefore the whole time of emptying the vessel 



_ ISTTf ta n= a VA 
(See Bland's 



p. 185.) 



;. Efflux from a Teasel in Motion.— If the Teasel 
ABCD be filled with liquid to AB, and raised Tertic&lly, 
■with UD accelerated motion, by a 
weight P attached to an inexteueible 
string, without weight, passing over 
two smooth i)u]leya F, E, the veloc- 
ity of efflux ia augmented ; and if it 
descends with an accelerated motion, 
the velocity is dirninislied. 

Let Q be the weight of tho ve&wl 
and liquid contuiued in it. Since 
the pulleys are perfectly smooth, the 
tension of the string is the same 
;thronghout; hence the force which canses the motion ia 
the difference between tho weights P and Q. The moving 
force, therefore, is P — Q\ but the weight of the mass 
moved ia F -\~ Q. Rencu, from (!) of Art. %b. Anal. 
Mechs., we have 





/=; 



(1) 



which ia the vertical force of acceleration. Since this force 
I ficts vertically upwards on tlie vessel, and the force of grav- 
ity y acts vertically downwards, every particle of the liquid - 

ist the bottom of the vessel, not only with itfl 
own weight Mg, but also with its inertia M/. Hence the 
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entire accelerating force pressing against every point in the 
base is 

9+f = 9-^^=^9 [froin(l)] 



P+Q"- 



Let HO = hy and v = the velocity of efflux ; then we 
have 

V = VWT~f)h (3) 



= V2^ Y 



^P^ (4) 



P4- Q 



Cor. 1. — ^If the vessel is allowed to empty itself through 
the orifice 0, without receiving any liquid, let x = the 
variable altitude OH, iT the horizontal section of the vessel, 
which is a function of rr, and k the section of the orifice. 
Then we have 

Q = f^dx ; 

which in (4) gives for the quantity discharged in an element 
of time. 



hV^y 



dt = — Kdx; 



P + fKdx 

. . r- Kdx^/PT7~Kd i ,* X 

"^ kV2g* V2Px 

Cob. 2. — ^If f^g, (3) becomes 

V = V2'2gh = 2Vgh; 

and the velocity of efflux is 1.414 times as great as it would 
be if the yessel stood still. 



EFFLUX FHOJf - 



Cor. 3.— If in (1), J' = Q, then / = 0, and the TeB§ 
is at rest. II' P < Q, then Q will dcaeeud and P ascend,.! 

/ ia negative and (3) bccomt'S 

. = Vi{S-f)h, 

and the yessel descends with an accelerated motion, tfaq 
velocity being diminished. 

Cor. i.—lt P = 0, then, from (3), g+f^ 
therefore, from (3), ;» = 0, and there is no pressure on th^ 
bottom of the vessel, and no liquid will flow out ; which i 
also evident from this, that every particle in the vessel w 
descend by its own gravity, with the eame velocity. 

89. Efflux from a Rotating Vessel.— If a 
ABOD, contaiuing a liquid, is made to rotate about ita vei 
deal a}:ia XX ', the surface of the liquid 
will take the form of a paraboloid of revo- 
lution (Art. 21), and at the centre H of the k 
bottom the depth of liquid KH is leas than 
it is near the edge, and the liquid will flow 
more slowly through an orifice at the centre 
than through any other orifice of the same 
size in the bottom. D 

Let A denote the height KH ; then the 
velocity of efSus through an orifice at H = 
•s/'igh. Let y denote the distance HO = 
MP of an orifice from the asis XX', and u the angula 
velocity; then, since the subtangent MT is bisected at E J 
we have, for the height of the liquid at Pahove the centre B 

KM = iTM = ^MP tan MPT 
, MP 




_y%P 



[from (2) of Art. 81]. 
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Hence, the velocity of efflux through the orifice at is 



= V'igh + f<^. 



(1) 

ScH. — This formula is true for a vessel of any shape, even 
when it is closed at the top so that the paraboloid AKB 
cannot be completely formed. In this case also, h is the 
depth of the orifice below the vertex K, and yti is the veloc- 
ity of rotation of the orifice. (See Weisbach's Mechs., 
p. 819.) 

90. The Clepsydra, or Water-Clock.— This is an 

instrument consisting merely of a vessel from which the 
water ia allowed to eecupo through an orifice in the bottom, 
and the intervals of time are measured by the depressions of 
the upper surface. Thus, if we wish tlie clock to run 13 
honrs, we let i = 12 hours = 13 x 60 x 60 seconds; then 
solving (4) of Art. 79 for h, we have 






i siibstitutmg in it tliis value of t, we have 

.1%.. 



(1)^ 



-2;p(12x60x60)», 

which gives the depth of liquid in the cylindrical vessel that 
will empty itself in 12 hoars. 

(1) To discover the manner in which the height h of the 
vessel must be divided in order that the upper surface of 
the liquid may descend through the several divisions of the 
scale in eqnal i ntervals of time, we make I in (1) successively 

equal to 12, 11, 10, 4, 3, 2, 1 hours, and get for h a 

series of values which are as 144, 121, 100, . ... 16, 9, 4, 1 ; 
hence, if the height A he divided into 144 ec^ual Ktg«R)^,-«s^ 



IftB THE VENA CONTRACTA, 

marked upwards from the bottom of the vei^sel, then the 

marke 131, 100, 16, 9, i, 1, 0, will give the water level 

at 1, a, 8, 9, 10, 11, la houra after the water begJuB to 

flow. 

(2) Any veeael may serve for a clepsydra, but that form ij 
most ciravenieiit in which the upper surface of the 1 
descends aaiformly. 

Let X = tlie height of the liquid in the vessel, K I 
area of the descending surface, v \\s velocity, and k the a 
of the orifice. Then from («) of Art, 78, we have 



And since the surface is to deaceud uniformly, this valaf 
of V must be equal t« some constant a, which will depend 
upon the whole heighf and the time in which the clepsydni 1 

will be emptiinl ; hence (3) becomes 

and supposing the area of the descending surface of tUI 
liquid to be a circle = ny^, (3) becomes 



_I^Zgx_ 



which is a parabola of the fourth order. 

Hence, the heights of the sections jnust vury a^ t 
fourth power of their radii. 

91. The Vena Contracta. — The laws of eflBui 1 
have Ijeen deduced are founded ini Ihe hypothesis that I 
liquid particles descend in straight lines to the orifice, : 
a)) muc in parallel linos with a velocity due to the hei^ 
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of the liquid Burface. ExperiniGnt shows, however, that 
this is not the caae. The liquid does not issue in the form 
of a prism, and hence the quantity discharged in a unit of 
time is not measured by the contents of a, prism whose base 
is the orifice and whose altitude is the velocity; this would 
give the theoretical discharge (Art. 76, Cor. 3), hut the prav- 
tical discharge is geuerally much less. When a vessel 
empties itself through an orifice, it is observed that the 
particles of liquid near the top descend in vertical lines; 
but when they approach the bottom they take a cnrviiincar 
course, being turned in towards the orifice, or spirally 
uronnd it, and this deviation from a vertical rectilinear path 
ia the greater the fnrther the horizontal distance of the 
particles is from the orifice. The oblique direction of the 
exterior particles within the vessel continues through the 
orifice, and gives the stream of liquid, in issuing from the 
orifice, nearly the form of a truncated cone or pyramid, 
whose larger base is the area of the orifice. This diminu- 
tion in the size of the issuing stream is called the conirao- 
tion of the vein, and the section of the stream at the point 
of greatest contraction is called the Vena Contracia,* or 
contracted i-ein. 

From the results of most exiieriments, the vena contracia, 
when the orifice is a circle, is at a distance from the orifice 
equal to the radius of the orifice. 

92. CoefiBeient of Contraction.— When water flows 
through orifices in thin plat^es, it has been found, by meas- 
arementa of the stream, made by different experimenters, 
that its diameter at the vena coit/mcta is about 0,8 of the 
diameter of the orifice. The ratio, therefore, of the cross* 
section of the ve7ta contracia to that of the orifice in a thin 



IS nsK flnt givcD by Newlon, who sImi Hhiiwed Ibat, \\j ImklDg tbe 
n dmlj-acla us ibr area ofthv orlflcp, iind ncmnllnj; Ifac height of Ihe 
Ote-wna contracia a-i ihe heigbt ortheTeeeel, Ibe theorellc dliA«)!« 
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plate is 0.64. ThiH ratio is called the Coeffkieiit of C 
tion* Denoting it by a, we have ak for the section ( 
vena contracla, k being the section of the orifice (Art. 7 
Sabstitiiting ah for k in (6) of Art. 76, we have, for i 
quantity Q, discharged, 

g, = civ = akV^ = .64iV^, 

which is the quantity discharged in a nnit of time. 

93. Coefflcient of Velocity.— The actual Telocity of " 
discharge is found by experiments to be a Uttle less than the 
theoretical velocity, v ^ y^'igh. Experiments f made with 
polished orifices have shown that the actual velocity is from 
96 to 99 per cent, of the theoretical one. This loss of vo- | 
locity arises from the friction of the water upon the inner J 
surface of the orifice, and from the viscoHity of the water. J 
The ratio of the actual velocity to the theoretical velocity ii 
called the Ooefficient of Velocity. This coeflBcient is found J 
to be tolerably constant for different heads with well-formed I 
simple orifices, and it very often has the value 0.97. Do- I 
noting the coefficient of velocity by 0, and the actual J 
velocity by v,, we have 



: tpv = fjiV^gh = .'J^V^gh, 



m 



which is the actual velocity of efflux. 

94. Coefficient of Efflnx.— H the value_of «, in (1) \ 

of Art 93 be substituted for the velocity V^ffA in (1) of 1 
Art 92, we have, for the actual discbarge ^ 

Q^ = tc/cpv = akipV^ 
= .64 X .9rikV2gh ~ . 



t SiperlmenU made by Hkbelolll, Ertclwein, and athei?. 



i 
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The ratio of the actual discharge Q^ to the theoretical 
discharge Q is called the Coefficient of Effiux. 

DenotiBg the coefficient of efflux hy y-, we have, from (I) 
and {6) of Art. 76, 

}i = ^ = a<p = M; (3) 

i. B., the eoe/jlcient of effliM: is the product of the eoef- 
ficient of velocity and the coefficient of contraction. 

8cH. — The value of ji cun also be detennined by direct 
meaanrement of the diacliarge in a given time, an observa- 
tion which can be made with much greater accuracy than 
those of contraction and velewity, on which it depends. In 
the present case it is found by direct measurement to be .63, 
agreeing well with the product .64 x .97, of the values above 
given.* 

Kbm. — Repeated observations and experiments have led to the con- 
clusion that the coefficient of efBux is nut conetant for all oriBces in 
thin plates ; tiiat it is greater for small orificeiB and small veloeitieH of 
efflux than for large orifices and (p-eat velocities, and that it ie miich 
greater for long narrow orifices lliau for tlione whose forms are regu- 
lar or circular. For squan; oriflces, whose areas are from I to 9 square 
inches, under a head of from T to 21 feet, according to the experiments 
of BoHsnt and Michelotti, the mean coefflcieot of efflux is /i = .610 ; 
for circular orifices from ^ to Q inches in diameter, with from 4 to 20 
feet head of water, it is ^ = .615, or about -^,\ 

95. Efflnx through Short Tubes, or Ajutages.— 

If the water, instead of flowing through an orifice in a thin 
plate, be allowed to discharge through short tubes, called 
also ajutages and mouth-pieces, the quantity discharged from 
a given orifice is considerably increased. More seems to be 
gained by tiie adhesion of the liquid particles to the sides of 
the tube, in preventing the contraction of the stream, than 
IB lost by the friction. Ajutages of difTerent forms have 

us. 
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on SBORT TUBES, OH AJUTAOES. 




Fig. « 



different degivea of advantage in this respect, which ciin Ije 
determined only by experiment The discharge ia found to 
be greater wbeu the ajutage is conical and the larger end 
is the discharging orifice. 

(1) The results of many experiments* made with cylin- 
drical tubes \\ \a 3 inches in diameter, the length of which 
does not exceed 4 times the diameter, as in 
Fig. 48, and under a head of water varying 
from 3 to 20 feet, give as a mean value of 
the coefficient of efflux, /■ = .815, or about 
^. Since the coefficient of effiux for a sim- 
ple orifice in a thin plate (Art. 94) is /i ^ 
.615, it follows that, when the other circum- 
stances are the same, the discharge through 

a short cylindrical tube = '-^:rz =^ 1.335 times the dischargo I 

through a simple orifice in a thin plate. These corfBcienta 
increase a little when the diameter of the tube becomes 1 
greater, and decrease a little when the head of water or the ] 
velocity of efflux increases. 

In this tube, the contraction of the stream takes place nb, 'j 
the inlet ai, and not at the outlet If a small h 
bored in the tube at a or b, no water would run out, but air J 
would be BHckod in ; and when the hole is enlarged, or when i 
several of them are made, the discharge with a filled tube 
ceases. Also, if a tube be placed in a vessel of water A, and 
inserted in the hole at b, the water will rise in the tube Ab, 
and run out of the tube ahcd. 

(2) With a compound mouth-piece, having 
an enlargement at its exterior orifice or out- 
let, as well as at its interior orifice, as in Fig. 
49, the results of careful experiments f give 
the coefficient of efflux n = 1.5536, when the 
narrow part cd ia treated as the orifice, thus 

* KxpeOmfBlM nude by Hlchdotll. t Hk1« bf I^telwdB. 
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giving a discharge greater thiin that which ia due to the sec- 
tion cd of the pipe. Since /i = ,615 for a simple orifice, it 
follows that the discharge through the compound mouth- 
piece 

= - ' ■ ■ = 2.5 times the discharge through a 
simple orifice in a thin plate, 

and = ' ^ 1.9 times the discbarge through a 

short cylindrical tube. 

In the experiments made by Eytelwein, the interior diam- 
eter ai was about 1.3 times the diameter cd, and the sides 
ch and dk made with each other an angle of 5° 9 



ye. Coeftlvieiit of Resistance. — When water floi 
from a cistern through a tube kept constantly full, it fol-- 
lows that the coefficient of contraction of this mouth-piece 
a := unity, and that its coefficient of velocity ^= its coef- 
ficient of efflux ^. 

Let fP be the weight of water discharged with the actual 
velocity r, and i\ the theoretical velocity of discharge due 
to the head of water /;. Then the actual kinetic energy, or 
stored work, of the weight IP of water, which issues with a 
velocity u, 

= ^W (Anal. Meehs., Art 217). (I) 



4 



But since the theoretical velocity of efflux = r,. the 
theoretical kinetic energy or stored work of the weight W 
of water diecharged 



Hence, the loss of kinetic energy or stored work nf the 
weight W of water discharged, during the efflux 



= (»,'-'') 2 
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But, from (1) of Art. 93, 



which in (3) gives 

stored work lost = 



This loss of stored work corresponds to the head of water i 



V*» '2;,' 

which we can therefore consider as the loss of head due to J 
the resistance of efSux, and wc can assume that, when this [ 
loss has been subtracted, the remaining portion of the head j 
ia employed in producing the velocity. 

The loss of head in (3), which varies as the square of the I 
velocity, is known aa the height of resistance. 

The coefficient -r,— \, by which the head of water j 
9 _ _ * 

must be multiplied in oivJer to obtain the height of resist- 
ance, i. e., the ratio of the height of resistance to the head 
of water, ia called the Coefficient of Resistance. 

Cor. 1. — Denote the coefficient of resistance by0; then 
we have 



which in (5), and denoting the loss of head or the height o 
resistance by x, we have 



Cor. 2. — For efflux through well-formed smooth orifice 
in a thin plate, the mean value of ^i = the mean of .96 anj 
.99 (Art. 93), = 0.975, and therefore we have, from (6), 
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^ = [(is) - = '•'''' 



which in (4) gives for the loss of energy, or stored work 
lost, 

0.052 5- W, or 5.2 per cent. (8) 

CoR. 3.-^Por efflux through a short cylindrical tube [Art. 
95, (1)], we have <p = .815, since <t> = fi, and therefore we 
have, from (6), 



" = [(is)'- >] = o^' 



which in (4) gives, for the loss of energy, 

0.505 1 TF, (9) 

or nearly 10 times as much as for efflux through an orifice 
in a thin plate. 

SCH. — Hence, if the kiuetic energy of the water is to be 
miade use of, it is better to allow it to flow through an ori- 
fice in a thin plate than through a short cylindrical tube. 
But if the edge of the tube be rounded off wliere it is united 
to the interior surface of the vessel, and shaped like the 
contracted vein, we have fi = (p = .975, and the loss of 
energy is the same as it is for an orifice in a thin plate^ i. e., 
5.2 per cent 

Cob. 4. — Prom (6) we have 

* = -7==^ (10) 

Vi + P 

which gives the coefflcient of velocity in terms of the coef- 
ficient of resistance. 
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EXAMPLE. 



What is the discharge uuder a liead of water of 3 feet J 
through a tube 3 inches in diameter, whose coefficient of 1 
resistance ia /3 = 0.4 ? Here from (lOj we have 



hence, from (1) of Art. 93, we have, for the actual veloc- , 
ity v„ _ 

vy = W^gh 

= 0.845^64.4x3 

= 0.845x8. OasVa = 11.745 feet; 

k = (TV)*Tr =: 0.03183 square feet; 

hence, the required discharge, from (1) of Art. 94 (since ] 
« = 1) is 

Q = kW'^gii 

= 0.03183 X 11.745 = 0.356 cubic feet. 

97. Resistance and Pressure of Fluids, — (1) By I 
the residance of jiuids ia meant that force by which the | 
motions of bodies therein arc impeded. The resistance of a I 
flnid to the motion of a body ia occasioned hy the force I 
necessary to displace that fluid. Since the motion commu- 
nicated to a body at rest by another body impinging on it I 
with a certain velocity is equal to the motion lost by the J 
impinging body, therefore the motion communicated to tha4 
displaced fluid must be the same as that of the moving: 
body ; hence the work which the fluid destroys in the n 
ing body will be equal to the work stored in the fluid. 

Let a = the area of the front of the body presented t 
tiieSaid, V = the velocity of the body, to = the weight o 
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a cubic foot of the fluid, R = the resistance of the fluid to 
the motion of the body. Then, 

weight of the displaced fluid per second = avw. 

But this mass has a velocity of v feet given to it; 
.\ work generated per second in displacing this fluid 



^ 



(1) 



But this work is performed by means of a force which 
drags the body through the water at the rate of v feet per 
second, against an equal and opposite resistance R ; 

.-. Rxv = -TT- ; 

that is, the resistance varies as the square of the ve- 
locity. 

On account of eddies which are formed round the corners 
of the body and in the rear, the value of R in (2) should be 
multiplied by a constant Jc, giving 

R = ^aw~ (3) 

Bem. — The constant ^ is to be determined by experiment 
for each form of solid. For a body whose transverse section 
is circular, k does not differ much from unity ; for a flat 
plate moving flat-wise, it is about 1.25. Resistances of this 
kind, however, are very irregular, and may vary considera- 
bly in the course of the same experiment. Different results 
are therefore obtained by different experimentalists.* 

* 8«e Bmld09*v Applied Mechs., p. 89S \ a\eo QoX\«rC&C« ^^^<^^<»^A^.^^.<C^^ 
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(3) The pressure of a curreut upon a plane ia cqaal to 
the resistance suffered by the same plane when moviag in 
the same direction and with the same velocity through the 
fluid; therefore (3) will also represent the pressure whioli " 
the current, moring with the velocity v, would exert again 
the plane at rest. Calling i^the pressiire, we have 



9S. Work and Pressure of a Stream of Water .-^ 

To find the work of a stream of water which i/npirvgei 
perpe7bdicuZarlij upon the sarface of a heavy I 
which is itself in motion, and whose weigfvt is i 
great as compared ivith that of the im^pinging wate^M 

Let AB represent a plane sur- 
face moving horizontally with 
velocity v^, while a horizontal jet m. 
moving with greater velocity v, 
strikes it centrally. Let H' be 
the weight of water acting on the 
aurfece per second. Then the stored work or kinetic eneif 
of the water 




and if the body were at rest, this would be the loss i 
energy. 

From Anal. Mechs., Art. 208, (4), if m' be very g 
compared with m, the loss of kinetic energy by impi 



Hence, if we first snppose that the water after impi 
moves on with the velocity of the body, wo have by (2), 

W 
work lost by impact = (c — n, ;' — ■ 
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From (1) and (3) we haye 

work done on the body = s" ^ "" (^^ "" ^i)' 5^ 

= [t^ - (" - "i)'] ^- (4) 

Now if the water leaves the body, there will be more work 
lost, i. e.y the work remaining in the water will be lost ; 
therefore we have 

W V ^ 
work done on the body = [t^— {v — ViY] ^ o^^ 

W 

Cor. 1.— If P denote the pressure of the water against 
the body, then the work done on the body = Pv^, which 
in (6) gives 

P=(v-v,)^. (6) 

If the body is at rest, or Vj = 0, (6) becomes 

W 
P = —v. (7) 

9 

CoR. 2. — Let a = the section of the pipe, and v = the 
velocity due to the head of water h ; then W = 62.5av, 
which in (7) gives 

P = 62.5a X 2A. (8) 



EXAMPLE. 

To find the work of a stream of water issuing from a 
nozzle with a given velocity. 

Let V be the given velocity, a the area of the nozzle, and 
W the weight of a cubic foot of water. Then the weight ot 
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the water projected per second = atov, and therefore the 
work per second 



that is, the, work varies as the cube of the velocity of 
water. 

Cor. — Let ip = the coefficient of velocity ; then, from (1) 
of Art. 93, we have 



1 

the 

4 

i 



which in (1) gives 

work per second = i>^awhV,?gh. (2] 

99. Impact of a Stream of Water against any 
Surface of Revolution. — Let BiC be a surface of revg^ 
lution, against which a stream of 
water FA, moving in the direction 
of the axis AP of the surface, im- 
pinges. Let W ho tije weight of 
water dtscliarged on the surface per 
second, v its velocity, v, the veloc- 
ity of the surface, and « the angle 
BTP which the tangent HT to the 
surface at B makes with the axis 
AP, or which each filament HB of the stream of water, on 
leaving the surfaee, makes with the direction of the axis BD, 
Then the water impinges upon the surface with the velocity 
jj — t'j ; and, if friction be neglected, the water passes over 
the surface with that velocity, and leaves it in a tangential 
direction, TH, TK, etc., with the same velocity. From 
the tangential velocity BH = c — jj,, and the velocity BD 
= w, of the surface parallel to the asis, we have the result- 
ant velocity BE = V of the water, after it has impinged 
on the surface, by the formula for the parallelogram ^^H 
velocities, ^H 
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V = V{v — Vi? + ^7^ + 2 (r — vjvi COS^. (1) 

Now the kinetic energy of the water before impact 
and the kinetic energy remaining in the water after impact 

heuce^ the kinetic energy transmitted to the surface 

= ('^ - V) ^- (3) 

If P be pnt for the force or impulse against the surface, 
then the energy transmitted to the surface ^ Pv^, which in 
(3) gives 

w 

== [ya _ (V - t;i)2 - t;j2 _ 2 {v - yj V^ COS «] — , 

from (1), 

W 
= (1 - cos a) (v - Vi) Vj — ; (4) 

/. P = (1 — COS a) (v — v^) —, (5) 

which is the force of the water against the surface in the 
direction of the axis. 

That is, the impulse varies as the relative velocity of 
the water. 

Cob. 1. — If the surface moves with a velocity Vj in the 
opposite direction to that of the water, we have, from (5), 

W 
/>= (l-co8«)(i; + ri)-. (6) 

V 



176 IMPACT A6 A/AST AJtr SCKFACE OF SEVOLDTIOlf. 

If tte surface is ut reat, Vj = 0, and (6) becomes 

P = (1 — oo9«)i; "- (Hi 

CoE. 2. — If a = the area of the croBs-aection of 
stream, and iv = the weight of a cubjc foot of the wafce 
the weight of the impinging water per second ia 

W= (vTv,)aw, 

which in (5) and (6) gives 

P= (1 - cos «){rT »',)» — , 



and in (7) gives P = (1 — cos « 

That is, the impulse varies as the square of the ret 
Hue velocity of the it-ater, and also as the area of t 
cross-section of the stream. 

CoE. 3, — The impulse of the same stream of water i 
pends principally upon the angle a at which the wat 
moves off from the axis after the impact. 
If the surface BAC is hollow, as in Fig. 
53, the water after impact. leaves the sur- 
face in a direction opposite to that in 
which it strikes it, and thus much more 
work is done on the hody with a surface 
concax'e to the stream than on one convex 
to the stream, since the work remaining in 
the water on leaving the former surface 
will be less than it is in the water on leaving the latter, 
a z= 180°, we have cos « = — 1, which in (5) and { 
gives 

W 
P = 2{v=fv,)^, 



4 



Fig. S3 
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and in (7) giyes P = 2t; — • (12) 

if 

Cob. 4. — ^When the surface is plane, as in Fig. 50, a = 
90° and cos a = 0. Substituting this value in (5), (6), 
and (7), they become 

P = {vT V,) 1^, (13) 

which agrees with (6) of Art. 98 ; and 

W t^ 
P =: V — = - aw, from (8), 

9 9 
= 2 X g- X aw = 2A X flw ; (14) 

that is, the normal impulse of water against a plane 
surface is equal to the weight of a column of water 
whose base is equal to the cross-section of the stream, 
and whose height is twice the hea^ of water to which 
the velocity is due. 

Cor. 5. — If the plane surface (Fig. 50) against which the 

stream impinges moves away with a velocity t« in a direction 

which makes an angle B with the original direction of the 

stream, the velocity of the surface in the direction of the 

impact is 

v^ T= u cos 6, 

which in (13) gives for the impulse, 

P = (v - w cos B) — , (15) 

if 

and the work done by it per second is 

W 
Pv^ = (v — w cos B) u cos B — (16) 

if 
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OBLIQI'K T.VPACT. 



100. Oblique Impat^t. — When a stream impingi 
obliquely oil it piano, tliere are several cases, viz., when the 
water after impact flows off in une, 
two, or in moro directious. 

(1) Let the plane AB, upon 
which the Btreom AC impinges, 
have a border upon three sides so Fij, S3 

that the water can flow off in one 

direction only. Then the impulse of the water against the 
surface in the direction of the stream is, from (5) of .Art. 99, 



: (1 - cos «) (r 



, W 



••)^ 



(1) 



(3) Let the plane AB, upon 
■which the stream DC impinges, 
have a border upon two aides only, 
8o that the water can flow off in 
only two directions. The stream 
will divide itself into two unequal 
parts, the greater part flowing off 
in the direction CB, and the other in the direction OA. 
Let Wi be the weight of the former, H', the weight of the 
latter, and W the whole weight. Then the total impulse 
in the direction of the streaoi, from (5) of Art. 99, is 




W 
P= {X-cma)iv-v^)^-^ + (1 + cos a) (t> - f.) 



. w. 



I [(1 — COS «) Wi_ + {1 + COB «) TTg]. (2) 



But the conditions of equilibrium of the two portions of 
the stream reqaire that the pressures on CB and CA 
be equal to each other ; hence 



(l-c 



: (1 + COS «) ir, 
: (1 + COB <.) ( 



w- r,), 
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ft 

from which we find TT, = |(1 + cos a) TT, 
and TTg = i (1 - cos «) TT. 

Substitating these values of W^ and TTg in (2), we have 

P=^5^^=^irsin2«, (3) 

9 

which is the total impulse in the direction of the 
stream. 

Dividing (3) by sin «, we obtain 

CR = Pco8ec« = ^^^^^ TTsina, (4) 

9 

which is the normal im,pulse. 
Multiplying (3) by cot «, we obtain 

OS =. P cot a = TTsin « cos a 



9 

V — V 



i W Bin 2a, (5| 



^9 
which is the la4>eral impwlse. 

Hence, the total impulse in the direction of the 
^stream is proportional to the square^f the sine of the 
angle of incidence, the normal impulse to the sine of 
this angle, and the lateral impulse to the sine of 
double this angle. 

ScH. — ^If the oblique plane has no border, the water can 
flow off in all directions ; in this case the impulse is in- 
creased^ for « is the smallest angle which the filaments of 
water can make with the axis, and hence everv filauient 
which does not flow off in the normal plane will make with 
the Axis m angle larger than a, and therefore from (3) will 
exeri; |k greater pressure than those which do. 
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101. IHaximuDi Work doue by the Impulse. 

The work done by the impulse P, from (4) of Art. 

W 

Fv^ = (1 — COB a) {v — Vj) fi — - 



The work is zero when the velocity of the snrfiice f , = 0, 
and also when it ^ v. 

To find the value of t'j which makes this work a maxi- 
mum, we must equate to zero its derivative with respect to 
V,, which gives 



1 

(I) 



henccj tlie work done by t/t^ impuiae is nm 
when the surface m<oves in the direction, of the strea 
tvith half the velocity of the streajtv. 

Substituting in (1) for y, its value, we have 



Pu. 



Cob. — If the surface 
and we have, from (2), 



1 work done by the impulse 
s a plane, as in Fig. 50, a = S 



That iSj the water transmits to the stirface, 
case, one-half of its kinetic energy. 

If the surface is hollow, as in Fig. 53, bo that the Waters 
reveraedj a = 180°, and we have, from (2), 



In this case, ths water transmits fu the surface aU f 
its kinetic energy. (See WeiBboch's Meehs., p. 1010.) 



EXAMPLES. 



1. With what velocity will water isane from a small ori- 
fice 64J feet below the surface of the liquid ? 

A}is. e-tj feet. 

2. If 353 cubic inches of water flow in one sucond through 
an opening of 6 square inclies, find the head of water. 

Arts. 2.28 inches. 

3. If water flows from a vessel whose cross-section is 60 
square inches, througli a circular orifice in the bottom 
5 inclies in diameter under a head of water of 34 feet, find 
its velocity. Ans. 41.58. 

4. A vessel, formed by the revolntion of a scmi-cnbical 
parabola about ita axis, which ia vertical, is filled with water 
till the radius of its surface is equal to its height above the 
vertex. Find the time of emptying the vessel through a 
small orifice at the vertex. 

[Let aif^ = a;* be the equation of the generating curve, 
and i the urea of the orifice. ] jf^ /g^ 

Ans. irr\/ — 

5. A conical vessel, the radius of whose base is r and alti- 
tnde A, is filled with water; the axis ia vertical and the 
water issues through an orifice in the vertex, of area k. 
Find (1) the time in which the surface of the water will 
descend through one-half its altitude, and (2) the time in 
which the cone will empty itself. 

6. Find the time in which the cone in Es. 5 would 
empty itself through an orifice in its baae. 

16irr» /T 
^"'- -15k V 2/ 

7. A sphere is filled with water. Find the time of empty- 
ing it through an orifice in its bottom. IGwr* /r 

Atis. - - ■ ~i \/ — 



n 



k 
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8. A hemiBphere is filled with water. Find the time 
emptying it (1) througli dii orifice iu its vertex, and {} 
through an orifice iu ite baBc 

9. A rectangular orifice ia 3 feet wide and IJ feet high, 
and the lower edge is aj feet below the level of the waterlj 
Find the quantity discharged in 1 second.. 

A9ts. 43.7 cnbic feet. 
I 10. An orifice in the form of p,n isosceles triangle, witU 
its vertex in the surface of the water has a base of 1 fooT 
which is horizontal, and an altitude of <j inches. Find the] 
quantity discharged iu 1 second. Ans. 1.135 cubic feet. 

11. If the orifice in Ex. 10 has its vertex downwards and 
ita base 6 inches below the surface of the water, and hori- 
zontal, find the quantity discharged in 1 second. 

Ans. 1.632 cubic feet 

13, If a vessel, when filled with water to the depth of i 
feet, weighs 360 lbs., and if it be dr&wn upwards by a wi 
P of 450 lbs., as in Fig, 46, find the velocity of t 
through an orifice in the bottom. AjiS, 17.03 feet. ' 

13. If the vessel (Fig. 47), which is filled with water, ^ 
makes 100 revolutions per minute, and if the orifice Oh 

3 feet below the surface of the water at the centre, and at b 
distance of 3 feet from the axis XX', find the velocity. ( 
efBnx. Ans. 33.4 feet. 

14. Find the times in which the surface of water cod- 1 
tained in a tcsscI, formed by the revolution of the curve 
y* ^ (fix about the axis of x, will descend through eqn^ 
distances h, the water iseuing through a small orifice inth^^ 
vertex, and the axis vertical. na^h 

Ans. — ;=:■ 
iV3ff 

15. Water issues through a Rmall orifice IG^ feet bdoi 
the surface of the liquid. If the area of the orifice is 0.1 oti^ 
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ft square foo£ aiid the coefficient of eflSux is 0,615, how 
many eubio feet of water will he iliecliarged per minute? 
Ans. 118.695. 

16. A basin has in it u hole an inch square: wattir in the 
basin is kept at a constant level of 9 feet above the hole. 
How many cubic feet of water will flow out in 1 hoar, the 
coefficient of eflus Iwing 0.6 ? Ans. 360. 

17. A cylindrical vessel filled with water is 4 feet high 
and 1 square foot in cross-section, and a hole of 1 square 
inch is made in the bottom. If the coefficient of efflux is 
0.6, in what time will J of the water be discharged ? 

Alls. 60 seconds, nearly. 

.^ 18. A cylinder, the area of whose cross-section is 60 sq. 
ft, is filled with water to a depth of 12 feet ; a small hole is 
made in its bottom, whose area is 0.3 square inches. In how 
long a time will the depth of the water be (1) 8 feet and (2) 
4 feet? A71S. (1) 45.8 minutes; (3) 105.4 minutes. 

"^^ 19. The horizontal section of a cylindrical vessel is 100 
square inches, its altitude is 36 inches, and the area of its 
orifice is 0.1 of a square inch. If filled with water, in what 
time will it empty itself, the coefficient of efflux being 
0.62 ? Ans. 11 m. 36,5 s. 

„- — 20. What is the discharge per second through a rectangu- 
lar orifice 3 feet wide and 1 foot high, when the surface of 
the water is 15 feet above the upper edge, the coefficient of 
efilux being 0.611 ? Ans. 38.6 cubic feet, 

21. What is the discharge per second through a rectan- 
gular orifice whose height is 8 inches and whose width is 
2 inches, under a head of water of 15 inches above the upper 
edge, the coefficient of efflux being 0.628 ? 

Ans. 0.705 cubic feet. 

22, If the height of the rectangular orifice is 15 inches, 
its width 25 inches, and the head of water is 4^ inches 
above the upper edge, what is the discharge per second, the 
coeffioieut of efflux being 0.594 ? Ans. 12.19 cubic feet. 
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33. A plane area moves perpendicularly through wat 
in which it is deeply imbedded. Find the reaistaiiee per 
square foot at a speed (if 10 miles an hour. .Ins. 
-- 21. A stream of water delivering 100 cubic feet per mii 
nte, at s velocity of 15 feet per second, strikes an indefinil 
plane normally. Find the preesure ou the plaoe. 

Ans. 48.6 lbs. 

25. If a stream of water, the area of whose cross-section^ 
is 64 square inches, impinges with a velocity of 40 feet per 
second against the convex surface of an immovable cone, in 
the direction of its axis, the vertical angle of the cone 
being 100°, find the impotse. Ans. 493.16 lbs. 

2G. A stream of water, tlie area of whose cross-section is 
40 squEu^ inches, delivenj 5 cubic feet [)er second, and strikes 
normally against a plane surface, which moves away witii 
velocity of 12 feet per second. Find (1) the impulse, (81 
the maximum work, and (3) the maximum impulse. 
Ans. (1) 68.125 lbs.; (2) 784.688 ft-lbs.; (3) 87.19 Iha. 
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CHAPTER IL 

MOTION OF WATER IN PIPES AND OPEN CHANNELS. 

102. Resistance of Friction. — When a thin plate 
with sharp edgea, completely immersed ia water, is moving 
edgeways through the water, a certain resiBtance is espe- 
rienced, which must be overcome by an external force. 
This resistance acta along tangentially between the plate 
and the water, and so far ia analogona to the frietioo be- 
tween solid surfaces, but it follows quite different laws, 
which have been obtained from many observaliona and ex- 
periments, and which may be stated as follows;* 

(1) The resistance of friction is entirely independent of 
the pressure on the surface. 

(3) It varies aa the area of the surface in contact with 
the water. 

(3) It varies nearly as the square of the velocity, f 

Hence, if J? be the resistance of friction, S the area of the 
surface, and v the velocity, these laws may be expressed by 
the formula, 

Ii=fS^, (1) 

where/ia called the "coefficient of friction," as in the fric- 
tion of solid surfacet-'. The value of / depends on the 
smoothness of the surface; thus, for thin boards, with a 
clean, varnished surface, moving through water, it is fonnd 



• CollerlD'B App Mrchs., p. «8. 

Tarlosnorij wtbe flret power of the yelodty, Ai veloclrie! of | toot pn«BCoDd. 
Hid |[ie>tcir TehKithw. the rasJstNKe fstiee moie aeti^j u tfac w;iax«. <A. ''^k-wi- 



MOTION OF WATi 



to be .004, while for a surface reaeaibling medium sand-1 
pajier, it is ,009, the units being pounds, feet, and aeoonds,*! 

103. Motion of Water in Pipes. — When water is 

conveyed to any considerable distance in pipes, the friction 
of the interoal surface causes u great resistance to the flow. 
By the theoretical rule, the velocity of discharge v would be , 
due to the vertical depth h tlirough which the water fallj I 
(Art 76); but owing to friction, theoretical results are o^ f 
very little practical value. liesides, the friction is ofted J 
quite uncertain, the central parts of the stream move morj I 
quickly than the parts in immediate contact with the pip^ f 
and, though the circumstances are different, the velocitijffl 
over the internal surface is liable to changes, as in the cass:! 
of Bi)lid surfaces. The value of / therefore has to be oV I 
taiucd by special experiments, and the results of t 
experiments du not always agree with each other. It rs 
found, however, that/lies between the limits .005 and .01, 
depending partly on the condition of the internal surface,! 
and partly on the diameter and velocity; ita value bein^a 
greater in small pipes than in large ones, and greater ^m 
low velocities thfin at high ones. The mean of these limit' 
or .0075, is sometimes taken for/, when there is no qteci^a 
cause for increased resistance. 

Let u =■ the velocity of discharge in feet per second,! 
fl = the diameter of the pipe in feet, ( = the length of thfal 
pipe in feet, h = the head or fall of water in feet, and W% 
= the weight of water in pounds discharged per secoii4- 
Let /' be the resistance of friction due to a unit of dian^-J 
cter, length, and velocity ; then the resistance in a pipe 'P^ 
feet long and rf feet diameter with a unit of velocity will be, 
from (1) of Art. 102. f hi: but the quantity of water deliv- 

• ror Inrgo HirftMH, w^ieiliDly of coimlderaWB Itnelh, Ihe IViclion In vetj maA 

dlmlnlntifd. Fnr InMiinpr. rhfr-e viluc- of/ werti oblained h,v i-wKirUneiiHnK ni^ 

«iiiftce4 feel long, movliig 10 ft«l (wr «cnnd i hui uhsn the lenWli WM 10 fc« t^M 

iepwanli, tli«Hj rahieB ur/wcro dimlnlabcd to .OOKsand .005 ^o>^l>Dcllvely. ^9 
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ered by this pipe will be d^ times that delivered by the for- 
mer, therefore for the same quantity of water delivered as 
by the former, the resistance of friction in the latter pipe 
will be 

fid ., I 

that is, the resistance of friction in pipes, when the ve- 
locvty is constant, varies direcUy as their lengths and 
inversely as their diameters. 

If we measure this resistance by a column of water, and 
denote the height of this column by A^, we have 

where/ is a constant to be determined by experiment, and 
hcdll^i. i\iQ coeffi&Unt of friction. 

This height Aj is called the height of resistance of friction^ 
which has to be subtracted from the total head A, in order 
to obtain the height necessary to produce the velocity v. 
Hence, the loss of head or of pressure, in consequence of 
the friction of the water in the pipe, is found by multiply- 
ing the head due to the velocity by the coefficient /-3, and 

is greater, the greater the ratio of the length to the diam- 
eter and the greater the height due to the velocity. 

, Multiplying (1) by W, we obtain for the work due to the 
resistance of friction 

that is, the loss of work by friction is the same as that . 
of raising the water through a height Aj. 

CJo«.— From (4) pf Art. 96, we h^vQ 
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loas of work due to the resistance at ingress ^=f3^Tf; (IH 

work stored in the water at discharge = — W. (HM 

104. Uniform Pipe connecting Two Reservoir^ 
when all the Resistances are Considered. — Let h beta 

the difference of level of the reservoirs, and r the velocityJ 
in a pipe of lengtli I and diameter d. Then we have I 

work due to the head of water = A W, {1)1 

which is the whole work done per second in moving W ' 
pounds of water from the surface of one reservoir to the 
surface of the other. This work is equal to the work in 
overcoming all the resistances, together with the work re- 
miiining in the water at discharge. That is, the work is 

expended i 

to an expenditure of ^ IT foot-pounds of work, is emplovi 

^9 
in giving energy of motion to the water, and is ultimatel] 
wasted iu eddying motions iu the lower reservoir. (3) 

,j3 

portion of head /3 ^ , corresponding to au expenditure 

V* 

(3 — IT foot-pounds of work, is employed in overcoming tiie 

resistance at the entrance to the pipe. (3) the headf 

fjo-, corresponding to an expenditure of /-is-IT fixits 

ponnds of work, is employed in - overcoming the surfa 
friction of the pipe. Hence, from (1), and (2), (3), (4) g 
Art. 103, we have* 

GtOti DiloeUflma. tOilUd/HtAMltaHt 



"8 I 

I 

-ho '^ 
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.-. A = ( 



^+^+4)2^ <^> 



and v = A / ^^ — J , (3) 



M 

^+^5 



or V = 8.026y/^p^VVt^> (4) 



Arf 



where the constants j3 and /are to be determined by experi- 
ment. 

When V and d are given, (2) is used to determine h; when 
h and ^ are given, (4) is used to determine v. 

Cob. 1. — If the pipe is bell-mouthed, j3 is about .08. If 
the entrance to the pipe is cylindrical, j3 = 0.505. Hence, 
1 + P = 1.08 to 1.505. In general, this is so small com- 
pared with/-^ that for practical calculations it may be 

neglected; i. e., the losses of head, except the loss in sur- 
face fHction, are neglected. It is only in short pipes and 
at high velocities that it is necessary to take account of the 
term (1+/3). For instance, in pipes for the supply of tur- 
bines, V is usually limited to 2 feet per second, and the pipe 
is bell-mouthed. In this case, we have 

(1 + /J) i? = 1.08 X 4 X .0155 = 0.067 foot.* 

In pipes for the supply of towns, v may range from 2 to 
4^ feet per second, and then we have 

(1 + 0) i? = 0.1 to 0.5 foot. 

if 

In either case, this amount of head is small compared 

♦ A=.0156ft)Ot. 
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with the whole fall in the cases which most commonly] 
occur. 

Coa. 2. — For very long pipes, l+(3 is so small compai 

with /-;, that it may be neglected altogether, and (2), (3)^1 

and (4) become 



/•iqhd 
V = 8.085. /*?. 



(«» 



(7)1 



Using the value of/J as determined by Poncelet, Tiz.,/= I 
.02d, with the value of /J = .5, we have, from (3), 



= "VrT 



i d 
5«' 



(8)1 



Eytelwein gave a formula which nearly coincides with<l 
tliis. (See Storrow on Water Works, p. 5(i.) 

When the pipe is very long, d ia very small compared'l 
with /, and (8) becomes 

. = «Vr 

Hem. — It ia immBteriBl as re^rda the velocitj, and the qnaiimji 
diHcbaiged, whether the pipe ia liori/ontaJ or inclined upwards or' 
downwarda, bo long as the length of the pipe and the total head, or 
depth of the end of diacliarge below the level of the aurface of the 
water In the reservoir, rcnutju unchanged. If the inclined pipe ia 
longer than the horizontal, of couffie its surface will present more Iric- 
tion BgaioHt the motion of the water thun the horizontal one. and Uiob 
diminlah the velocity of discharge ; but if the inclined pipe be the 
aaipS.lt^ngtli ae the horizontal, and have the same head, then «u^_9f 
them will discharge the same quantity in the aame time. 

It Is eridentlj necessarj, in ever}' case, that the entnace to i 
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pipe from the reservoir be placed Bufflciently far below the 

face of the reservoir to allow tbe water to How from the 

the pipe, aa fast as it afterwariis Howb along or through tlie length of 

the pipe to the eud of discbar)^. For there must be at least sufficient 

head to overcome the resisUuiM at the entrance to tbe pipe, 

allow the water in the regervolr to ftew out of an opening freely into 

the air with that velocity which previous calculation shows it will 

have iu the pipe. The remainder of the head, which is employed i 

overcoming the resistance of friction, and perhaps other rpsiataneis 

which will be cooaidered hereafter, may be obtained by having the 

pipe incline dovm wards. 

Since the friction in pipes of tlie same diameter increases as their 
lengths, when the water first eutera the pipe it is opjioaed by but little 
friction, and haa great velocity ; hut this velocity gradually dimiolshes 
as the advancing water meets tlie friction along increased lengths of 
the pipe, and finally becomes least when the water fills the whole 
length and begins to flow from the end of discharge. The velocity 
then becomes uniform along the pipe, and will continue to be so, if the 
velocity head and head due to the resiatance at the entrance to ihe 
pipe are together sufficient to allow the water of the reservoir to enter 
the pipe with this same velocity. 

105. Coefltcieut of Friction for Pipes Discharg- 
ing Water. — From tiie average of a great many experi- 
ments, the value of/ for ordinary pipea is 

/ = 0.030268. (1) 

But practical experience shows tJiat no single value can 
be taken applicable to very different cases. The coefficient 
of friction, like the coefficient of eflus, is not perfectly con- 
stant. It is greater for low velocities than for high ones, 
1. e., the resiatance of friction of the water in pipes does not 
increase exactly as the square of the velocity. Prony and 
Eytelwein assumed that the loss of head by the resistance 
of friction increases with the first power of the velocity and 
with its square; and hence they established for this loss of 
bead the formula 

J, = («,„ + „,,^)' 



1 

I 



I 
I 
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in which ce, and tt^ denote coDstanta to be determined by 
experiment. 

In order to determine these cunstunta, these authors 
availed themselves of 51 experiments made at difierent times 
by Couplet, Boesnt, and du Buat upon the flow of water 
througji long pipes. From these 51 csperiments, the fol- 
lowing numerical values were obtained : 



Prony obtained, 

Eytelwein, 
D'AubnisBon,* 



: O.O000894, 
: 0.0000753, 



, = 0.001393a: I 

, = 0.0011213,1 
, = 0.0013700. 



Taking the value of h^, and snbstitnting it in (3) of Art 
104, instead of the value of ft, aa given in (1) of Art 103, 
we have 

* = (l + «^ + ("i'' + «.'')l (3)1 



Putting 



1+/ 



=: 5, and reducing, (3) becomes 
hd = hih" + u^h^ ■{- tt^h, " (4) 1 

from which the value of v may be found. Bat the follow- 4 
ing method of approximating to the value of v is more-.J 
convenient. From (4) we have 

^V '^ M + a^l v) ~ y id+a^f 

Expanding the first member by the binomial theorem, 

and neglecting all the terms of the expanaion after the sec- 
ond, since «, is considerably greater than «,, we have 

r aj ll _ / hd 
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Kow if Uie pipe is cylindrical, P = 0.505, from Oor. 3 
of Art 69, and therefore we have 

_ 1 +P _ 1.505 

= .0234, 

and taking a^ == .00007 and «, = .00042,* and substi- 
tuting these values in (5) and reducing, we have 

_ / 23S0hd I . . 

^""V^ + 54rf 12(/ + 54^)* ^^ 

Cob. — When h is not very small, the last term of (6) may 
be neglected, and we have 

2SS0 hd . . 

1 + 5^' ^^^ 

which is very nearly the same as (8) of Art. 104. 



. = )/. 



When the pipe is very long, d is very small compared 
with I, and (6) becomes 



r = y 



2380Ad 1 ,„, 

1 12* <®> 



When d is expressed in inches and all the other dimen- 
sions in feet, (8) of Art. 104 becomes 



V = . /1^13A. (9) 

V I + 4.5d ^ ' 

ScH. — ^The following short table gives Weisbach's values 
of the coefficient of friction for different velocities in feet 
per second : f 

^ Tate*8 Mech. Fbil., p. 898. 

t Bncy. Brit., Art. Bydnm^ofkmiei. 
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1 



V = 


0.1 


0.2 


0.3 


0.4 


0.5 


0.6 


0.7 


0.8 


0.9 


1 


./= 


.0686 


.0527 


.0457 


.0416 


.0387 


.0365 


.0349 


.0336 


.0335 




V = 


1 


H 


H 


2 


3 


4 


6 


8 


13 


^= 


.0315 


.0297 


0284 


.0265 


.0343 


.0230 


.0314 


.0305 


.0193 


^ 



The length of a water-pipe is 5780 feet, the head of water J 
is 170 feet, and the diameter of the pipe Ja 6 inches. He- 1 
quired the velocity of diechavge. 

By (6), we have 






X1 70X.5 
5780 + 54 X. 5 " 



By (8), we have 



V- 



5780 
By (8) of Art 104, we have 



» = "■V 578Q + MX.5 = =■» '"»'■ ■"-'?• 



By (9) of Art. 104, we have 



"=*'V- 



It will be observed that these resulta are very nearly the | 
same. 

106. Tlie Quantity Discharged from Pipes.— Let I 

Q be the number of cubic feet diBcharged per second; then I 
Q ifl given by the formula 



THE qUANTITT DISCHARGED FROM PIPES. 195 



e = - <^i; = 0.7854flPt;; (1) 

and on sabstituting the value of v obtained from (1) of Art. 
103, this becomes 

which gives the value of Q in cubic feet per second, since 
all the dimensions are in feet. 

If we require the number of gallons discharged per min- 
ute for a diameter of d inches, (1) becomes 




0= C\/'^di, (3) 



where (7 is a constant whose value for / = .03 is 30, but 
which is often taken somewhat less (say 27), to allow for 
contingencies.* 

Assuming that 1 cubic foot = 6.2322 gallons, we have, 
from (1), for the number of gallons discharged in 24 hours, 

C = ^- cPy X 86400 x 6.2322 

= 2936Md^v. (4) 

Prom (1), we have 

which, in (1) of Art. 103, gives 

'''- 2g\n) W ^®> 

that is, the height of resistance of friction in pipes 
varies inversely as the fifth power of the diameters, 
and directly as the length of the pipes. 



-* See Ck>tterill*B Appt, Mecbs., p. 4aL 



I • «■ 
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Hence, if we wish to conduot a given quantity of waten 
through a pipe with as little loss of head as possibli?, w 
most make the pipe ae short and its diameter aa large a 
we can. If the diameter of one pipe ia doable that o 
another, the fiictioD in the former is j^ of that in thai 
latter. 



Cor.— Putting 1 +0 = 1.505, and ^ -- 
have, from (2) and (4) of Art. 104, ^ 

h = (l.50S +/.^U.0165v>, 



= 0.0155, 



J5^- 



1.505 +/.^ 



1. How many gallons of water would the pipe in the ex- 
ample of Art. 105 deliver in 24 hours ? 

Here v = 5.8 and d = ^ inches ; we have, from (4), 

Q = 293C.86x6»x5.8 

= C1321G gallons in 24 hours. 

2. What must the head of water be, when a set of pipf 
160 feet long and 5 inehes in diameter is required to deliva 
36 cubic feet of water per minute ? 

Here we have, from (5), 

V = 1.2732 xllyc^ = 3.056 feet, 
60 5' 

and therefore (Art. 105. Seh.). /= .0343, which in (fl 
gives 



= (l.505 + .0243 X ^^^ 
= (1.505 + 8.748) .0155 x 



) .0155 X SiOS? 



).339 = 1.484 feet. 
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3. Solve Sz« 1 by using the value of t; as obtained 
from (8). 

From (8), we have 



= 8.025\/- 
^ 1. 



170 



505+/^ 



Sinoe v is somewhere between 3 and 10, we assume / 
.02, and obtain 



V = 8.025a/p 



170 



.505 4- 231.20 
= 6.859. 

But t? = 6.9 gives more correctly (Art. 105, Sch.) / = 
.021, and tiierefore we have 



V = 8.025 a/— 



170 



505 -f 244.265 

= 6.695, 

which givesLthe true value to the first decimal place. 

The discharge, from (4), is 

Q = 2936.86 x 6^ x 6.7 

= 708370.632 gallons in 24 hours. * 

This result is somewhat larger than that obtained from 
the value of v in (8) of Art. 104. 

107. The Diameter of Pipes.— Substituting in (1) 
of Art 106 the value of v given in (9) of Art. 105, we have 
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.. rf = r i75.81Q^(l+4:.5d) l^ 

Or, by logarithniB, 

logd = i[3.3450533 + 31ogg + log(/+4.5d)— logA], (3]| 

where d is in inches, and all the other terms are in feet. 

When the pipes are verj long, or when d ie small ae com-J 
pared with I, (2) becomes 



log d = i (3.a450532 + 2 log <> + log ; - 



?/')■ m 



Rem. — The value of d can be obtained from (1) only I 
auccesaivo approximations. When considerable acouracj li 
required, find the value of d from (3), and aubatitnte it inu 
(2), which will give a firat a|)proximat« vahie of d ; 
this again substituted in (2) wilt give a closer approxinmte'1 
vahie; and so on to itny rcfpiired degree of accuracy. Gen-' 
erally the first approximate value will be found sufficiently! 
accurate for all practical purposes. 



What is the diameter of a pipe which ahull deliver 35000 
gallons of water per hour, when the length of the pipe is 
3500 feet, and the head of wat«r 225 feet ? 

Here A ^ 235 and / = 2500, and the number of c 
feet deliTered per second is 

25000 



^ 60x60x6.3322 
Substituting in (3), we have 



: 1.1146 nearly. 



Jogrf = ^ (2.3450533 + 3 log 1.1146 + log 3600 - 

= i (T. 9970300 + 3.3979400) = .67699; 
;. rf = 4.7533 inches., 



k 
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Substituting thia value of d in (3), we havu 

log rf = J [t.9870309 + log (2500 + i.5 x 4.7533)] 

= .6777337; 

.". d ^ 4761 iocbeg, 

wbich approximation is sufficiently accurate for all praisti-' 
cal purposes. 

108. Sudden Enlargement of Section. — Wbcneverj 

tbere is a change in the croas-section of a pipe or any^jtherj 
coDdiiit, there is a cliaiige of velocify, the velocity 
inversely proportional to tlie cross-section of the streamj 
(Art. 75). If the cross-section of a 
pipe b suddenly changed, there is a 
sudden change in the velocity of the 
current of water, and therefore there is 
a loss of kinetic energy. Thufi, sup- 
pose the pipe AEOF is snddenly en- 
larged in seetiou at BB; then, as the 
water in the Boiallcr pipe has a greater 
velocity than the water in the larger o 
abrupt change of velocity at BD, and tliia change of veloc- 
ity will be accompanied by a loss of kinetic energy, in the 
same way as when two inelastic bodies impinge upon each 
other. 

Let V and / be the velocities of the water in the smaller 
and larger pipes, respectively, a and «' the areas of the sec- 
tions of these pipes, and W and W the weights of water 
discharged from them per second- 
Now as the water rnoves out of the smaller pipe into the 
larger one, it impinges against the more slowly moving cur- 
rent in that pipe, and. after the impact tlie two bodies of 
water, d'and W, move on together with the common ve- 
k)city c'. And since in-this case W is very small compared 
with W, we have, from (3) of Art, 98, 




Fi9. SJ 



', there will be an i 



J 
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work lost by the water at the abrupt cimuge of velocity 

If i, is the head of water corresponding to this loss of 
work, we have, for the work lost, 

i,B'=(.-t.')>|; (2) 

luid therefore the head lost is 

^ = ^- 

Hence, the head lost at the abntpt change of veiocUy 
is measured by the height due to this change of f^ 
locity. 



\ 



eubetitnting this ip (3), we have, for the loss of head, 

where we put 3 = (^ - 1)', (5) 

which is the corresponding coefficimt of resistance.* 

8cH, — When the edges are rounded off bo as to cause a 
gradual passage from one pipe into the other, and the dif- 
ference in the pipes is small, the loss of work aa shown by 
experiment is very small. 

• Ftnt tonnd bjr Bordi. <8m Wdebacb's tledu., p. BBL) 
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109« Sudden Contraction of Sect ion.— When water 
passes from a larger to a smalkr sectioD, as in Figs. 56, 57, 
where it passes from the pipe AB into 
the narrower pipe GEDF, a contraction 
18 formed, and the contracted stream 
abruptly expands to fill the section of 
the pipe, thereby causing a loss of head 
by this sudden enlargement, precisely as 
m Art 108. 

(1) Let a be the area of the section 
and V the Telocity of the stream at EF. Then, if c is the 
coeflScient of contraction, the section of the stream at CD 
will be ca, and the velocity v' at this section will be found 
by means of the formula 

v'ca = va; 

/• t/ = - • 
c 



Hence, the loss of head in passing from CD to EF is 

2g " \c ^/ 2g 



..=(i^^=(i_,)'- 



if /3 is put for (i - lY 






(1) 



K c is taken = 0.64 (Art 92), we have 



irhidi in (1) gives A, = 0.316 



fig 



(2) 



SoH. 1. — The value of the coefficient of contraction in 
this case is, however, not well ascertained, and the result is 
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somewhat modified bj frietioti. For watSr entering a cjKiS 
drica! pipe from a reservoir of indefinitely large size, experi- 
ment allows that 3 ie increased hy-the reaistanfe at thf 
entrnnce into the pipe, and by the- friction oF tliu water in 
the pipe, to 0.505, m that (1) becomes 



A, : 



0.505 i 



(3) 



(2) If there ia a diaphragm at the 
mouth of the pipe, as at AB, Fig, 57, 
with an opening ab, whose oross-section 
is smaller than the cross-eection of the 
pipe OEDF, let a! be the area of this ori- ^'b- *' 

fice. Then if c is the coefficient of con- 
traction as before, the area of the contracted stream ia ca', 
and the velocity v' at the contracted section will be 



hence, the head lost ii 
to the pipe at EF is 



passing from the contracted sect 



=c^. 



where the corresponding coefficient of rexistance ia 



\ca I 



ScH. 3. — Weisbach has found experimentally the follow- 
ing values of the coefficients c and /3, when the stream ap- 
proaching the orifice, as in Fig, 57, was considerably larger 
than the orifice.* 



» Bncy. Brit., VoL Xni., A 



. Hyiiromtchanla<. 



SXAMPhS. 



sm 



a! _ 
a 


0.1 


0.2 


0.3 


0.4 


0.5 


c = 


.616 

1, 


.614 


.612 


,610 


.607 


3 = 


231.7 


50.99 


19.78 


9.612 


5.256 


a 


0.6 


0.7 


, 0.8 


0.9 


1.0 


c = 


.605 


.603 


.601 


.598 


.596 


/J = 


3.077 


1.876 


1.160 


0.734 


0.480 



ScH, 3. — When the edges are rounded off so the coptracr 
tion is very gradual, the loss of work is very much dimin- 
ished. 



EXAMPLE. 



Whatsis the discharge through the orifice in Fig. 57, 
when the head is 1^ feet, th^ diameter of the contracted 
circular orifice = 1^ inches, and that of the pipe OEDF =^ 
2 inches? 



Here we have 



i-w-^= 0... 



and therefore from the table c = 0.606, and from (5),* 



'' = (93^-0'=^-^^ 



Heiice, the whole head is 



A = | + A. = (l + /3)|; 



* Btnoe comet between two nnmben in the table, /9 is found mora accontely 
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therefore, the velocity of efflux is 






8.085 VTS _ . 5, 



and conBeqaently the discharge, from (1) of Art, 106, is 

g = ^(Pw = ^x4x4.51xl3 

= 170 cabic inches. 

110. Elbows. — When pipes are bent so as to iona 
elbmes, they present regiatances to the motion of water in 
them ; and these resistances, like many other phenomena of^ 
efflux, can be determined only 
by experiment. If a pipe ACB 
forma an elbow, the stream sep- 
arates itself from the inner sur- 
face of the second branch of the 
pipe, in consequence of the cen- 
trifugal force. If the second 
branch ia very short, termi- 
nating, for instance, at ah, the efflux will be smaller than 
the full cross-section of the pipe. But if the second branch 
is longer, terminatiug at B, an eddy is formed at D, and 
beyond this the pipe is again filled, bo that the velocity of 
efQux If is less than the velocity at D. This diminution of 
the velocity of efflux must be treated in the same way as 
the resistance produced by a contraction in the pipe 
(Art. 109). 

Hence, if a is the cross-section of the pipe, and c is the 
coefficient of contraction, the section of the stream at D is 
ca, and the velocity v' of the contracted stream is 




Rg.SB 



1 
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and hence the loss of head in passing from D to B is 

*. = '^^ = e - 01 

The coefficient of contraction c, and therefore the cor- 
responding coefficient of resistance p^ depends upon the 
angU of deviation BCE. From experiments with a pipe \\ 
inches in diameter, Weisbach found the coefficient of re- 
sistance to be 

P = 0.9457 sin^ % + 2.047 sin*^, (2) 

by which he computed a series of coefficients of resistance 
for different angles of deviation.* From (2) it follows that 
the kinetic energy of water in pipes is considerably dimin- 
ished by elbows. If the elbow is right-angled, we have, 
from (2), P = 0.9846, which in (1) gives 

h. = 0.9846^; 

hence, at a right-angled elbow, very nearly the whole head 
due to the velocity is lost. 

ScH. — If to one elbow ACB anotlier elbow is joined, the 
second one turning the stream to the same side as the first 
one, there is no further contraction of the stream, and 
therefore, for efflux with full cross-section, (i is no larger 
than for a single elbow. But if the second elbow turns the 
stream to the opposite side, the contraction is a double one, 
and the coefficient of resistance is consequently twice as 
great as for a single elbow. 

■■ I . ■ . , . p — .11^— ^^"i^^i^— ^^-^"^^^ 

♦ Bncy. Brit, Vol. XIL, p. 487. 




111. Bends. — When the pipes have coryed bends, thi 
reaistance is much less than in elbows. If a pipe ACB id 
curyed, it also, in conseqiiL-nce of the 
centrifugal foree, causes the stream to 
separate itself from the concave surface, 
and to form a partial coutraction. If 
the bend terminates at BD, the croas- 
section of the stream at its outlet is 
smaller than that of the pipe. But if 
the bend is terminated bj a long straight 
pipe EF, an eddy is formed at D, and beyond this the pipe' J 
is agdn filled, so that the velocity of efllux v is leea Chan tfa& i 
velocity at D. 

If c is the coefiBcient of contraction, the velocity v' at thefl 
contracted stream is 



and hence the loss of head in passing from D to P f ■, 

■iff u ly 

= "1- w 

This is Weisbach's method, but the coefflcieutof contrac- 
tion for bends is not very satisfaetoi-ily ascertajned, 

If r = the radius of the pipe = Mil = HC, and p = 
the radius of curvature = HO, then Weisbach's formula! 
for the coefficient of resistance at a bend in a pipe of circo-l 
lar section is 



= 0.131 + 1.8+7 (pi ; (2] 

:h rectangular eross-aectio 
» = 0.m + 3.104 (i)', 



and for bends with rectangular eross-aections, 
v3 
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where s is the length of the side of the section parallel to 
the radius of curvature p. (See Weisbach's Mechs., p. 897.) 

Ilia. Pipe of Uniform Diameter Equiyalent to 
one of Varying Diameter.— Pipes for the supply of 
towns * often consist of a series of lengths, the diameter for 
each length being the same, but differing from those of the 
other lengths. In approximate calculations of the head 
lost in such pipes, it is generally accurate enough to neglect 
the smaller losses of head and to regard only the friction of 
the pipe, and then the calculations may be facilitated by 
reducing the pipe to one of uniform diameter, having the 
same loss of head. Such a uniform pipe is called an equiv- 
alent pipe. 

Let A be the pipe of varia- . i -^ 

ble diameter, and B the ^ >. 'i 

equivalent pipe of uniform -• 

diameter. In A let Zj, Zg, . 

etc., be the lengths, d^, d^. Fig. 59a 

etc., the diameters, v^, Vg, 

the velocities for the successive portions, and let /, d, r, be 
the corresponding quantities for the equivalent uniform 
pipe. Then the tot^ loss of head in A due to friction is 

and in the uniform pipe B, 
If these pipes are equivalent, we have 



* Such pipes are called wjubsr tiurtiWA. 



!08 DiseuARQE Diitjyisarxo uxiformlt. 

But since the diechurge U the same for all portions. 



^ 
''(/,'' 



Then stipposing that / in constuiit for all the pipes. H 
have, from (1) and (2), 



which gives the length of the equivalent uniforra pipe 
which would have the same total loss of head, for any given 
diacharge, aa the pipe of varying diameter. 

Cor.— If the lengths of the successive portions are alll 
e^tual, we have ?, = i, = /, = etc., and (3) hecomes 



\\\b. Pipe of Uniform Biameter witli Discliarge 
Diminisliing rniformiy along Its liCngtli. — In the 

case of a branch main, the 

water is delivered at nearly A^ , F 

equal distances to service ^^ 

pipes along the route. Let pj^ 59^ 

AB be a main of diameter d 

and length L \ let Q^ cubic feet per second enter at A., and 

let q cubic feet per foot of ita length be delivered to service 

pipes. Then at any point C, I feet From A, the discharge is 

Q = Qt~ qI- Consider a short length dl at P. The 

ot bead in that length is 



I 
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■^ d 2g ~ •' rficP 2g 
Hence, the whole head lost in the length AB is 

^^giQo'-^Qo^ + ii'L*); (1) 

or, putting P = qL, the total discharge through the ser- 
vice pipes between A and B, (1) becomes 

The discharge at the end B of the pipe is Q^ — F, If 
the pipe is so long that g^ — P = 0, all the water passes 
into the service pipes, and (2) becomes 

(See Ency. Brit., Vol. XH., p. 486.) 

112. General Formnla when all the Beslstanees 
to the Flow of Water are Considered.— Let /^i be 

the coeflScient of resistance for enlargements and contrac- 
tions (Arts. 108 and 109), and 02 *^® coefficient of resist- 
ance for elbows and bends (Arts. 110 and 111). Then 
adding together (3) of Art. 105, (4) of Arts. 108 and 109, 
(1) of Arts. 110 and 111, we have for the entire head A, 

= («,t» + «,!;»)? + (1+ /J + |3^ +13,)^, CP 
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where the values of «, and «, are given in Art. 105, 0, 
Art. 109, (3g in Art. 110, and = .505 to .08. 

Neglecting «!, since it is very small compored with « 
(Art 105), and patting /= 2</a^ = .03, from (1) of Ar| 
105, we have, from (1), 

j = (4+i+/i+fl.+,i.)|. (^ 

ScH. — All enlargement sbonld be made in the pipe at ai 
considerable bondings ; and when anjr change takes place A 
the diameter of the pipe, the parts at the junction should 
be rounded off. At all considerable bends, where the pipe 
changes from ascending to descending, a provision should 
be made for clearing the pipe of the air which is disengaged 
from the water. Unless some provision ia made for the 
escape of this air, it will accumulate in the highest bends 
and obstruct the flow of the current. 



In the example of Art. 105 there are 40 bends in t 
pipe, each having the radius of curvature exceeding t 
times the radius of the pipe. Find the velocity of efflux. 

Here / = .03, 3 = .505, ^, = 0, 

(3, = .131 + 1.847{tV)* = -1313; 

.'. 40j3» = 6.248, ; =: 5780, rf = .5, , 

Hence, from (2), we have 

5780 



170 = 



-1.505 + 5.248 Utt, 



.■. V = 5.562 feet jier second. 
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For practical calculatioriB on the flow of water in pipes, 
see Ency. Brit, Vol. XII.. p. 488. 

113. Flow of Water in RiTers and Canals.— 

When water flows in a pipe, the section at any point is de- 
termioed by tlie form of the boiindary. When it flows in 
an open channel with free upper snrface, the Bectioii dt- 
)»enda on the velocity due to tJie kinetic conditions. Tho 
bottom of the channel and the two banks are called the bed 
of Iht) stream. A section of the etream at right angles to 
the direction in which it is flowing is called a transverse 
neelion, and of the line bonnding this section, the part that 
18 beneath the water surface is called the wetted perimeter. 
A vertical section in the direction of the stream is called the 
longitudinal section or profile. 

Lot ABCD represent a longitudinal a E 

section of alitnited portion of a atreani. 
AD, BC, two transverse sections, AIJ 
the surface of the stream. DO the hot " ~c^^ 

torn of the channel, and AE a horizon- '"s- ^" 

tal line. Let l = the length of AB in 
feet; h = BE, the difference of level of the water snrfaee 
in feet at the two extremities of the distance /; 9 = the 

angle BAE, the slope of the stream ; sin fl ^ -= = the sine 

of the slope, or the fall of the wat«r surface in one foot ; 
a =: the area of the transverse section at BC in square feet ; 
p = the length of the wetted perimeter of tho transverse 

eectioQ at BO ; r =: -, the hydraulic mean depth, or tho 

mean radius of the section ; ^ = the discharge through 

the section at BO in cubic feet per second ; r = - = the 

mean velocity of the stream in feet per second, which ig 
taken as the common velocity of all the particles. 



»!• 
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114. Different Velocities in a Cross-Section.— The ■ 

velocity of the water is not uuiform in all points of the 
same transverse section. In all actual Gtreams the different 
fluid filaments have different velocities. The adhesion olg 
the water to the bed of the channel, and the cohesion of tht 
molecules of water cause the particles of water nearest t 
the sides and bed of the cliannel to be most hindered i 
their motion. For this reason, the velocity is much less at 
the bottom and sides than it is at the surface and centre. 
According to some authors, the maximum velocity in a 
straight river is generally found in tl»e middle of its eur^ 
face, or in that part of the surface where the water is the 
deepest.* Theoretically we should expect thia, but practi- - 
cally it is often very different 

The theory adopted by most modem writers is the fol- 
lowing: The motion of the water being caused solely by the 
slope of the surface, the velocity in all parts of any trans- 
verse section of the river would he equal, were it not for the 
retarding influence of the bed. The layer of elementary 
particles next to the bed adheres firmly to it by virtue o 
the force of adhesion. The nest layer is retarded partly b 
the cohesion existing between it and the first, partly by thej 
friction, and partly by the loss of kinetic energy arising from 
constant collision with the irregularities which correspond 
to those of the bod. The nezt layer is retarded in the aame 
manner, but in a less degree. Thus, according to thisfl 
theory, the effect of the resistances is diminished as tin 
distance from the bed is increased ; and assuming, as ftll 
usually done, that no sensible resistance is experienced f^om 
the air, the maximum velocity should be found in the sur- 
face filament situated at the greatest distance from the bed. 
The many experiments, however, which have been mode to 
determine the actual variation in velocity at different 
depths, and upon the surface, at different distances from the 
banks, give very different results. 

■ ITeilbiGb'B H«:lis., p. 9B6 ; aXeo TntuV Hccb. Phil., p. m. 
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Focacci fouDd that in « canal 5 fuet doep. tlio maiimum velocity 
W08 fmm 2 to 3.5 feet below llie suriaPB. 

DeroDtaine Btstes that in caliii irearh^r ilm velocity' of the Rhine is 
greateet at tbe surface. 

Kaucoorl made cx|)erimeuiB upon the Neva wlierp it ia 900 feel wide 
and of regular section, tbe maiimum deptli being 63 feet. When the 
river was frozen over, the maximnm velocity (2 leet 7 incliea per sec- 
ond) was found a little below the middle of the deepest vertical, where 
it was nearly double the velocity at the surface and bottom, which 
were nearly equal to each otbei. In summer, he Tonnd the maiimum 
velocity was near the surface in calm weather ; but when a strong 
wind wnB blowing up stream, the BUrface velocity was greatly ditnin- 
ished, 30 that it hardly exceeded that at tbe bottom. He considers the 
law of dimiuutioQ of velocity to be given by the ordinates of an ellipBe 
whoae vertex is a little 1>elow the bottom, and wbo9e minor axis ia a 
little below the surface. 

Hennocniie found tbe maiimmn velocity in the Rhine to be, in calm 
weather, or with a light wind, ^ of the depth below the surface ; in n 
strong wind up stream, it was u little below mid-depth ; in a strong 
wind down stream, it was at the surfece. 

Baumgarton found in the Garonne that the masimum velocity was 
generally at tbe surface, but that in one section {about 333 feet wide) 
it was alwajB below the surface. 

D'Aubuisaon considers that tbe velocity dimlniBhea slowly at Erst, 
as the depth iacreasep. but that near tbe bottom it is morerajiid. 1'ho 
bottom velocity, however, ia always more than half that of the surface. 
Boileau found, by cipcriment in a small canal, that the maximum 
velocity was } to J of the depth below the surface. Below this point, 
the velocity diminished rapidly, and nearly in the ratio of the ordiiiatca 
of the parabola wlioso aiis was at the surface. He decided, from a 
discussion of the experimeots of Uefoutaine, Heniiocque, and Baum- 
Karteii, lliat in large rivers the maximuui velocity Is by no means al- 
ways at the surlace.* 

It will be Been from thia synopsis that there ie a great 
diversity among the results obtained by different experi- 
inenterB, and that no mathematical relation, of safficieiitly 
general application to c-onatttnte a practical taw, has been 
yet discovered. 

• Sec Report on the HjdniaLtcs of thn MIsBiBsippI Bivar, bj Hnmglice^ wA. 
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Tbe velocities observed oq any given longitudinal Hectiaii, al 
^ven moment, do not form, wbpn plotted, any regular curve. But if 
a Beriea of observations ore token at each duptU, and tlie resulta aver- 
aged, the mean velocities at each depth, wlion plotted, give a regular 
curve agreeing very fairly ■with a, (larabola whoao asia ia horiiontal, w 



velocity. 

velocity ia to be found 



responding to tlie position of the filar 
the best observations show that ihe m 
at some distance below the free surface. 

In the espeiimentB on the MiaBiSBippi Hiver, the velocities oi 
longitudinal section, in calm weather, 
very fairly by a parabola, the greatest velocity beiogat^d of the depth' -J 
of the Btreain from the surface. With a wind blowing dov 
the surface velocity is iucressedaiid the axis of the parabola approaches 
the Bucfcce. With a wind blowing up alream, the Burfaco velocity is 
diminished and the btib of the parabola is lowered, sometimes to half 
the depth of the stream. The obeervers on the Mississippi drew from 
their obaervationa the concluaion that there was an energetic retarding 
action at the aurfoceof a. Eiream, like that at the bottom and aides. If 
there were ancb a retarding action, the position of the lilament of a 
imum velocity below the surface would be explained. If there wo* 
no such resistance, the maximum velocity should be i 
face. 

It is not difficult to understand that a wind, acting on surface rip- 
plee, should accelerate or retard the surface motion of the stream, and 
the Missiarippi lesulta may be accepted so faraa alio wing that theaur- 
face velocity of a stream ia variable when the mean velocity of tho 
etream is constant. Hence obaervationa of anrfoce velocity, by floats 
or otherwise, should only bo made in very calm weather. But it \^ 
very difficult to suppose that, in still air, there is a reaiatance at the 
free surface of the stream at all analognua lo that at the sides and 
bottom. In very careful experiments, Boileau found the maximuitt 1 
velocity, though raieed a little above its poBition for calm weather, ■ 
still at a considerable distance below the aurface, oven when the wind 
was blowing down stream with a velocity greater than that of the 
Btream, and when the action of the air muat have been an accelerating 
and not a retarding action. Prof. James Thomson has given a mncli 
more probable explanation of the diminution of the velocity at -a 
near the free surface. He poinia out that portions of water, with •. J 
diminiahed velocity from retardation by the sides or bottom, are Ihrowq j 
off in eddying masses and mingle with the rest of the stream. These 'J 
edOymg masses modify the velocity in all paris of the streaxa, baul 
■■are their grenteat influence at the free sarftoo. Ileacluii(; the f>wT 
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TRANSVERSE SECTION OF THE STREAM. S 

surface, tbej epreatl out and remain there, mingling with tlio watei 
that level, and diminisliiog the velocity which would otberwieo 
found there.* 



115. TransTerse Section of the Stream. — The 

form of the traD8vei"8e section and the direction of the cur- 
rent have such au eifect upon the velocity at the surface, at 
different distances from the bauks, that there can be no 
definite law of change. There is generally an increase of 
velocity, as the distance from the banks is increased, until 
the maximum point is reached. That portion of the rivet 
where the water has its maximum velocity is called the line 
of current or axis of the stream, and the deepest portion of 
the stream is called the mid-channel. When the streani 
bends, its axis is generally near the concave shore. 

It is observed that the surface of a stream, in any cross- 
aection, is highest where the velocity is greatest, which is 
accounted for by the fact that, when the watfir is in motion, 
it exerts less pressure at right angles to the direction of its 
motion than when it is at rest, and therefore, where the 
velocity is greatest the water must be highest, to balance 
the pressure at the sides, whore the velocity is less. 

It frequently happens that, while the mass of the water 
in a river is flowing on down the river, the water next the 
shore ia running up the river. It is no unusual thing to 
find a swift current and a con-esponding fall on one shore 
down utream, and on the opposite shore a visible current 
and an appreciable fall up stream ; L e., on one side of the 
river the water is often running rapidly up stream, while on 
the other side ifc is ninning with equal or greater rapidity 
down stream. The apparent slope at every point is affected 
by the bends of the river, and by the centrifugal force 
acquired by the water in sweeping round the curves, and by 
the eddies which form on the opposite side. The surface 
the river is not therefore a plane, hut a complicated warped 



I 



• Bncy, Brit,, Vol, SO., v. «\, 
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surface, varying from point to point, and inclining altei 
natelj from side to side.* 

116. Kean Velocity. — The mean velocity of the water 
in a croes-eectioii is equal to the quotient arising from 
dividing the discharge per second by the area of the trans- 
yerae section. 

When the discharge per second is not known, the mes 
velocity may be determined by raeaeuring the velocities i 
all parts of the transverse section, and taking a mean of the " 
results. If the transvej-se sectioii is irregular in form, the 
only accurate manner of determining the mean velocity is 
to divide this section into partial areas so small that the 
velocity throughout each may be considered invariable. The 
discharge is then equal to the sum of the products of these 
partial areas by their velocities. 

Let a,, Qg, Sj, etc., be the small partial areas into whiol 
the transverse section is divided, and v,, Vg, Uj, etc., I 
velocities in these small areas. Then the whole area is 



h etc.. 



and the whole discharge is 
therefore the mean velocity is 



h flg + ffj + e 



m 



117. Ratio of Mean to Greatent Surface TelocitfJ 

— It ia often very important to be able to deduce the meal 
velocity from observation of the greatest surface velociM 
The greatest surface velocity may be determined by flos 
Unfortunately, however, the ratio of the maximum surfad 
velocity to the mean velocity is extremely viiriiible ; and { 



* See Bcpoct on 
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has formed the subject uf much oiireful inveBtigatiou. Put- 
tiug t'l, for the greatest surface velocity, and Cm for the 
mean velocity of the whole eroaa-section, the following 

values have been fouml for -^ : 

Dc PiMoy, ex[)eriment8 on small wooden channels, O.8I64 

ExperimeDta on the Seine, 

Destrem and De Prony, experiments on the Neva, 0.78 

Boileau, experiments on canals, _ . 

Baumgarten, experiments on the Garonne, . _ . 

Brnnings (mean), . . . . _ 

Gnnningham, Solani aqueduct, ..._.. 

Dnbtiat, experiments on small canals (mean), . . 

Dnpuit, from theoretical considerations, believes 

the ratio to vary between 0.67 and 1.00. 

Various formula have been proposed for determining ihe 

ratio — - Bazin foand from his experimenta the following 

empirical expression, 

v„, = i'„ — 3a.4v^, (1) 

where r is the hydraulic mean depth, and the slope of the 
stream (Art. 113). 



lit- I 



Prony found the following formula, 
_ "0 ("» + 'i'.T y) 



(2) 



The ratio of the mean velocity to the surface velocity in 
one longitudinal section is better ascertained than the ratio 
of the greatest surface velocity to the mean velocity of the 
whole cross-section. Let the river be divided into a num- 
lier of compartments by equidistant longitudinal planes, and 
the surface velocity be observed in each compwrtment ; then 
from this the mean velocity in each co'm.Y^'mssoS. *sq5i. ■&!» 
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discbai-ge can be computed. The eum of tlie partial dis- 
cliarges will be tlie total discharge of the stream. The fol- 
lowing formula* is convenient for determining the ratio of 
the surface velocity to the mean velocity in the same verti-J 
cal. Let V be the mean and V the surface velocity in aiijM 
given vertical longitudinal section, the depth of whicb is A^ 

v_ _ 1 + 0.1 478 VA .JM 

ScB. — In the gaugings of the Mississippi, it was found 
that the mid-depth velocity differed by only a very small 
quantity from the mean velocity in the vertical section, and 
it wafl uoinflnenced by wind. If therefore a series of midj 
depth velocities are determined, they may be taken to b^H 
the mean velocities of the compartments in which th^B 
occur, and no formula of reduction is necessary. jH 

118. Processes for Gauging Streams. — The dia^l 

charge of large creeks, canals, and rivers, can be measured 
only by means of hydrometers, which are instruments for 
indicating the velocity. The simplest of these instruments 
are surface Jloats ; these are convenient for determining tlwjj 
surface velocities of a stream, though their use is difficnlM 
near the banks. Any floating body can be used for thi^l 
purpose ; but it is safer to employ bodies of medium size,1 
and of but little less specific gravity than the water itmlL J 
Very large bodies do not easily assume the velocity of theJ 
water, and very small bodies, especially wlieu they projeelM 
much above the surface of the water, are easily disturbed iifl 
their motion by accidental circumstances, such as wind, etefl 

The floats may be small balls of wood, of wax, or of hol- 
low metal, so loaded as to flout nearly flush with the water 
surface. To make them visible, they may have a vertical 
painted stem. In experiments on the Beine. cork balls U^ 

^ ■ Oirea bf Efner In Btbkun'B Zettacbrtn Ibr tB?B. ^^M 
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inches diameter were aeeil, loaded to flout flush with the 
water eurface. and provided with a stem. Bits of solid 
wood, and bottles filled with water until nejirly eubmcrged, 
have often benn used for surface floats. Boilean projioseB 
balls of soft wax, on account of tlieir adhesive iiropertiea. 
In Captain Cnniiingham's observations, the floats were thin 
circular disks of Knglish deal, 3 iuches diameter and J inch 
thiok. For observation B near the banks, floats 1 inch diam- 
eter and \ inch thick were used. To render them visible, a 
tuft of cotton wool was used, loosely fixed in a hole at the 
centre. 

The velocity is obtained by allowing the float to he car- 
ried down, and noting the time of passage over a measured 
length of the stream. If t is the time in which the float 
passes over a length /, whicli has been previously measured, 

and staked off on the shore, tlien the velocity « is v ■= -■ 

To mark out distinctly the length of stream over which the 
floats pass, two ropea may be stretched across the stream at 
a distance apart, which varies usually from 50 to 250 feet, 
according to the size and rapidity of the river. To mark 
the precise position at which the floats cross the ropes, Capt. 
Cunningham, in hia experiments, used short white rope 
pendants, hanging bo as nearly to touch the water. In this 
case the streams were 80 to 180 feet wide. 
In wider streams the use of ro[>es to 
mark the length of run is imjiossible ; in 
such cases, recourse must be had to some 
such, method as the following: Let AB 
be the measured length = I, on one side pj^ g, 

of the river. Put two rods C and D, by 
means of a suitable instrument, in such a position upon the 
other side of the river that the lines CA and DB shall be 
perpendicular to AB. Then the observer, placed behind A, 
not€s by his watch the instant the float E, which has been 
placed in the water some distance Bfco-^e, wmNesi wluS^oaVsa*. 
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AC, aud then, pasaiDg dowu to B, lie observtis the instuit 
that the float axrives at tlie line BB. By subtmc-ting tbe 
time of the first observation from that of the set.'ond, be 
obtains the time / in which tbe space I is described. 

For measuring the velocity below the surface, doub^ 
floata* are Ttsed. They are of various kinds, usually eon^ 
stating of small surface floats, supporting by cords larger~ 
submerged bodiea Suppose two equal and similar floats, 
connected by a string, wire, or thin wire chain. Let one 
float be a little hca\'ier, and the other a little lighter than 
water, so that only a small portion of the latter will project 
above the surface of the water. We tirst determine by a 
single float the surface velocity v,: we then determine the 
velocity of tlie connected floats, wliicli will be the mean of 
the Buriace velocity and the velocity at the depth at which 
the heavier float swims. If v^ is tbe velocity at the depth 
to whicli the lower float sinks, we have, calling v the mean 
velocity, 



va ^ %v — V,. 



(ir 



By connecting the floats successively by longer and longer 
pieces of wire, we obtain in this way the velocities at greater 
and greater depths. 

To obtain the mean velocity in ii perpendicular, a floating 
staff or rod is often employed. This consists of a cylindrical 
rod, loaded at the lower end so as to float nearly vertical in 
water. A wooden rod, with a metal cap :vt the bottom in 
which shot can he placed, so as to prevent more than the 
head from projecting above the water surface, answers VFell, 
and somctimea the wooden rod is made of short pieces whicA 
can be screwed together so ns to suit streams of different 
depths. A tuft of cotton wool at the top serves to mal 

• nntnMAbidk'VlacL 
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the float more easily yisiltle. Sneh a rod, so adjusted in 
length that it siiika nearly to the bed of the stream, gives 
directly the mean velocity of the whole vertical section in 
whicli it floats. (For a complete description of ganging 
streams, see " Report on the Mississippi") 

119. Most Economical Form of Transyerse Sec- 
tion. — The best fuiTi of the transverse section must be that 
which presents the least resistance to a given quantity of 
water flowing through the clianuel From Art. 103, the 
resistance of the bed of the stream, in consequence of the 
adhesion and friction, varies directly as the surface of con- 
tact, and consequently as the wetted perimeter;; (Art. 113), 
and inversely as the area of the transverse section, i. c, the 

resistanee of the bed of the stream varies as -■ In order. 

therefore, to have the least resistance from friction, tlie 
form of the section must be that which has the least perim- 
eter for a given area, i. c, the wetted jierimeter^ must be a 
minimum for a given area a, or the urea must be a maxinnmi 
for a given wetted perimeter. Now, among all figures of 
the same number of sides, the regular one, and among all 
the regular ones, the one wilh the greatest number of sides 
has the smallest perimeter for a given area. Hence, for 
closed pipes, the resistance of friction is the smallest when 
the transverse section is a cirele ; but in open channels, the 
upper surface, being free, 
or in contact with the air 
alone, must not be in- 
cluded in the perimeter, 

A horizontal line DC, 
passing through the centre Fig. «2 

of the square AF, divides 

the area and perimeter into two equal pwrts, and what has 
been said of the square is true of these halves ; hence, of all 
rectangular forme of transverse sections, the t&Vl ««s;£is3% 



JJ 



THAPEZOIDAL SECTION OF LEAST SESKTANCE. 



ABOD is the one which causes the least resiatance of fric- 
tion, and therefore is t!ie best for open clmunele. Also, of 
all trapezoidal sections, the semi -hexagon ABCD is the one 
which causes the least resistance of friction ; and bo on to 
the other eases. But the semicircle will present less i-esist- 
anee of friction than the semi-hexagon, and this latter less 
than the semi-square. The half decagon offers still less 
resistance than the half hexagon or the half square. The 
circular and si|iiaTO sections are nsed only for troughs 
made of iron, stone, or wood. The trapezoid is employed in 
canals, which are dug out or walled up. It is very rare that 
other forms are used, owing to the difficulty of eonstrncting 
them. 



ic-^^^ 



\'H). Trapezoidal Section of a Canal of Leaf 
Kesistance, when tlie Slope of the Sides i» Giren. i 
—Let ABCD he the section. Put 
■.r = ABj the widtli of the hottom, 
rj = BE, the depth, and = BCE, 
the angle of the slope, which is to 
be considered as a given quantity, 
dependent upon the nature of the 
ground in which the canal is excavated, and a = the giv*^ 
area of the section ABCD. 

Then the wetted perimeter of the section is 

p = A3 + 3BC 



The area of the section is 

a ^ xy -^ y^ cot 6 ; 
_ « — y! co t g 



which in {1} give 



II — if* cot fl 



+ 2y eosec f>. 



EXAMPLE. 223 

To find the value of y which makes this a 'minimum, we 

must equate to zero its derivative with respect to y, which 

gives 

3 __ a sin . 

y - 2 -cos (9' ^^' 



I a sin ^ 



(5) 



Hence, for a given angle of slope 0, and for a given area 
a, the trapezoidal section of least resistance is determined by 
(2) and (5). 

Consequently, the width CD of the top is 

CD = a: -f 2y cot 

= l'hycote; (6) 

and the value of — , from (3), is 

a ^ ' 

p 1 2 — cos 
ay a sm ^ ^ 

= ? [from- (4)]. (7) 

EXAMPLE. 

What dimensions should be given to the transverse sec- 
tion of a canal, when the angle of slope of its banks is to be 
40°, and when it is to carry 75 cubic feet of water v^ith a 
mean velocity of 3 feet ? 

Here we have 

a = -Tj/^ zz: 25 square feet; 

and hence, from (5), we have the depth 



/ 25 sin 40°" ^ /0.64279 _ ^,,^ . , 
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From (2), we have the width at the bottom, 

= 6.987 — 4.301 = 2.626 feet. 
The width of the top, from (B), is 

CD = 3.626 + 7-218 cot 40° = 11.238 feet 
The wetted perimel*r is 

2y 

^ = ^ + siD 9 

V. 
ain 40° 

and the rutio which determines the resiBtaiice of frictioi 

£ = ? = 0.5542. 
a y 

B£H. — In u transverse section in the shape of the half < 
a regular hexagon, where 9 = 60", x ^ 4.39, y = 
width OD = 8.78, and p — 13.16 feet, we have, for t 
resistance of friction, 

a ^ " 25 

which is less than that found for the above trapezoid. 

HI. llniforiii Motion. — When water flows in an op^l 
chaunel, the velocity continues to increase ao long as the! 
accelerating force exceeds the resisting force of friction; 
Imt when these forces are equal t« eiicli other, the velocity 
of the stream becomes uniform. Wlien the velocity ia uni- 
form, the entire head h is employed in overcoming the t\ 
'ion upon the bed- Therefore, the height of the oolniUQ 3 
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water due to the resistance of friction must be equal to the 
falL The height due to the resistance of friction increases 

with — , with the length l, and with the square of the ve- 
locity V (Art. 102). Hence, from (1) of Art. 103, we have 

h=Af, (I) 

in which / is an empirical number, which is called the coef 
fident of friction. 

Solving (1) for v, we have 



l%gha 



(2) 



According to Eytelwein's reduction of the ninety-one ob- 
servations and experiments made by du Buat, Brunings, 
Funk, and Woltmann, / = 0.007565, which in (1) gives 

A = 0.007565^ — . (3) 

If we put g = 32.2 feet, (2) and (3) become 

. = 92.26y^|, (4) 

h = 0.00011747 ^ v2. (5) 

For the number of cubic feet of water flowing through 
the channel per second, we have 



e = av = 92.2604/^. 



(6) 



Cob. — For pipes, we have 



Ip _ hd ^ 41 



r 
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which in (3) gives 



(?)i 



which agreea with (6) of Art. 104 and {1} of Art 106. 



EXAM PI^E. 

How maeh fall must a canal, whose length is 2600 feeV 
whose lower width is 3 feet, whose up|)er width is 7 fee^ 
and whose depth is 3 feet, have in order \a curry 40 cubiel 
feet of water per second ? Here we have 

p = 3 + 2\/3M^"3» =1 10.211, 



40 8 

and v = — = 5 

16 3 

Substituting in (5), we have 



: 0.00011747 



3600 X 10.311 /8\» 



©■ 



0.305423 X 10.211 X 64 

' 15x9 



123. Coefficients of Friction.— The coefficient 
friction / varies greatly with the degree of roughness of tli«i| 
channel sides, and somewhat also with the velocity, as 
the case of pipes, increasing slightly when the velocil 
diinintahes, and decreasing when the velocity increases. 
common mean value assumed for / is 0.007566, which 
used in the last Art., though it has qnite a range of valui 
Weiabach, from 255 experiments, obbdned for / the folloi 
ing ralnee &t different velocitiea : 
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m 



V = 

/- 


0.3 
0.01215 


0.4 
0.01097 


0.5 
0.01025 


0.6 
0.00978 


0.7- 
0.00944 


V 

f- 


0.8 
0.00918 


0.9 
0.00899 


1.0 
0.00883 


0.00836 


2 
0.00812 


V — 


3 

0.00788 


5 
0.00769 


• 7 
0.00761 


10 
0.00755 


15 
0.00750 



In using this table for the value of/ when v is not known, 
we must proceed by approximation. Determine v approxi- 
mately from (4) of Art. 121. Then from this value of v 
find/ by means of the table, and substitute the value of / 
so found in (2), and determine a new value of v. 



EXAM PLE. 

What must be the fall of a canal 1500 feet long, whose 
lower width is 2 feet, upper width 8 feet, and depth 4 feet, 
when it is required to convey 70 cubic feet of water per 
second ? 

Here we have 

p = 2 + 2VI6 + 9 = 12, 
« = 5x4z=20, 
i; = ^ = 3.5; 

hence, from the table, 

/ = 0.00784. 

Substituting in (1) of Art. 121, we have 

;^ = 0.00784 1550X12 ^3:5« 



86.436 
64.4 



20 
= IMfeet. 



^9 



p 
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133. Variable Motion. — In every stream in which the ' 

discharge is constant, for a given time, the velocity at differ- 
ent places depends on tho slope of the bed. In general, the 
velocity will he greater a^ the slope of tlie bed is greateii; 
and, aa the velocity varies inversely as the transverse BecUol 
of the stream, the section will be least where the velooia 
and slope are greatest. In a Btream in which the velocifj 
is variable, the work due to the fiill of the stream for a given 
distance is equal to the work destroyed by friction together 
with the kinetic energy corresponding to the change of 
Telocity, i, e., the whole fiill is the sum of that expended in 
overcoming friction, and of that expended in increasing the 
velocity, when the velocity increases, or if the velocity de- 
creases, the head is the difference of these quantities.* 

The resistance of friction upon a small portion of theJ 
length of the stream may be regarded as constant and met 
ured by a head of water 

Let ABCD represent a longitudi- 
nal section of a short portion of a 
stream, ABtbc surface of the stream, 
and AE and HO two horizontal 
lines. Let I — the length of AB in 
feet; h = BE, the fall from A to 
B ; w„ ^ the velocity of the stream at the upper sectJoi 
AD ; and w, = the velocity at the lower section BC. 

Mow the velocity of any particle B, at the surface of t 
stream, ia due to the height A, together with the velocity a 
A ; hence we have, for ite velocity v 



the "^ 

ler- 
, the 
ites; ^^ 




e [rkllon bewl. |Sec F 



Sappir Eagiaeerine. p. Bia) 
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Any particle G, beneath the surface o* the water, is 
pressed forward by the head AH = EG, and pressed back- 
ward by the head BG ; hence the head which produces mo- 
tion is EG — BG = EB, or h, as before ; and therefore (2) 
is true for any particle. Solving (2) for h, and adding the 
resistance of friction, as given in (1), we have 

'*- 2g +-^«2^' ^^) 

in which p, a, and v denote the mean values of the wetted 
perimeter, the transverse section, and the velocity, respect- 
ively. 

If a^ and a^ denote the areas of the upper and lower 
transverse sections, respectively, and Q the quantity of 
water which flows through any section in a unit of time, we 
have 

a = ^4^, (4) 

and Q = a,r, = a^Vi. (5) 

From (5), we have 



^9 



V_/l MC iff. 

Now if the water flowed with the velocity v^, we would 
have the head due to the resistance of friction, from (1), 

^ a %g' ^'' 

and if it flowed with the velocity Vj, we would have the 
head due to the resistance of friction 

But the former expression is less, and the latter is greater 
than the true head due to the resistance of frlctiQi:\.% VsfsctSR^ 
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th(! mean of these results will give tlie friction head approx- 
imately. Therefore, taking the mean of (7) iiud (8), and 
flabstitnting for a its value from (4), we buve, for the re- 
sistance of friction. 



-(V+V) 



/I 



[from (5)]. 
Substituting (6) and (9) in (3), we have, for the whole 

Solving (10) for Q, we have 



V'igh 



Vh-^'-^^-.i(i?-^i 



m 



In a priBmoidal channel it will be a sufficiently close ap- 
proximation to the truth to assume that the surface line of 
the water is straight, and then from this assumption to com- 
pute the transverae sections and their perimetws. When 
we have these, with the (juantity of water carried iind the 
lengtli of u portion of the river or canal, we may determine 
the corresponding fall A by (10) ; and when wo have the 
length, fall, and cross-section, we may determine the qnan- j 
tity Q by means of (11). Where greater accuracy ia re- I 
quired, we should calculate h or Q for several small portions 
of the stream, and then take the aiithmetic mean of the 
results. If oidy the total fall is known, this value should 

be eubstitutfid for h in (U), and instead of —, - 



1 
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1 1 

should use — ^ 5, where «» denotes the area of the low- 

est transverse section, and instead of 






the sum of all the similar values for the different portions 
of the stream should be used. (See Weisbach's Mechs., 
p. 969 ; also Tate's Mech. Phil., p. 305.) 

EXAMPLE. 

A stream falls 9.6 inches in 300 feet, the mean value of 
its wetted perimeter is 40 feet, the area of its upper trans- 
verse section is 70 square feet, and that of its lower is 60 
square feet. Find the discharge of this stream. 

From (11), we have 

Q __ 8.025\/a8 



/l 1 ^/^.^,v^^^ 300X40/ 1 1 \ 

'^'^'^^ = 3541 cubic feet. 



VO. 0000731 + 0.0003365 
The mean velocity is 

— = T^ = 5,45 feet ; 

a^ + fli 130 ' 

hence (Art. 122), a more accurate value of /is 0.00768, and 
therefore we have 

Q = ^'Vio _ gg2 5 

VO. 0000731 + 0.0003416 

If the same stream has at another place a fall of 11 inches 
in 450 feet, and if the area of its upper tranavet^fc ^sR^Jcsss^Ssi^ 
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50, and tliat of its lower CO squai-e feet,, the nieun value 
its wutted perimettT Iwing 36 feet, we have 



Vs?-^ + •'■'" 



110 \60» ^ 5W 



- 30351 / "■^^''^ 

- ^■"''^V - 0.0001232To:0 



= 306i cubic feet. 
The mean of these values is 
^ 35a.5 + 305.5 



9 cnbic feet. 




ScH. — Tbe following is Cliezj'a formula, witli three dif- 
ferent coetticientB, varying from 69 "for small streame 
under 2000 cubic feet per minute," to 96 "for large rivers 
such as the Clyde or the Tay." 



V = G!) (r Bin e)i. 


Fur emull streams. 


r = 93 {/■ «in e)i. 


Eytelweiu'fi coeflBcieDt 


V = 96 (/-sine)*. 


For large streams. 



124. Bottom Velocity 
mencea.— A river channel is 



which Scour Coin- 
said to have a fixed regimen, 



im^^ 



when it changes little in draft or form in a series of years. 
In Bomo rivers, the deepest part of tbe channel changes its 
position perpetually, and is seldom fouud in tbe same place 
tito successive years. The sinuousness of the river also 
changes by tiie erosion of the banks, so that in time the 
position ot the river is completely altered. In other rivers, 
tbe change from year to year is very small, but probably the 
regimen is never perfectly fixed except where the rivers flow 
^rer a rocky bed. If a river hiid a constant discharge, it 
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would gradually modify its bed till a permanent regimen 
was established. But as the vulume discharged is constant- 
ly changing, and therefore the velocity, silt is deposited 
when the velocity decreases, and acour goes on when the 
velocity iuereases in the same place. 

It has been found by experiment * that a stream moving 
with a velocity of 3 inches per second will carry along/ne 
dat/ and .sofl car/fi ; moving 6 inches per second, will eai'ry 
loam ; 1 foot per second, will carry sand; 2 feet per Eecond, 
gravel ; Z\ feet, pebbles an inch in diameter ; 4 I'eet, broken 
stone, flint ; 6 feet, chalk, soft shah; 6 feet, rock in beds; 
10 feet, hard rock. 

125. Transporting Power of Water.— The specific 
gravity of rocks varies from 2.25 to 2.64; when immersed 
in water, therefore, they lose nearly half their weight. This 
fact greatly increases the transiwrting power of water. The 
pressure of a enrrent of water against any snrface varies as 
the square of the velocity and as the nrca of tho_surfacet 
(Art. 97). But in similar figures, surfaces vary as the 
squares of the diameters ; hence, the pressure of t!ie current 
varies as the square of the velocity and as the square of the 
diameter, i. e., tlie pressnre of the current against a surface 
varies as the square of its velocity multiplied by the square 
of the diameter of the surface. Calling P the pressure 
which the current exerts against a ruck, v its velocity, and 
d the diameter of the surface of the rock, we have 

P a f» X d\ (1) 

Now the resistance to be overcome, or the weight of the 
rock, varies as the cube of the diameter; i. e.. calling W 
the weight of the rock, we have 

IT QL (P. (2) 
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But when the current is just able to i 



huvt 



W. 



k, we ' 



'A 



Therefore, from (1), (2), and (3), 
W CI v*y.<JP; 

.: (/ oc «s, 

which in {1) gives P o- i^xv*, 

or P V. 1^. 

Thiit is, tho trmisportiTbg power of a current v 
as the sixth power of the velocity. 

This may also be sJiowii geometrically aa foUowa : Let 
represent a cubic inch of stone, which a CDrrent of giy^i,. 
velocity will just move, and let S be a onbe 
of stone 64 times aa large. Now if the 
velocity of the current be doubled, the 
force agfliust each square inch of h will be 
four times as great as that against a ; but 
the surface of b opposed to the current is 
sisteeu times as great as that of a, and the 
pressure would be increased sixteen times 
from this cause ; therefore the whole press- 
ure against 6 from these two causes would 
be 4 X 16 = 04 times as great as against a. 
But the weight also of h is 61 times aa great as that of 
therefore the cuiTent would he just able to move it. 

We have seen (Art. 124) that a current 3J feet per second, 
or about two miles an hour, will move pebbles an inch in 
diameter, or about three ounces in weight. It follows from 
the above law that a current of ten miles an hour will bear 
fragments of 1 J tons, and a torrent of 30 miles an hour will 
carry fragments of 100 tons in weight* 




Fig. SI 



4 
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126< Back Water. — When a dam is built across a stream 

e the water and form a pond, the surface of the 

water in the pood will not be horizontal. Let AB represent 





a dam, and the Biirfaoe of the watflr directly over the dam. 
If the horizontal line CD be drawn from the surface at 
to the point D, where it intersects the natural surface of 
the stream, the surface of the water in the pond will lie 
everywhere above this line, except at C, its height increasing 
as the distance from the dam increases, and this elevation 
may extend for quite a distance np the stream above the 
point D. 

The elevation CDFE above the horizontal CD is called 
back water. As the stream approaches tho horizontal sur- 
face DC, its velocity is diminished, because the slope on 
which the velocity depends is very small, and as the velocity 
is diminished tho water is heaped up above DC, even ex- 
tending up the stream, until the slope is sufficient for tho 
water to flow off. When this slope is established, the stream 
FEO flows smoothly along its liquid channel. 

Fig. 66 shows a longitudinal section of the river Woser, 
in Germany, where a dam was bnill, Tiio mean depth of 
the stream was about 2.5 feet, the surface was raised 1.^ 
feet, the slope of the stream waat^nuteiHikii.Q'rai.^.'iT^.^^ii^M^ 
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of ten mil^. At the point D, three mike from the dun, it 
was found by measuremi^iit that the surface £ was elevated 
over 15 inches above D. At a distance of 4 miles above the 
dam, the surface was elevated by the dam 9 inches.* 

127. Rirer Bends.— When rivers flow in narrow val- 
leys, where tlie banks do not readily yield to the action of 
the enrrent, the effect of any variation of velocity is only 
temporarily to deepen the bed. In wide valleys and ailu- 
vial plains, where the soil of the banks is more easily worn 
■ by the current than the bottom, any increuse in the volnme 
of the water will widen the bed ; and if one bank yields 
more than the other, windimjs or bends will be formed, and 
these windings which are thus formed tend to increase in 
curvature by the scouring away of material from the outer 
bank and the deposition of detritus along the inner bank. 
The windings sometimes increase till a loop is formed, with 
only a narrow strip of land between the two encroaching 
branches of the river. Finally, a '•cut-off" may occur, a 
waterway being oiwuefl through the strip of land, and the 
loop left separated from the stream, forming a lagoon of 

shaped like a horse-ghue. 

nsually supposed that the water, tending to go for- 
in a straight line, rushes against the outer bank and 

it, at the same time creating deposits at the inner 
bank. This view is considered by many engineers as veiy 
incomplete. Prof. James Thomson has given an esplana- 
tion of the action at a bend, which he has completely con- 
firmed by experiment.! He thinks that the scouring at the 
enter side and the deposit at the inner side of the bend are 
dne to the centrifugal force, in virtue of which the water 
passing round the bend presses outwards, and the free snr^ 
face in a radial cross-section has a'slope from the inner s 
upwards to the outer side. 
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1. A thin plane area moves edgeways through the water, 
in which it is completely immprsed. Find the resistance 
per Bqnare foot at u speed of 20 miles per honr. 

Ans. 3.442 Iba. 

3. The length of a pipe is 400 feet, the head of water is 
6 feet, and the diameter of the pipe ia (» inches, the entrance 
to it being cyhndricaL Find, (1) the head due to friction, 
(2) the velocity of discharge, and (3) the quantity discharged 
per second. 

Tube / = 0.08, j/ = 33, and use (8) of Art. 104 for p. 

Ans. (1) 5.646 ft. ; (2) 3.88 ft. ; (3) 0.7619 cu. ft. 

3. When the pipe is 800 feet long, the head of water 13 
feet, and the diameter C inches, find (1) the friction head, 
(2) the velocity of discharge, and (3) the quantity dis- 
charged ]>er second. 

Ans. (1) 11.035 ft. ; (3) 3.SI39 ft.; (3) 0.7734 cu. ft. 

4. When the pipe is 1600 feet long, the head 34 feet, and 
the diameter 6 inches, find the same quantities as in the last 
two examples. 

Ans. (1) 23.63 ft ; (2) 3.969 ft. ; (3) 0.7793 cu. ft. 

5. When the pipe is 3300 feet long, the head 48 feet, and 
the diameter 6 inches, find the same quantities. 

dm. (1) 47.627 ft. ; (2) 3.984 fL ; (3) 0.7833 cu. ft.* 

6. When the pipe is 800 feet long, the head 12 feet, and 
the diameter 5 inches, find the same three quantities as 
before. 

Ans. (1) 11.694 fL; (2) 3.60fi ft. ; (3) 0.4915 ou. ft. 

• An ijiBiactloii of Eia, a. B, 4, «nd B, shows ihM if la-liich pi[ifl bo leW wlHi ■ 
nnlfarm tlopc of fnel in 400 liHt, oeui; all (tie head 1b confoniHl by f rlwlon, hi 
IbKt only a vi^ry Hmall fracUon of thei^ntire heail renialitq In ^[eneratE Iht dnal vdoo- 
lly lad to ovenoma the resislDQce o( hhs cnlnrnw to the pipe. i. (., In each mm 
tliere <a aaiy atxmt QS& at a Font of head Ip 
comii% the rcf letsnc? at the eotnince to thi 
dncing velocilj. 
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7. When the leugth is 1600 feet, the hea^S^ee^^fl 
the diiimeter 5 inches, find the same quantities. 9 

Jks. (1) 33.6'J ft.; (2) 3.628 ft. ; (3) 0.4947 cn. ft M 

8. When the length is 800 feet, the heud 5 feet, imd tbM 
diameter 6 iuchee, find the same cjuantities. ■ 

A?tit. (1) 4^48; (3) 3.542; (3) 0.499. | 

9. When the length is 800 feet, tlie head 16 feet, and Q^ 
diameter 6 inches, find the stime quantities. fl 

Ans. (1)15.514; (a) 4.548 ; (3)0.893. I 

10. Two pipes of the same length are 3 inches an^f 
4 inches in diameter, respectively. Compare the losses ofl 
head by friction, (1) when the velocity is the same, and {^jM 
when they delirer the same quantities of water. ■ 

Ans. (1) 1.33; (2)4.31. M 

11. Water is to be raised to a height of 20 feet by a pipj 
30 feet long and 6 inches in diameter. What is the greatesB 
admissible velocity of the water, if not more than 10 p^l 
cent, additional power is to he required in consequence oifl 
the friction of the pipe? An-a, 8^ feet per second. ■ 

13. Two reservoirs are connected by a pipe 6 inches in 
diameter and | of a mile long. For t)ie first quarter mile 
the pipe slopes at 1 in 50, for the second at 1 in 100, while 
in the third it is level. The head of water over the inlet is 
20 feet, and that over the outlet 9 feet. Neglecting all loss 
except that due to surface friction, find (1) the velocity per 
second, and (3) tJie discharge in gallons per minute, a 
ing/= 0.0348. Ans. (1)3.43 ft.; (3) 353 gallona. ] 

13. A tank of 350 gallons is 50 feet above the street 
is connected with the street main, the head of which is 53 
feet, by a pipe 100 feet lung. (1) Find the diameter of the 
pipe that the l^nk may lie filled in 30 minutes; (3) what 
must the head in the main be to fill the tank in 5 miaatfl 
witbthepipe? Ana. (1) 1.6 inches; (2)8aJoet J 
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14. What 18 the discharge per second through a pipe 48 1 
feet long aud 2 inches in diameter, tinder 1:1 head of 5 feet? f 

SCG.— Absuiqb / — .03, and obtain (com (8) of Art. 108, 1 
feet, and therefore <Bcli. of Art. 10S>, /= .0311, which !□ (8) of Art.fl 
100 gives o = e.53 feet- . '. elc. 

Ans. 345.8 cubic inchea, 

15. What most be the diameter of a pipe 100 feet long,] 
which is to discharge one-half of one cubic foot of water p 
second under a head of 5 feet ? Ans. 3.8 

See remark in Art, 107. 

16. If the diameter of one portion of the compound pipftB 
{Pig, 55) is twice that of the other, and if the velocity of 1 
the water in the larger is 10 feefc, find (1) the coefficient of I 
i-esistance, and (3) the loss of head at the sudden enlarge- ■ 
roent, the water flowing fram the small pipe into the large I 
one. Ans. (1) 4; {3) 13.95 feet. 

17. A pipe 2 inches in diameter ia suddenly enlarged to J 
3 inches. If it discharge 100 gallons per minute, the water 1 
flowing from the small pipe into the large one, find (1) the ' 
coefficient of resistance, and (2) the loss of head at the sud- 
den enlargement. Ans. (1) 1.59; (2) 8^ inches. 

18. In the last example, if the water moves in the reverse 
direction, find the loss of head caused by the sudden e 
traction, assuming the coefficient of contraction to he 0. 

A ns. 7^ inches. 

19. A pipe contains a diaphragm with an orifice in it, the ' 
area of which is one-Gfth the sectional area of the pipe. 
Find the coefficient of resistance of the diaphragm, 
ing the contraction on passing through the orifice the same 
as that at efflux from a vessel through a small orifice in i 
thin plate. 

20. A horizontal pipe 30 feet long is suddenly enlarged I 
from 2 inches to 3 inches, and then suddenly returns to ita 
original diameter ; the length of eocU w(iV\Q\\Sa\*^ feaX- 
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it discharge 100 gallons per minnte into the aSao^oM^ 
find the total loss of head, assnming tbe coefiBcient of fric- 
tion / = .03. Am. 10 ft. -2\ ins. 

21. Find the loas of head in inches due to a bend ia »J 
pipe 3 inches in diameter, the radius of curvature being tfl 
inches, and the velocitj of tbe water being 13 feet peTn 
second, Ans. 0.3 of an inch. 

22. If the pipes in E3. 2, Art. 106, which are to discharge 
35 cubic feet of water per minute, contain two elbows, e^h 
of 90°, find the total loss of hoacL 

HereweUve, A = (1.505+a748+3x0.984)s- = etc 

Am. l.?6feet. 

33. If the pipe in Ex. 14 contains 5 bends, the radius of 
curvature of each being 2 inches, find (1) the velocity of the 
water issuing from the pipe, and (2) the quantity diachargeu 
per second. I 

HeiQ/?ufDDnd[fn)in(S)of Art. Ill] tobe0.2M. ..etc. I 

Ant. (1) 5.964 eet; (2) 224.81 cubic incboa. I 

24. What qnantity of water will bo delivered by a canfd'l 
5800 feet long, when tbe fall is 3 feet, its depth 5 feet, its 
lower breadth 4 feet, and its upper breadth 12 feet ? 

Here ? = 0.43015. .-. etc. 

Ans. 129.48 cubic feet. 

35. Find the quantity of water that ia carried by n stream 
40 feet wide, whose mean depth is 4^ feet, and whose J 
wetted perimeter is 46 feet, when it falls 1 inch in 75 feet. 

Hero « approiimately, from (4) of Art. 131, = 6. 1 feel. . ■ . / = ^ 
0.007SS, and n more correctlj = Hm feet. . - , etc, 

Ans. 1089 cubic feet 

36. A main 3100 feet long is to discharge water from a 
reservoir having a head of 75 feet. It is proposed to put iij J 

». 6-inch pipe for 800 feet, beginning at the reservoir, then t 
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5-mch pipe for 800 feet more, and a 4-inch pipe for the 
remaining 1500 feet. The coeflScient of friction / being 
0.024, ISnd (1) the diameter of a uniform pipe 3100 feet 
long haying the sam^ friction, and (2) the velocity of dis- 
charge. 

Use (7) of Art 104 for v. 

Ans. (1) 4.427 inches ; (2) 4.874 feet. 

27. If in the last example the first pipe of the main is 
2000' feet long and 6 inches in diameter, the second 800 
feet long and 5 inches in diameter, and the third 300 feet 
long and 4 inches in diameter, the head being 75 feet, find 
(1) the diameter of the equivalent main, and (2) the velocity 
of discharge. Ans. (1) 5.2 inched ; (2) -5.289 feefc. 

28. If in Ex. 26 the pipe is 6 inches in diameter for the 
whole length of 3100 feet, the head being 75 feet^ find the 
velocity of discharge. Ans, 5.675 feet. 

29. Into a branch main 2000 feet long, 6 inches in diam- 
eter, water enters with a velocity of 15.27 feet a second; 1 
cubic foot of water is delivered into service-pipes for every 
1000 feet of length, / = .0303, what is the loss of head in 
the 2000 feet? Am. 211.53 feet 



CHAPTER III. 

MOTION OF ELASTIC FLUIDS. 

138. Work of the Expansion of Air.— If air expandt'l 

without doing any work its temperature remains constant.* 
It follows from this that aa air changes its state, the inter- 
nid work done is proportional to the change of temperature. 
When, in expanding, air does work against an external 
resistance, either heat mast he sapplied or the temperature 
falls. 

Suppose a given mass of air to he confined in a cylinder I 
having a piston of one square foot area. Let u, be the ' 
initial- volume and Pi the initial pressure of the air, and 
suppose the piston to move so as to expand the air to aoy 
other volume v with pressure p. Then if heat is supplied 
to the air during the expansion so that the temperature 
remains constant, we have {Art. 48), 

Now if we represent the pressures 
by the ordinatea, and the correspond- 
ing volumes by the absoissaa of a curve 
AB i-cferred to the axes OX, OY, the 
curve represents the relative changes 
of Tolume and pressure. Then OM = 
r, and MPi = p^ is a point Pj corre- 
sponding to a volume v^ and pressure 
;),. Similarly (v,p) is any other point P of the curve cor^ 
res[K)nding to a volume v and pressure jd; and since ema 
menihcr of (1) is constant, the curve is a redans 
hyperiola. 

* n^ result was flratdemoiutTate&ciet^i^meatjm] by Jwle, 
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The work of expansion between the pressures p\ and p^ 
is represented by the area of the space MP^PgN (Anal. 
Mechs., Art. 222). To find an algebraic expression for this 
work, let p and v be the corresponding pressure and volume 
at any intermediate point P in the expansion. Then the 
work done on the piston during the expansion from v to 
v-\-dvi&pdv, and the whole work done during the expan- 
sion from v^ to Vg, represented by the area MP^PgN, 

= Pi^i log ? = Pi^i log* ^> (2) 

which is the work of expanding a given mass of air 
from a higher pressure p^ to a lower pressure p 2, 

OoR. — In order to compress a given mass of air whose 
volume is Vg and whose pressure isjt^g, into a volume v^ of 
the pressure j» J, the work to be done 

= Pz^2 log ^, (3) 

which is the worh of compressing a given mass of 
air from a lower pressure p^ to a higher pressure p^, 

ScH. — The expressions in (2) and (3) for the work done 
during the expansion and compression of air, are correct 
only when the temperature of the air remains constant 
while the change of volume or density is taking place ; but 
the temperature of the air remains constant only when the 
change of volume takes place so slowly that the heat in the 
confined air has sufficient time to communicate any excess 
to the walls of the vessel and to the exterior air. If the 
cliMi|[^ of density occurs so quickly that it is accompanied 
by a change of temperature, when the air is expanded the 
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temperature is lowered, and vben the air is compressed the 
temperature is increased. Under these circumstances the 
presanre cannot change aceorfing to Art. 48, and other 
fbrmulse have to be produced. (See Weisbach'a Mechs., p. 
936; also Ency. Brit., Vol. XII., p. 480.) 

139. Telocity of EHlux of Air According to 
Hariotte's Law. — Let the air be discharged from an 
orifice with the velocity v feet per second; let to = the 
weight of a cubic foot of air, and v, = the volume of air 
discharged per second; then the work performed by the 
volume of air ti, in passing from the presHure p^ to the 
pressure^,, is, by (3) of Art. 138, 



and this must be equal to the work stored in the air during 1 
the efflux, which is 



Therefore, we have 



=\A 



«i 



A cubic foot of air, at the temperature 0° of the centi- 
grade thermometer, and at a pressure corresponding to the 
height of 39.92 inches of the barometer, weighs abont 
0.08076 lbs.* Therefore for any temperature t, we have 
for the weight of a cubic foot of air, from (2) of Art. 54, 
since for the same volume and temperature the weight 
varies as the density, 

0.08076 

* JJeMrmlDBd bj B(«llMllt. awVclabKb'e MecJlB., p. TS6. 
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If the pressure differs from the mean pressure, or if the 
height of the barometer is not 29.92 inches, but hy (2) be- 
comes 

0.08076 * 



w = 



1^ at 29.92 
0.002699 * 



(3) 



1 + at 

If we express the elastic force or pressure of the air by the 
pressure p upon each square inch, then we have 



t _ p 

29^92 "" 147' 
which in (3) gives 



(3a) 



0.005494© ... 



p _ (1 + at) 144 
'• w "" 0.005494 ' 

where p is the pressure on each square foot. 
Substituting this value in (1), we have 



(6) 



V = 161.9 Y2?(l + «0 log|i 



(6) 



If b is the height of the barometer and h that of the 
manometer (Art 46), we have 



Pj^ _ b + h 
which in (6) gives 



(6a) 



V = 1299 ^J{1 + at) log (^), (7) 

where v is the velocity in feet, b the height of the barometer 
in JJie exterior air, h the height of the manometer for the 
ai|w inside the vessel, t the temperature of the latter in 
degrees centigrade, and a = 0.003665, the coefficient of 
eztMttudon of air (Art. 53). 
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Cob. 1. — If the pressures p^ and p^ are nearly equal to 
each other^ we can put 

which in (7) gives 

t; = 1299>y/(l + «0(l-4)f- (8) 

When T is very small (8) becomes 

V = 1299 \/(l + at) y (9) 

Cor. 2. — Taking g = 32, we have from (1) 

When the pressures differ but little from each other, we 
may obtain approximate formulae as follows : Prom (10), 
we have 

By development we have 

logfl = log(l+^-^p^) 

Pi ^ Pi ' 

Pi ^ Pi ' 

Neglecting all powers of — — ^-^ above the first, and sub- 
stituting in (11), we have 
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Neglecting all powers of — — — above the second^ we have 



If A be the height of a homogeneous fluid, of the same 
density as the air, which is necessary to produce the pressure 
Pi — Jt?2, thenj[?i —P% = ^^*> which in (12) gives 

v=:8V/t. (14) 

It will be observed that (8), (9), (12), (13), (14) are true 
only when the pressures j^i and jOg are nearly equal to each 
other. 

130. Efflux of Moving Air.— To find the velocity of 
efflux when the pressure of the air is given in the 
pipe through which it flows. 

The formulae for efflux found in Art. 129, are based upon 
the supposition that the pressure jo, or the height /;, of the 
manometer is measured at a place where the air is at rest, 
or moving very slowly. If the pressure be measured at a 
point where the air is in motion, in determining the 
velocity of efflux, we must take into account the kinetic 
energy of the moving air. 

Let p^ be the pressure of the air in the pipe A, as indi- 
cated by the manometer M, and 
Vj the velocity of the air passing e--^,a„_.,^ I 
the orifice of the manometer; j)^ \ fjy 

the pressure of the air at efflux, ^i ^ 

and v^ its velocity ; a-^ the area 



of the section of the pipe A, and p. ^ 

a^ the area of the orifice ; w the 

weight of a cubic foot of the air, and Q the volume dis- 
charged per second. 

Then the work stored in the air while passing from the 
pipe A to the orifice 
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and this muat equal the work doiie bj the expansion c 
air from p^ to p^. Therefore, from (3) of Art. 13 
have 



(1) 



The volume of air passing through the pipe per second is 
a^v^, and that which paases the orifice is djU,; hence w& 
have (Art. 48) 

which in (1) and reducing, givua 



V »[-C^)"] 

which is the velocity of efflu-x. 

Cob, — Substituting for the numerator its value as giTM 
in (8) of Art. 129, we have 



/(l + «0(l- 



r approximately, when p^ is not much greater than^i. 



)9 . -■ 



i 
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131. Coefflcient of Efflux.— When air iasnes from an 
orifice, the section of the current undergoea ii contraction 
similar to that obBcrved in the efflux of water {Art. 91). If 
the orifice of efflux Is in a thin plate, the stream of air has 
a EDiaJler croBS-section thttn the orifice, and the practical 
discharge is less than the theoretical. 

Denoting t)ie coefficient of contraction by «, we have, 
in the case of water (Art. 92), a = the ratio of the ci 
section of the stream of air to that of the orifice. 

I>enoting the coefficient of velocity by <p, we have, as i 
Art. 93, = ~ , where v■^ is the actual and v the theoret- 
ical velocity of discharge, 

Denoting the coefficient of effiux by /i, we have, as in Artfl 

94, /I = ^ = n*, where Q^ is the actnal and Ci the 

theoretical discharge. 

The older experiments upon the efflux of air through ori- 
fices vary considerably From each other. According to the 
experiments of Koch,* /* = 0.58 when the air issues from an 
orifice in a tliin plate ; ;t = 0.74 when the air issues from a 
pipe about six times as long aa it is wide; and \i ^ 0.85 
when the air issues from the conical nozzle of a bellows 
about five times na long aa it is wide and having a lateral 
convergence of fi", D'Anbuisson, Poncelet, and Pecqueur 
found values somewhat different.! 

Weisbach has found the following values of the coefficient 
of efflux fi; t 

Oonoidal month-piecea of the form of the 

contracted vein, with effective (i = 

pressures otO.33 to 1.1 atmosphei-e, 0.97 to 0,99 

» TaleV Mech. Phi]., p, 889. t Welebttch's MechB., p. 015. 

I Ency, Brll., Vol, XU., p. «1. 
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Circular, sharp-edged orifices, .... 0.^63 to 0.788 

Short, cylindrical mouth-pieces, ... 0.75 
Cotiical pii)08, whose angle of convergence 

is about 6°, 0.92 

(Conical converging mouth-pieces, well 

rounded off, 0.98 

132. The Quantity Discharged.— Let h be the area 
of the orifice in square feet, and Q^ the discharge per sec- 
ond in cubic feet at the pressure of the external air. Then 
we have, from (1) of Art. 129, 

= 1299M-a/(1 + at) log (^^) (1) 

[from (7) of Art. 129] ; 
or, from (8) and (9) of Art. 129, we have 

Q^ = m9i.k^(l + at) (l-^i (2) 

= 1299,«*W'(1 + at) 1^ (3) 

When Qf is reduced to the pressure of the air inside the 
vessel, we have, from Art. 48, 

QiPi = Q»Ps'> 
... Q^ = 1299,** j^'\/(l + «0 log f-^)- (4) 
From (4) of Art. 130, we have 



(1 + at) I 
Q = 1299^* / ^^. (5) 
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133. Coefficient of Friction of Air.— Wheu air 

through a, long pipe, it haa, like water, a resistanre of fiic- 
Hon to overcome, duo to the surface of tho pipe ; ami this 
resistance, which is found to consume by far the greater 
part of the work expended, ean be meaaured by the height 
of a column of air, which is deterniiued by the esprcsaion, 

in which, as in the case of water (Art. 103), I denotes the 
length, d tho diameter of the pipe, v the velocity of the air, 
and / the coefficient of resistance of friction, to be deter- 
mined by experiment. The work expended in friction gen- 
erates heat, the most of which must be developed in the air 
and given back to it. Some heat may be transmitted 
through tlie sides of the pipe to surrounding materialB, but, 
in all the experiments that have thus far been made, the 
amount so condneted away appears to be very small ; and if 
no heat is transmitted, the air in the pipe must remain aen- 
Bibly at the same temperature during expansion ; that is, 
the heat generated by friction exactly neutralizes the cool- 
ing due to the work done. 

A discussion by Prof, Unwin ' of the eiperiments by Messrs. Cnlley 
and Sabine on the rate of trsDsinieeioii of li^ht carriers through pneu- 
matic; tabes, in which there is a steady flow of air not sensibly affected 
by any resistancea other tlian the surface friction, furnished the value 
/= 0.038. The pipes were of lead, slightly moist, flj inches (0.187 
ft.) in diameter, and in longtha of 2000 to nearly GOOO feet. 

Girarf'a eiperimenta upon the motiim of air In pipes gave a mean 
coefficient of resistance, / = 0.0356 ; those of lyAnbuisson gave as a 
mean, / = 0,0338 ; while those of BufI gave the mean value of / = 
0.0875. 

According to the experiments of Weiahacli, it is only when veloci- 
ties are about 80 feet that the coefficient of resistance can bf pot = 
0,034, and it diminishes as the velocity of tiie air in the pipe incrpasea, 

• See Eucf, Brit., Vol, ZIL, p. j91, 
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He fonnd that the coefficient o( fWclion, when the velocity was girt 
in feet, could be enpresaed approiliiutelj bj the following formula, i 

0.817 

The redBtance caused b; eCbowi and beiidi is to be treatei 
auao waj as In the case of water (Arts. 110, 111). 

13-i. Motion of Air in Loug Pipes.— By thD aid of 

the coefficient of friction of a [lipe, we can calculate tlie 
velocity of efflux and the discharge for a given length and 
diameter of the pipe. J 

Let V ^ the velocity of discharge = ¥■ ■ 

Vj ^ the velocitj of the air in the pipe. 1 

d = the diameter of the orifice, whose area theroyj 

fore Ib i ^ ^wt?. U 

rf, = the diameter of the pipe. A 

P^ = the coefficient of resiBtance at the entrance t^M 

the pipe. fl 

/ = the coefficient of resistance due to the fricti(M9 

of the pipe. I 

Pi ^ the coefficient of reaiatanee at the orifice. M 

ji, = the pressure of the air when it is discharged. I 

to = the weight of a cubic foot of air. H 

A ^ the height of the manometer in the reeervoir.^H 

b = the height of the barometer. ^| 

I ^ the length of the pipe. ^M 

Then the height due to the resistance at the entrance «^^ 

the pipe, H 

= ^■^ = (3.^1^. I 

The height due to the t^aistaiice of friction in the pipe ^| 

_/■£!!!_ fj_^ J? U 

~' d,%g ~' il, d,' %i S 



MOTION OF AIR IN LOKO PIPES. 2ftS 

The height due to the resistance at the orifice 
The height due to the velocity 
Therefore, the total height 

Ako» the total height, from (1) and (6a) of Art 129, 

= ^ 1^« (l + j) = IT V approximately. (%) 

Therefore, equating (1) and (2), and solving for Q, we 
have 



{^^^f^h^^'^ 



which, from (9) of Art 129, 



.^ I (i + '^)t 




-1299X / -' "^^-^^^ ' <^^ 



+ 



fmh'^'^ 



where /3, = — ^ - 1, and /J, = -^ - 1 (Art. 96). 

SoH. — In Paris, Berlin, London, and other cities^ it has 
been found cheaper to transmit message m ^^^cissQiaai 
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tubes than to telegrapli by electricity. The tubes are I 
under ground, with easycurvfi-; the inea8;igea are made 
into a mil and placed in u light felt ciirritT, the resistance of 
which in the tubes in London ia only j oz. A cnzrent t 
air, iorcuA into the tube or drawn through it, propels thfl 
carrier. In most systema the current of air is steady ant 
continnoag, and the carriers are introduced or removed 
without materially altering the flow of air. 

135. The Law of the Expansion of Steam. — ^Wlien-* 
steam is produced in a close vessel, aa in the boiler of a 
steam engine, the density of the steam increases with the 
temperature; hut so long as the temperature remains the 
same, the quantity of steam that can be raised from the 
water is limited, and the steam is generated at its maximum 
density and pressure for the temperature, whatever thia 
may be; if the temperature falls, a portion of the stea 
resnmes the lir^uid form, and the density of the steiuu i 
diminished. When the steam is in its condition of maxirl 
mum density, it is said to be saturated, being incapable of 
vaporizing or absorbing more water into its substance, or 
increasing- its pressure, so long as the temperature re- 
mains the same. Also, on the contrary, steam will nof 
be generated with less than the maximum quantity < 
water which it is capable of appi'opriating from the Hqaia 
oat of which it ascends. Any change in either one of till 
three elements of pressure, density, or temperature of ste 
is necessarily accompanied by a change of the other tw^ 
The same density is invariably accompanied by the e 
pressure and temperature. 

If the volume of steam over water be increased, while t 
temperature remains constant, then, as long as there is liqni 
in excess to supply fresh vapor to occupy the i 
space, the density will not be diminished, but will rema^ 
constaat with the pressure. If tlic source of heat be i 
wed, when all the liquid ia eva^rated, the pressure t 
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density will diminlBb, wlieu the volume ia increased, aa in' 
permanent gases; and if the volume be again diminished, 
the pressure and density, will increase, until they return to 
the maximum due to the temperature ; and the eflect of any 
further diminution of volnme, or attempt to further in- 
crease the density at the same temperature, is simply 
accompanied by the precipitation of a portion of the vapor 
to the liquid state, the density remaining the same. 

On the contrary, if the application of heat be continued 
when all t!ie liquid ia evaporated, the state of saturation 
ceases, and the temperature and pressure are increased, 
while the density remains the same ; the steam ia said to be 
superheated, or surcharged with heat, and it becomes more 
perfectly gaseous. While in this condition, if it were to be 
replaced in contact with water of the original temperature, 
it would evaporate a part of the water, transferring to it 
the surcharge of heat, and would resume ita normal state of 
saturation. 

If the space for steam oier the water remain unaltered, 
then, if the temperature is raised by the addition of heat, 
the density of the vapor is increased by freah vaporization, 
and the elastic force is consequently increased in a much 
more rapid ratio than it would be in a permanent gaa by the 
same change of temperature. Conversely, if the tempera- 
ture be lowered, a part of the vapor is condensed, the den- 
sity is diminished, and the elastic force reduced more 
rapidly than in a permanent gas. The density of saturated 
steam is about | of that of atmospheric air, when they are 
both under the same pressure and at the same temperature. 

It has been determined esperimentally that whatever may 
be the pressure at which steam is formed, the quantity of 
fuel necessary to evaporate a given volume of water ia 
alwayB the same ; also the relation between the temperature 
and pressure of saturated steam has been determined experi- 
mentally, and from this tables have been formed giving 
relation between the pressure and -soViMnE, *il %\R»sa.« 
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from a. cubic foot of water.* Since the Tolunie is tiiwafs a 
function of the prcsanre, we may write 



V=fiP)- 



(1) 



136. Wort of Expausion of Steam.— Let V be the 

coliinie of steam from a cubic foot of water at tbe pressure 
P, wbere P is the pi'esaiire on a S([uare foot, and Uq tlie 
work performed by Q cubic feet of water, in the form of 
steam, between the pressures P and P^ ; _ 

let ABCD be a vertical section of the 
space in which tlie steam expands, 
ABPQ the volume V of the steam at the 
pressure P, ABPjQj the volume V^ of 
the steam at pressure P,, A the area of 
the section at PQ in feet, and dv the dis- 
tance lietween the two consecutive sections PQ, and MN. 
Tlien, for the element of work performed by one cubic foot 
of water in tlie form of steam at the pressure P, v 




! have 



dU. 



: A.Vdv = PdV, 



since Adv ^ dV. Integrating between the limits P aiH 
P^, we have 

V. = f^Pdr= fptifiP) fd 

[from(l) of Art. 135]. 
Therefore, for the work done by Q cubic feet of water i] 
expanding from P to P,, we have 

Pc = qf^Pif(F), (I 

wluch can be integrated when the function /(P) is know; 

ScH, — Since from (3) the quantity of work done is « 
tirely independent of the form of the vessel ABOD, i 



WORK OF STEAM AT E^LUX. 2&7 

% 

follows that the work of steam between any given pressures 
P and Pj is always the same, whatever may be the natore 
of the space through which the steam expands, and that it 
increases with the pressure P at which the steam is gener- 
ated; since therefore the quantity of fuel necessary to 
evaporate a given volume of water is always independent of 
the pressure at which the steam is formed (Art 135), it fol- 
lows that it is most economical to employ steam of as high 
a temperature as possible. » 

137. Work of Steam at Efflux.— Let w be the 

weight of Q cubic feet of water evaporated per second^ V 
the volume of steam from a cubic foot of water at the press- 
ure P, which is the pressure of the steam at the point of 
eflux, k the section of the orifice in feet from which the 
steam is discharged, and v the velocity per second. Then 
calling Uqih^ work stored in the steam at efflux, we have 

u, = l^. (1) 

Since V = f{P), and QV = kv, we have 

which in (1) gives 

Hence, the work of steam discharging itself from an 
orifice varies as the cube of the water evaporated, 

CoR. 1. — The work stored in the steam at efflux is due to 
the work of expansion between tke -^x^^xasssik P ^ss^ ^ 
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therefore, from (3) of Art. 130 and (l) of tlie present; Ar^^^f 
vc have ^^H 


i" = «/;''"'*'■<'■' = irJ'_''V^''y- («H 


—tex™/'-']' <fl 


tthich gives the velocity of effiu~v, f being the coefflcien^^^M 
of efflux (Art. 181). ^^H 


Cob. 3.— From (1) of Art. 130, we have ^^H 


t7, = ?^(v-v). (^1 


Let Y■^ and F^ be tiie volumes of stenm per second frot^^^f 
a cubic foot of waU'r at P, itnd P^ presatirea respect! velj^^^H 
then (Art. 130), ^^1 


qV,=a,v„ QV^^a^v^. ^H 




which in (6) giTes ^^^| 


and we see again, as in (3), that the work of steam, varii^^^^ 
as the ciibe of tiie water evaporated. ^^^^H 


Solving (7) for § ^ = i\ we have ^^H 


•'=r^s+«'(^)?- fl 


^^M^/ticfi gives the theoretical uuLocitij of ejffito;, .^^^H 
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138. Work of Steam in the Expansiye Engine.— 

Let iTbe the area of the piston in square feet^ h^ the leogth 
of the stroke, including the clearance,"' h the point of the 
cylinder at which the steam is cut oflE, Q the number of 
cubic feet of water evaporated per minute, P and P^ the 
pressures of the steam at the beginning and end of the 
stroke respectively, N the number of strokes performed by 
the piston per minute, V the volume of steam from a cubic 
foot of water at P pressure, and V •=• f (P), as before. 
Then, for the volume of steam discharged per minute at P 
pressure, we have 

e/(P) = NKh. (1) 

Similarly, G/(^i) = NKh^, 



and 



f{Px) =\f\P)' (2) 



The work performed upon the piston before the steam is 
cut off is NKP (A — c) ; adding this to (2) of Art. 136, we 
have 

Vq^Q rPdf{P) + NKPQi - c) 

^'Pe?/(P)+?<^P/(P)] (3) 

[from (1)], 

which is the total work performed hy the steam per 
minute. 



-U; 



CoR. — Let L be the useful load in lbs. upon each square 
foot of the piston, F the friction in lbs. per square foot of 
the piston, arising from the motion of the unloaded piston, 
/the coefficient of friction arising from the useful load, and 

* The cUaranoe is the space in the cylinder l^in^ beneaUi the piston^ at tfa^ low- 
est, point pf i^. s^r^l^^ 
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p the jsessnre of the steam iu the condenser. Then the 
total refliatjinte upon the piston ia K [F -^ L {X + f) -\- p\, 
and therefore the work expended per minnte in OTercoming 
this resiatanee 



-. NK[F+L(1 +/) +i)] (A, - c). 



(4) 



When the mean motion of the piston o£ the engine ia uni- 
form, the work of the resistance will be equal to the work 
of the steam ; therefore, by equating (3) and (1), and re- 
duoing by (1), we have 

= [F+i(l+/>+rf(*, -* (6) 
from which the value of the useful load L is readily d&- j 



EXAMP1.ES. 

1. If a blowing machine changes per second 10 cubic fee 
of air, at a pressure of 38 inches, into a blast at a presenn 
of 30 inches, find the work to be done in each second. 

Herep,, from (3o) of Art, 139, - 0.40136 : .■. etc 

Arts. 1366.7 footrlba. 

2. H under the piaton of a steam engine, whose area id 
201 square inches, there ia a quantity of steam 13 inches 
high and at a pressure of 3 atmospheres, and if this steam 
in expanding moves the piston foi-ward 25 inches, find the 
work of the expansion per second. Ans. 10886 foot-lb& 

3. The air in a reservoir ia at a temperature of ISO" 0., 
and at a pressure corresponding to a height of the manom- 
eter of 5 inches, while the barometer marks 39,3 inches. 
Find (1) the theoretical velocity of efflux, and (3) the theo- 
retical diBcharge through an orifice 1^ inches iu diameter. 

Use (.9) of Art. 129. 

Ans. (1) 645.12 feet ; (2) 7.917 cubic feet. 
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4. The height of a manometer^ which is placed upon a 
pipe 3 1 inches in diameter throngh which the air is passing, 
is 2^ inches, while the air is discharged through an orifice 

2 inches in diameter at the end of the pipe. Find (1) the 
theoretical Telocity of efflux, and (2) the theoretical dis- 
charge, if the barometer in the external air stands at 27| 
inches, and the air in the pipe is at a temperature of 10° C. 

Use (6) of Art. 132. 

Ans. (1) 421.8 feet ; (2) 9.2 cubic feet. 

5. If in the last example the height of the manometer is 

3 inches, the diameter of the pipe is 4 inches and the ori- 
fice at the end of the pipe is 1 inch in diameter, find (1) the 
velocity, and (2) the discharge when the barometer stands 
at 29 inches and the temperature of the air in the pipe is 
20° C. Ans. (1) 447.06 feet; (2) 2.438 cubic feet. 

6. If the sum of the areas of two conical tuyeres of a 
blowing machine is 3 square inches, the temperature in the 
reservoir is 15°, the height of the manometer in the regu- 
lator is 3 inches, and the height of the barometer in the 
exterior air is 20 inches, find the discharge. 

See (3) of Art. 132 ; take n = .92, and a = .004.* 

Ans. 8.242 cubic feet. 

7. The height of a quicksilver manometer, which is placed 
upon a regulator at the head of an air pipe 320 feet long 
and 4 inches in* diameter is 3.1 inches, the height of the 
barometer in the free air is 29 inches, the diameter of the 
orifice in the conically convergent end of the pipe is 2 
inches, and the temperature of the compressed air in the 
regulator is 20° C. Find the quantity of air that is deliv- 
ered through this pipe. 

Suo. a = 0.004, ^0 = -75, f*i = .93; .\ etc. 

Ans. 5.735 cubic feet 



* On aGCOont of the ordinary hnmidity of the atmosphere, it is adyisaUe in prac- 
tice to take a = 0.001 
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' 8. If the height of the manometer in the last example is 
4 inches, the pipe 500 feet long and 6 inches in diameter, 
the height of the barometer 30 inches, the diameter of the 
orifice in the conically convergent end of the i)ipe 2 inches, 
and. the temperature of the compressed air in the regulator 
30° C, find the quantity discharged. 

Ans. 9.051 cubic feet. 

9. K the height of the manometer in Ex. 7 is 2^ inches, 
the pipe 600 feet long and 5 inches in diameter, the height 
of the barometer 29.5 inches, the diameter of the orifice in 
the conically convergent end of the pipe one inch, and the 
temperature of the compressed air in the regulator is 10° 0., 
find the quantity discharged. A?i8. 1.883 cubic feet. 



CHAPTER IV. 

HYDROSTATIC AND HYDRAULIC MACHINES. 

139. Definitions.— There are several simple machines 
whose action depends on the properties of air and water ; a 
brief description of some of these machines will now be 
given, suflScient to exhibit the principles involved in their 
construction and use. 

Hitherto the energy exerted by means of a head of water 
has been wholly employed in overcoming frictional resist- 
ances^ and in generating the velocity with which the water 
is delivered at some given point. In the cases which we 
have now to consider, only a fraction of the head is required 
for these purposes; the remainder, therefore, becomes a 
source of energy at the point of delivery by means of which 
useftil work may be done. 

Hydraulic energy may exist in three forms, according as 
it is due to motion, elevation, ov pressure. In the first two 
cases the energy is inherent in the water itself, being a con- 
sequence of its motion or position, as in the case of any 
other heavy body. In the third it is due to the action of 
gravity or some other force, sometimes on the water itself, 
but oftener on other bodies ; the water then only transmits 
the energy, and is not directly the source of it.* 

140. The Hydrostatic Bellows.— This machine pre- 
sents an illustration of the principle of the transmission of 
fluid pressure (Art. 8). It consists of a cylinder CDEF 
(Fig. 70), with its sides made of leather or other flexible 
material, and a pipe ABF leading into ii If water is 

^ Cotterill'B App. Mecbs.> p. 4Sl« 
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poured into the pipe till the vessel and pipe are i 

vary small pressure applied at A will raise a very greatJ 

weight upon DE, the weight lifted being 

greater as DE is greater. 

Let k be the area of a horizontal sec titm of 
the pipe, K that of a section of the cylinder, 
or that of DE, and p the pressure applied at 
A. Then, from (1) of Art. 9, we have 

i". — A 

We' 

ScH. — Suppose the pipe AB to he extend- 
ed vertically upwards, and the pressure at A ' _ 

to be produced by means of a column of -water above it^M 
formed by pouring iu water to a considerable height, andB 
suppose the pipe to be veiy small, so that the pressure upoa ^ 
the seotion A may be very email ; then, as this pressure iB 
transmitted to every portion of the surface DE that is equal 
to the section A, the upward force produced ou DE can bft^ 
as large as we pleaae. To increase the upward force, imH 
must enlarge the surface DE or increase the height of tfa^f 
column of water iu the pipe, and the only limitation to ti^fl 
increase of the force will be the want of sufficient -strengU^B 
in the pipe and cylinder to resist the increased pres8aca^| 
By making the pipe AB of very small bore, and the heigh^l 
DC of tlie cylinder very small, the quantity ot water can be 
made sa small as we please. That is, any quantity of 
fluid, however small, may be made to support ang 
weight, however ^reat. This is known as ihe hydrosiaii^M 
paradox. ■ 

141. The Siphon. — The action of a siphon is an iiQM 
pdrtaot proctieal illnstnition of atmospheric pressnre. It ^H 
simply a bent tnlw of unequal branches, open at both endl^H 
and is used to convey a liquid from a higher to a low4^| 
JereJ, over so interiDediate poiut higher than either. ^M 
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Let A and B be two vessela containing 
water, B being on the lower level, aud 
AOfi a bent tube. Suppose this tube to 
be filled with water from the vessel A, 
and to have its extremities immersed in 
the water in the two ressels. The water 
will then flow from the vessel A to B, as 
long as the level B is below A, and the 
end of the shorter branch of the siphon is 
b«low the surface of the water iu the 
Teasel A. 

The atmospheric pressures upon the surfaces A and B 
tend to force the water up the two branches of the tube. 
When the siphon is filled with water, each of these pressures 
is counteracted in part by the pressure of the water in the 
branch of the siphon that is immersed in the water npon 
which the pressure is exerted. The atmospheric pressures 
are very nearly the same for a difference of level of several 
feet, owing to the slight density of air. The pressures of 
the snsponded columns of water, however, will for the same 
difference of level differ considerably, in consequence of the 
greater density of water. The atmospheric pressure opposed 
to the weight of the longer column will therefore be more 
resisted than that opposed to the weight of the shorter, 
thereby leaving an excess of pressure at the eud of the 
shorter branch, which will produce the motion, Tbns, 
draw the vertical line DEC, let A denote the height of the 
water barometer, k the area of a section of the tube, and w 
the weight of a unit of volume ; then the water at the point 
G is urged from left to right by a force 

= whh — wi X EC ; 



aud it is urged from right to left by a force 
= wkh — wk X DC. 



r 




Subtracting the second from the first, we have 

wh (DU - EC) = roi X DE, 

for thp resultant force which urges the water at from lei 
to right, and hence there will be a continuous flow of wate 
from the upper to the lower ycBsel. 

It will be observed that the direction of the flow is wholly 
due to the fact that the lovel of the water in B ia below that 
of the water in A. It is not necessary therefore that the 
longer branch should he immersed in the water; bo long^ 
as the end B of the tube is below the water snrfaoe in A,, m 
the water will continue to flow through the tube AOB, ' 
until either the surface in A has fallen below the end of the 
tube, or, if the siphon be long enough, until the surface in 
A has descended so far that its depth below C ie greater 
than !i. 

Hon. — The siphon is often used to drain ponds, nmrshej 
and canals, and when used for this purpose it is made o 
leather, or stout canvas, like the common hose, 

U2. The Divlug Bell.— This is a large beU-shapc 
vessel made of iron, open at the bottom, and containioj 
seats for several persons. Its weight is greater than that a 
the water it would contain, and when lowered by a 
into the water, the air which it contains becomes more an^f 
more compressed aa it sinks, in consequence of the incre 
ing pressure to which it is Bubjeot. As the volume of »p "" 
diminishes the water rises in the bell ; but the air will 
prevent the water from rising high in the bell, and the 
iwrsons seated within are thus enabled to descend to con- 
siderable depths and to carry on their operations in safety. 
When the surface of the water within the bell ia -at a depth 
of ;)3 fcv't below the outer surface the bell will be hait filled 
fviib water. Tho bell is supplied with fresh air from above 
by a Sesibie tube connected vntb Wi mi: ^uum, and may IwJ 
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entirely emptied of water by the air forced in by the pump. 
There are also contrivances for the expulsion of the air when 
it becomes impure. 

The force tending to lift the bell is the weight of the 
water displaced by the bell and the enclosed air. Hence 
the tension on the suspending chain, being equal to the 
weight of the bell diminished by the weight of water dis- 
placed by the bell and the air within, will increase as the 
bell descends, in virtue of the diminution of air space due 
to the increased pressure, unless fresh air is forced in from 
above. 

Let ABCD be the bell, let EF = 
tty the depth of its top below the 
surface of the water, FK = 3, the 
height of the cylinder, FH = x, the 
length occupied by air, n and n' the 
pressures of the atmospheric air and 
of the compressed air within the bell, 
and h the height of the water ba- 
rometer. Then we have (Art. 48) 




Fig. 72 



it' =: Tc - z=z Tc + gp\a + x). 

X 



(1) 



But, Tc = gph, 

which in (1) gives 

7^ + {a -{- h) <c =1 hh, 

-(g + A) + ^/{a + Jlf + m 

the positive value only being the one which belongs to the 
problem. 

CoR. — If A be the area of the top of the bell, and its 
thickness be neglected, the volume of displaced water is A^, 
and the tension of the chain 

== weight of bell — gfpAx, V^ 



im 
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ScH. — The priDciple of the diving bell is applied 
iag dieses. The diver is ck>ttied in a w&ter-tight dresa 
fitted with a helmet, and ie gnjiphed with air by means of a 
pamp. There ia an escape valve bv whidi tbe circitlatioii 
uf fresh uir is maintained. Th<^ diver may be weighted up 
Ut 200 Ibe.. but on closing the escape valve, he can rise at 
once to the aurface in virtne of the buojancy dne to 
increased displacement of water by the enclosed air. 

143. The Common Pump (Snction Pump).— i 

machine* used for raising water from one level tc' a higl 
in which the agency of atmospheric pressare is employed, is 
called a pump. Pamps are either sucfimi, forcing, or lifi- 
ing ptimps. 

The pnmp most commonly in use is a 
suction pum]), of which Fig. 73 is a ver- 
tical section. AB and BC are two cylin- 
ders connected together having a common 
axis; the former is called the barrel of the 
pump and the latter the suction pipe; M 
is a jjiston accurately dtting the barrel, 
aud movable up and down through the 
space AB by means of a vertical ri)d EV, 
connected with a liandle or lover EF, 
which turns on a fulcrum ; in the piston 
is a valve V which opens upwards, and at 
the top of the suction pipe-BC is another 
valve V, which likewise opens upwards. 
S is a spout a little above A, and C is 
the surface of the water in which the lower part of tht 
pump is immersed. 

To explain tbe action of the snction pump, suppose thri 
pigton M to be at B, the pump filled with ordinary atnrae 

• HHCbliien fur rajsloe wsler have hoen kiinwii trom very carlj RgUH, siul It 
intviUliln lit (be cominuTi pump Is ^^'lic^Hy oHrihiMl lo Clcsibins, tsacher at iHtS 
ealebraled Beta of Ali'ssndris ; bill lU« tnio Iheurj nf iu Boiioii was ngl uudWi-J 
■(ooiKiUfJlo ttoieo/OullleouidTocrtcKUL (.a«.l>i«laiiel'aNat. Fhll., ] 
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pheric air, and the valves V and Y' closed by their own 
weight; the water will stand at the sanie level C both 
within and without the suction pipe. !N^ow raise the piston, 
the air in BC will tend by its elastic force to occupy the 
space whidh the piston leaves void ; it will therefore open 
the valve V, and will pass from the pipe to the barrel, its 
elasticity diminishing in proportion as it fills a larger space. 
It willj therefore, exert less pressure on the water at C 
than the atmosphere does at C outside the pump ; hence 
the atmospheric pressure on the surface of the water outside 
will force water up the pipe BC, until the pressure at C is 
equal to the atmospheric pressure. As the piston rises the 
water will rise in BC, the pressure of the air above M keep- 
ing the valve V closed. When the piston descends, the 
valve V closes, and the air in MB, becoming compressed as 
the piston descends, will at length have its elastic force 
greater than that of the exterior air above the piston, and 
will open the valve V, and will escape through it. 

This process being repeated a few times, the water at 
length ascends through the valve Y' into the barrel, and at 
the next descent of the piston, will be forced through the 
valve V and be then lifted to the spout S, through which 
it will flow. While this water is being lifted, the atmos- 
pberic pressure on the surface of the water outside the pipe 
forces more water into the pump, so that, on the next 
descent, the piston gets more water to lift ; and thus the 
process continues, the suction pipe and barrel remaining 
full, so that a cylinder of water equal to that through which 
the piston is raised will be poured out at each upward mo- 
tion, provided the spout S is large enough. 

ScH. 1. — The height BC must be less than the height of 
the water barometer, or else the water will never rise to the 
valve v. Although the height of the water barometer is 
about 33 feet, yet in consequence of unavoidable imperfec- 
tions in construction, the height of the valve V above the 
eurfaoe pf the w^t^r in the well should be gonsideraiil^ ^sm^ 
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than 33 feet; otherwiae the ijufintity of water lifted by thifl 
piston at each etruke will be Biuall. ■ 

ScH. a. — It is not essential to the eonBtrnetion that tbenn 
shonld be two cylinders ; ti single cylinder, with a yalvefl 
somewhere below the lowest point of the piston-range wi^l 
be Buffieient, provided the lowest point of the range be les^l 
than 33 feet above the surface in the reservoir. S 

It is not necessary to the working of a pump that tb^M 
suction pipe should bo Btniight; it may be of any shap^J 
iind may enter the reservoir at any horizontal distance l»^ 
low the barrel of the pump, I 

lU. Tensiun of the Piston Rod.— {!) If tbe wat«r isM 

BO (I^'ig- 73) has risen to F when the piston is at M, let ^| 
be the pressure of the air in MP; then we have ^' ^H 
pressure of water at P = pressure of water at C — SpPO^M 
ho nee ^ 

But the tension on the rod is tlie difference between the J 
atmospheric pressure above the piston and the presaure otM 
the air in MP ; hence calling A the area of the piston ao^l 
T the tension of the rod, we have from (1) I 

T = (n-n')A=SpPC-A. (3}| 

If one incli be taken as the unit of length, and h be tliA:| 
height in inches of the water barometer, we have ffph = l^V 
lbs., nearly, which in (3) gives I 

T = 15™:^. (8)1 

(3) When the puvip is in full action. — Let AH be9 
the range of the piston, and let CD = h, then at eaolJ 
stroke, the volume DH of water is lifted, and therefore tlfd 
tension of tin.' rod ivhen the piston is aflcending will bffl 
il/u\ {h + HD) until the water begins to flow through thin 
spout. I 
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Therefore in the suction picmp the tension of the 
rod is equal to the weight of the cdumn of water 
whose base is the area of the piston and whose height 
is the height of the water in the pump above the level 
of the well. 

If A be on a level with the spout, all the water lifted 
will be discharged, and as the piston descends, the tension 
of the rod will be gpAJi. 

145. Height Through which the Water Rises in 
One Piston Stroke— Let P and Q (Fig. 73) be the sur- 
faces of the water at the beginning and end of an upward 
stroke of the piston from B to A, and let h as usual be the 
height of the water barometer. The air which occupied the 
space BP at the beginning of the stroke occupies at the end 
of it the space AQ ; and the pressures are respectively 

gp {h - PC), gp (h - QC). 

Hence (Art. 48) 

7i — PC : /i — QC : : vol. AQ : vol. BP. 

If R and r are the radii of the cylinders AB and BC, we 

have 

vol. AQ = TT^AB + 7rr2 (BC — QC), 

vol. BP = 7rr2 (BC - PC), 

^~PC _ 7?2AB -f r^ (BC — QC) 
•'• h-QG" r2(BC-PC) 

which determines QC for any given value of PC. 

CoR. — If the stroke of the piston be less than AB, as for 
instance AH, then HC must be less than h. Also, a limit 
exists with regard to H, which may be shown as follows : 

If P be the surface of the water when the piston M is at 
A, then, as the piston descends, the valve Y' will close, but 
the valve V will not be opened until the pressure ot tM w. 
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in MB 18 greater thaa tlie atmusplieric pressure. When" 
M ifl at A the pressure of the ah- = jrp (A — PC), and uu- 
lese the valve V is opened before M arrives at H, the pressure 
of the air in HB will 



P (A - PC) 



which muBt be greater than gph, if the valve is to open, and 
therefore A-AH must be greater than AB-PC, Uencc, to 
tDsuro the opcuiug of the valve while the surface is below 
B, we must have 

A-AU > AB-BO, 



heri^^^ 
uu- 

jure 

tud I 



AB' 



BC 



1. e., the ratio of AH to HB must be at least as great as i 
ratio of BC to It. This condition, although necessary i 
every case, may not bo sufficient. 

For, suppose that the surface of the watei- is al Q' whei 
the piston M is at A, in which ease the pressure of the t 
in AQ' = gp (A - Q'C). 

When the piston descends to H, the presaaro in HQ' 



= gp (A - Q'C) 



riQ" 



which must be greiittr thim gpk, if the valve is to open, i 
therefore 

7i-AH > AQ'-QC 

But the greatest value of AQ'-Q'C is ^AC*; tl 
we must have 

A-AH > JAC*. 

Since JAO' > AB-BC, unless B is the middle point C 
AC, it follows that the condition in (3) includes the c 
tion in (1), which is therefore in general iusufficicnt. (Si 
Bwant'a IT/droslAtiGS, p. 9T.) 
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146. The Lifting Pomp. — When water has to l.e 
mised to a huigbt pxceeriing about 30 feet, the Bnutkm ptnini 
will not work (Art. 14;3, Sch. 1), and 
the lifting pump is commonly used. 
By means of this instmment, water 
can l>e lifted to any height. It con- 
sists of two cylinders, in the upper 
of which a piston M is movable, the 
piston-rod working througli an air- 
tight collar. A jjipo DF ia carried 
from the barrel to any retinired 
height; at D there is a valve which 
opens into the pipe. The suction 
pipe BC is closed by a valve V, as 
in the suction pump, and the piston 
M usually* has a valve V, 

The action of this pump 13 precisely the same as that of 
the suction pump in raising water from the well into the 
baiTcl. Suppose the piston at its highest ]toint, and the 
surface of the water in the barrel at K ; then, as the piston 
ia depressed, its valve V wilt open, t.nd the water will flow 
throngb it till the piston reaches its lowest point. When 
tlie piston ascends, lifting the water, the valve D opens, and 
water ascends in the pipe DF. On the desceut of the piston, 
the valve D closes, and every successive stroke inci'eases the 
tjaantity of water in the pipe, until at last it is filled, after 
which every elevation of the piston will deliver a volume of 
water equal to that of a cylinder whose base is the area of 
the piston and whose height is equal to its stroke. The 
only limit to the height to which water can be lifted is that 
which depends on the strength nf the instrument and Ibo 
power by which the piston is raiseJ. 

CoK.— If CK = h, the piston lifts the volume BK iit 



oalleil a plunger. vUcti l« 
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each stroke, and if A ^ the area of the piBton th t na 
on l.lie pistrtn-roi) ^ _9p,'I'BK,- until the watt' 
the valve D, since the air is expelled before the a acl u 
in ftill action. After this, the power applied to tl [to 
rod must be increased until the pressure of the w.iter opens 
the Tiilvc D, I, e., until the pressaro =(/p (A + BF), where 
F is the surface of the water in the tube. The water 
then be forced up the tube, the tension of the rod iucrei 
ing as the surface F ascends. 

147. The Forcing Pnuip.—This pump ia a furttiJ 
modification of the simple suction pump; it has no TalveM 
its piston, which is perfectlj solid, 
and works watei-tight in the barrel, 
ranging over the space AE, At the 
top of the suction pipe BC is a valve, 
and at the entrance to the pipe DF is 
a second valve T). 

When this pump is first set in ac- 
tion, water is raised from the well as 
in the common pump, by means of 
the valve B and piston M, the air at 
each descent of the piston being 
driven through the valve D into the 
pipe DF. When the water has risen 
through B, the piston, descending, 
forces it through D ; and when the piston aiieends, the t 
D closes, and more water enters through B, The next j 
scent of the piston forces more water through D, and so ^ 
until the pipe is filled, as in the lifting pnreip. 
The stream which flows from the top of the pipe will \ 
■ intermittent, as it is only on the descent of the piston b 

I water is forced into the pipe ; but a continuous stream c 
H be obtained by means of a strong air vessel N (Fig. ' 
H which consists of a strong brass or copper vessel, at the b 
^L torn of which is a valve Y. Through the top of the i 
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Teasel ia a discharge pipe KF, which passes air-tight Dearly 
to the bottom. When water is forced into the air vessel 
through the valve V by the de- 
Bcent of the piston, it rises 
above the lower end of this 
pipe. The mass of air which 
the vessel contains is compressed 
into a smaller yolame; its elas- 
tic force, pressing on the anr- 
tace of the water at K, with a 
varying but continuous press- 
nre, forces it np the pipe ; and 
il the Hze of the vessel be suit- 
able to that of the pump, and to 
the rate of working it, the com- 
pressed air will continue to ex- 
pand, forcing water up the pipe during the ascent at the 
piston, and will not have lost its force before a new com- 
pression is applied to it, carrying with it a new supply of 
water, and thus a continuous, although varying, flow will 
be maiutained. A few strokes of the piston will generally 
be BuflBcient to raise water in the pipe KF, to any height 
consistent with the strength of the instrument and the 
power at command. 

Cob. — Let h = the height of the water barometer; dur- 
ing the ascent of the piston the valve B is open and Y is 
clo^ ; the pfessnre upon the upper surface of the piston ^ 
gph; the pressure upon the lower surface = gp {Ji — MC), 
the water surface iu the pump being at M ; therefore, catl- 
.ing A the area of the piston, the tension of the rod when 
the piston is ascending = ^p^-MC. 

That is, the tension- of the rod is equal to the weight 
of a column of water whose base is the area of the 
piston, and whose height is the height of the water in 
the btarel above the level of the weU. 
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liH. The Fire Engine. — Tliis is only a modifii 
of the forcing pump with iiii air 
vessel, as just deseribi'd. 

Two cylinders M and M' are 
connected with the air vessel V 
by means of the valves D and 
D', and the pistons are worked 
hy means of a lever GEG', the 
ends of which are raised and de- 
pressed alternately, so that one 
piston is ascending while the 

other is descending. Water ia thus continually heing 
forced out of the air ve.^ael through the vertical |ape 
which has a flexible tabe of leather attached to it, by 
of which the stream can he thrown in any direction. 
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149. Bramah's Press.*— This press is a practical ap- 
plication of the principle of the equal transmission of fluid 
presBuroB (Art. 8). In the vertical 
section of this instrument (Pig". 
78), A and C are two solid pistonB 
or cylinders fitting in air-tight col- 
lars, and working in the strong 
hollow cylinders L and K, which 
are connected hy a pipe BD. At 
D is a valve opening upwards, and 
at B is a valve opening inwards, a 
pipe from D communicating with 
a reservoir of water. M is a mova- 

hle platfonn, supporting the Bubstauee to be pressed, and N 
is tiie top of a stronjr frame. ITOF is the lever working 
the cylinder C, F being the fulcrum, and H the handle. 

Action of the Presn. — Let C be raised ; the atmospheric 

• !l%e piinctpleof thin preEia was snggeete^ bf Slevluus. Itronuioed un&« 
to practice antU VM, when Bramnh. an Knaitsh pnglneer, by ei 
trirance, overcame Ibe oulj' difficult; wUcb pnneDUid its pnuttaml 
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pressure forces water from the reservoir through the valve 
D into the hollow cylinder K, as in the common pump. 
The cylinder C being pressed down, the valve D closes, and 
the water is forced through the valve B into L, and, acting 
on the cylinder A, makes it ascend, thus producing pressure 
upon any substance included between M and N. A con- 
tinued repetition of this process will produce any required 
compression of the substance. 

Let R and r be the radii of the cylinders A and C, p the 
power applied at the handle H, and P the pressure of the 
water on A ; then we have, for the downward forces' on 0, 



HF 
OP' 



P =i> 



But (Art. 9) P:jp'=zIP: 

•*• ^=^0P"^' 



(1) 



(2) 



By increasing the ratio of iZ to r, any amount of pressure 
may be produced. Presses of this kind were employed in 
lifting into its place the Britannia Bridge over the Menai 
Straits, and for launching the Great Eastern. 

150. Hawksbee's Air-Pnmp.*--B and B' are two cylin- 
ders, in which pistons P and P', with valves V and Y' opening 
upward, are worked by means of 
a toothed wheel, the one ascend- 
ing as the other descends. At the 
lower extremity of the cylinders 
thei'e are valves v and v' opening 
upwards, and communicating by 
means of the pipe AC with the 
receiver K, from which the air is 
to be exhausted. Fig. 79 

* The air-pump was invented in 1660 by Otto yon Oaericke, Bnrgomaatee ot 
Xagdebnig. 
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Suppose P at its lowest and P' at its higheet position, 
and tiirti the wheel so that P ascends and P' descends. 
When P' desconde, the valve v cloaca aud the air iu B' flows 
through V, wliilo the valve V is closed by the pressure of 
the external air, and air from R, by its elastic force, opens 
the valve v and tills the cylinder B. Wben P descends, the 
valve V closes, and the air in B being compressed flows 
through the valve V, while the valve V closes, and air from 
the receiver flows through v' into B'. At every stroke of 
the piston, a portion of the air in the receiver is withdrawn ; 
and after a considerable number of strokes a degree of rare- 
faction la attained, which is limited only by the weight of 
the valves which must be lifted by the pressure of the aix . 
beneath. 

Let A denote the volume of the receiver, and S that c 
either cylinder ; p the density of atmospheric air, and p,, 

p„ pn the densities in the receiver after 1, 3,, 

descents of the piatona. Then after the first stroke the air 
which occnpied the space A will occnpy the space A + S^ . 
and therefore we have 





P 


(A + S) 


= pA. 


Similarly, 


Pb 


(J + S) 


= p,^; 




P. 


(.J + if)" 


= pA>, 


ftHd after n stroke 


we 


hm 






Pn 


A + 3]' 


= pA', 




the volume of tiie connecting pipe AC being neglected. 
Hence, calling 7r„ and n the pressures of the air in 
receiver after m strokes and of the atmospheric air respect- 
ively, we have 

!I? _ P? _ /--■d_\" 
rr - p -U +B)' 

Thus, suppose that A is lour timee 6, and wo ^ 
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quired to iiiid the density of the uir in llie receiver at the 
(Mid of tlif 15tli stroke, we Imve from (1) 

If the air originallv had an elastio force equal to the 
pressure of 30 in. of mercury, this would give tiie elastic 
force of the uir remaining in the receiver as equal to a 
pressure of 1.056 in. of mercury. In this case, it is custom- 
ary to say tliat the vacvum pressure is one of 1.056 iu. of 
mercury. 

Sen. — It is evident from (1) that p„ can uever become 
zero as long as n is finite, and therefore, even if the machine 
were mechauieally perfect, we could not by any number of 
strokes completely, remove the air; for, after every stroke 
there would be a certain fraction left of that which occupied 
it before. 

In working the instrument, the force required is that 
which will overcome the friction, together with the difler- 
eiice of the pressures on tlie under surfaces of the piatons, 
tlie pressures on their upper surfaces being tlic same. 

151. Smeaton's Air-Pump.— This instrument con- 
sists of a cylinder AB in whicli a piston is worked by a rod 
passing through an uir-tight collar at the 
top; a pipe ED passes from B to the 
glass receiver C, and three valves, open- 
ing upwai'ds, are placed at B, A, and in 
the piston. 

Suppose the receiver and cylinder to 
bo filled with atmosplieric air, and the 
piston at B. liaising the piston, the 

valve A is opened by tjie compressed air ' I 

in AM which flows out through it, while at the same time I 
a portion of the air in C flows through the pipe T)B to fill ' 
the partial vacuum formed in MB, so that when the piston 
orrivea at A, the aifwHcT] at first oijcm.'^^s&.C "».'=>'» 'S^a>"V»'<5a. 
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the receiver and t,he cylinder. Wlieu the piston descends) 
the valves A and B close, and the air in the cylinder below 
the iiiston is L-onipressed until it opens the valve M, and 
pasaee above tlie piston. As the piston is raised a second 
time the valve A is opened by the compressed air in AM>4 
which flows ont througli it us before; and thna at ea<^« 
stroke of the piston a portion of the air in the receiver iS-j 
forced out through A. 

Let A and B denote the volumes of the receiver oadfl 
cylinder respectively, and p and p„ the densities of atmoe^ I 
pheric air and of air in the receiver after n strokes. Then, J 
as in Art, 150, we have 

p„ (J + BY - M"> 
from which it appears as in the previons article that^i 
although the density of the air will become less and lew] 
at every stroke, yet it can never be reduced to nothing. ^ 
however great n may be. 

ScH. — An advantage of this Instrument is that, the upper \ 
end of the cylinder being closed, when the piston descends 
the valve A is closed by the external pressure, and therefore 
the valve M la then opened easily by the air beneath. Also 
the labor of working the piston is diminished by the 
removal, during the greater part of the stroke, of the:] 
atmospheric pressure on M, which is exerted only duringl 
the latter part of the ascent of the piston, when the val?6'j 
A is open. 

152. The Hydraulic 
Ram.* — The hydraulic ram 
is a machine by which a fall 
of water from a small height 
produces a momentum which 
is made to force a portion of 
the water to a much greater 
height. 




• Ini(enteaby1fionVg<Aaet, 
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In the vortical sectiou (Fig. 81), AB ia the descending 
and FG the ascending column of water, which is sap- 
plied from a reservoir at A. V is a valve opening down- 
wards, and V is a valve opening upwards into the air- 
vessel C; H is a small auxiliary air-vessel with a valve K 
opening inwards. 

The Action of the Machine. — As the valve V at first 
lies open by its own weight, a portion of the water, descend- 
ing from A, flows through it ; bnt the upward flow of the 
water towards the valve V increases the pressure tending to 
lift the valve, and at last, if the valve is not too heavy, lifts 
and closes it. The forward momentum of the column of 
water ABD heing destroyed by the stoppage of the flow, 
the water exerts a pressnre sufficient to open the valve V 
and to flow through it into the air-vessel C, condensing the 
air within; the reaction of the condensed air forces water 
up the pipe FG, As the column of water ABI> comes to 
rest, the pressure of the water diminishes, and the valves 
V and V both fall. The fall of the former produces a 
rush of the water through the opening V, followed by an 
increased flow down the supply pipe AB, the result of which 
is again the closing of V, and a repetition of the process 
jnst described, the water uacending higher in FG, and 
finaUy flowing through G. 

The action of the machine is assisfed by the aii-veasel H 
in two ways — first, by the reaction of the air in H, which is 
compressed hy the descending water, and, secondly, by the 
valve K, which affords supplies of fresh air. When the 
water rises through V, the air in H suddenly expands, and J 
its pressure becoming less than that of the outer air, the m 
valve K opens, aud a supply flows in, which compensates 1 
for the loss of the air absorbed by the water and taken up 1 
the column FG, or wasted through V. About a third of I 
the water employed is wasted, but the machine once set in ' 
motion will continue in action for a long t\«ift,\"^as\5v'i^'^^ 
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supply in the reservoir be maintained. (See Besantiij 
HydroBtatiea, p. 113.) 

153. Work of Water Wheels.— To utilize a head c 
water, consisting of an actual elevuHou above a datum le^ 
at wliicli the water can be delivered tind cUsiJOsed 
macbine may be employed in which tbc direct action i 
the weight of the water, while falling through the gives' . 
height is the principal moving force. 

When a stream of water strikes tlie paddles of a wheel I 
which has a certain velocity, the energy imparted to the ' 
wheel by the water, from (4) of Art. 98, 



= [.> 



(1) I 



where V is the velocity of the periphery of the wheel, v the 
original velocity of the water, und W tlie weight of water 
acting on the wheel per second ; but if the water descends 
with the paddle there is an additional amount of work done 
on the wheel due to the mean height h throngh which the ■ 
waterfalls. Hence we have, for the whole work done on-] 
the wheel per second. 



.i^-{.-vnl+w.. 



Now if the water leaves the puddles tlie work remaining 
in the water will be lost; hence, calling r, the velocity of 
the watfir after it has left the paddlea, we have for the use- 
ful work 17 done on the wheel 

= \ZvV-V*— ip,»] ^ + Wh. 

which ia the gonei-ul expression for the work done by I 

water wheel when the water impinges upon the paddl4 

perpendictilarly. 
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154, Work of Orershot Wheels.— When a waterMI 
ranges between 10 iind 70 feet, and the water siipplj^ iBih>in 
3 to 25 cubic feet per second, it is 
possible to construct a bucket 
wheel on which the water acts 
chiefly by its weight. If the varia- 
tion of the head-water level does 
not exceed 2 feet, an overshot 
wheel may be used. The water is 
then projected over the summit of 
the wheel, and falls in a parabolic 
path into the bucket. If ti be the 
velocity of delivery to the wheel, 

the part ^ is converted into energy of motion before reach- 
ing the buckets and operates by impulse ; hence in a wheel 

of this class the water does not operate entirely by weight. 

The height h through which the water falls is the vertical 
height of the point at which the water meets the buckets 
above the point where it leaves them, which in this wheel 
is nearly equal to the diameter of the wheel ; and as the 
velocity of the water on leaving the bucket is the same as 
the velocity of the bucket itself, we have v^ ^ V; hence 
(3) of Art. Ifi3 becomes 




U={v-V)V- 



(1) 



OaUing m the efiSciency* of these wheels, we have from (1) 
E7=mP(i>-F)r+A~|jr. (3) 

OoB. — To find the relation of v and F so that the useful 
work V of the wheel may be a maximum, we must equate 
to zero the derivative of tTwith respect to V, which gives 

• Boo Aoal. Vecbb, Ai^mt. 
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V = Jw, I. e., the wheel works to the best advam 
when, the velocity of its peripfieryis one-haif that o/ | 
the streajn. 

SoH.— If the velocity of the periphery of this wheel is 
too great, water ia thrown out of the buckets before reach- 
ing the liottom of the full. In practice, the circumferential 
velocity of water wheels of this kind is from 4J to 10 feet 
per second, about 6 feet being the usual velocity of good 
iron wheels not of very small size. The velocity of the 
water therefore ia limited to about 13 feet per second, and ■ 
the part of the fall operating by impulse is therefore about I 
2J feet. The rest of the fall operates by gravitation, but s 
certain fraction is wasted by spilling from the buckets, and 
emptying thera before reaching the bottom of the fall. The 
great diameter of wheel required for very high falls ia in- 
convenient, bufc there are esaraples of wheels 60 feet ia _| 
diameter and more. 

The efficiency of these wheels tiuder favorable t 
stances is 0.75, and ia generally about 0.65, 

155. Work of Breast Wheels. — When the variatiowj 

of the head-water level exceeds 3 feet, a breast wheel i 
better than an overshot. In 
breast wheels the buckets are 
replaced by vanes which move in 
a channel of masonry partially 
surrounding the wheel. The 
water falls over the top of a slid- 
ing sluice in the upper part of 
the ohanneL The channel is 
thus filled with water, the weight 
of which rests on the vanes and 
furnishes the motive force on the wheel. There is a o 
amount of leakage between the vane^ and the sides of the J 
o/uawel, bat this loss is not so great as that by spilling from fl 
the backets of the overshot w\iee\. 
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Tn this wheel, as in the case of the overshot wheel, v^ = 
V, therefore (1) and (3) of Art. 154 also apply to breast 
wheels, h being the height of the point at which the water 
meets the viines above the point where it leaves them. The 
efficiency is fonnd by experience to be as much as 0.75, 

8cH, 1. — Theoretically this wheel also works to the best 
advantage when the speed of its periphery is one-half that 
of the stream (Art. 151, Cor.). But Morin found, by ex- 
periments, that the efficiency of the wheel is not much 
affected by changes in ita velocity. This is owing to the 
circumstance that the useful work is dependent principally 
upon the term Wh, and not upon the other term in the 
formula which alone is affected by the velocity of the wheel. 
Hence the great advantage of this wheel is, that it may be 
worked, without materially impairing its efficiency, with 
velocities varying from \v to \v. 

ScH. 2. — As the diameter of this wheel is greater than 
the fall, a breast wheel can be employed only for moderate 
falls. 

Overshot and breast wheels work badly in back-water, 
and hence if the tail-water level varies, it is better to reduce 
the diameter of the wheel bo that its greatest immersion in 
flood is not more than one foot. 



156. Work of Undershot 
Wheels. — The common un 
dershot wheel consists of a 
wheel provided with vanes 
against vhich the water im 
pinges directly. In this case 
the water is allowed to attam 
a velocity due to a considera 
ble part of the head immed.atcly before entcrmg the ma- 
chine, so that its energy is nearly all converted into energy 
of motion : and as the water has oo t*VV ^so. "&!& -ri\i!i^'«fi5> 
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its velocity on leiiving the vanea is the same ax the veloci^ 
of-'the vane itself, we have h = 0, Vi = V; therefore (1^ 
of Art. 153 becomes 



where m, as before, in the efficiency of the machine. 

Sen. — The wheel works to the best advantage when thrf 
speed of the periphery is one-half that of the stream (ArUl 
15i, Cor.), but the efficiency is loiv, never exceeding 0.5. 

WheelB of this kind are cambrona. In the early days c 
hydraulic machineB, they were often used for the sake < 
simplicity. In mountain countries, where unlimited powecl 
is available, they are still found. The water is then coo- 1 
ducted by E^i artificial channel to the wheel, which aomd- 1 
times revolves in a horizontal plane. When of BmaQ' J 
diameter, their efflciencv is still further diminished.* 



157. Work of the Poiicelet Water Wheel.— When I 

the fdl does not exceed 6 feet, the best water motor to adopt j 
in many cases is the Poncelet undershot water wheel. Iti i 
the common undershot water wheel, the paddles are fiat,.| 
whereas in the Poncelet wheel they are curvedj so that the J 
direction of the curve at the lower edge, where the water 1 
first meets the paddle, is the same as the direction of the " 
stream. By this arrangement, tfie water, which is allowed 
to flow to the wheel with a velocity nearly equal to the 
velocity due to the whole fall, glides up the cnrved floats 
without meeting with any sudden obstruction, comes to < 
relative rest, then descends along the float, and uc{|uires a 
the point of discharge from the float a backward velocitj 
relative to the wheel nearly equal to the forward velocity d 
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the wheel. The water will therefore drop off the floats de- 
prived of nearly all its kinetic energy. Nearly the whole of 
the work of the stream must therefore have been expended 
in driving the float ; and the water will have been received 
without shock, and discharged without velocity. 

Let V and V be the velocities of the stream and float re- 
spectively ; then the initial velocity of the stream relative 
to the float is v — F, and the water will continue to run up 
the curved float until it comes to relative rest ; it will then 
descend along the float, acquiring in its descent, under the 
influence of gravity, the same relative velocity which it had 
at the beginning of its ascent, but in a contrary direction. 
Therefore the absolute velocity of the water leaving the 
float is F— (v — F) = 2F— i;. 

Now the useful work U done on the wheel must equal 
the work stored in the water at first, diminished by the 
work stored in the water on leaving the wheel ; hence 

W W 

= y^(t'-F)F. (1) 

Comparing this expression with (1) of Art. 156, we see 
that the work performed by the Poncelet wheel is double 
that of the common undershot wheel. 

ScH. — This wheel works to the best advantage when the 
speed of the periphery is one-half that of the stream (Art. 
154, Cor.). This conclusion also follows from the form of 
the floats, as above described ; since if all the work is taken 
out of the water when it leaves the floats, its velocity must 
then be zero, and therefore 2 F— t; = 0, or F=: ^v.* 

The efficiency of a Poncelet wheel has been found in ex- 



* The inventor, Poncelet, states that, in practice, the velocity of the water, in 
orde^ to produce its maximnm eflisct, onght to be about 2^ times tliat of the wheelv 
and that the eiBciency of the whMl is aboat 0*7 (T«iW^ ^^ti(^YV!2^^^«>S)a^ 
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periraenta to reach 0.68. It is better to take it at 0.6 
eatimating the power of the wheel, bo as to allow boi 
margin. 

158. The Reaction Wheel; Barker*^ IILUI.^ I 

Fig. 85 ahowa a aimple reaction wheel. AOB is a tubcf J 
capable of revolving about its asia, which 
la vertical, and having a horizontal tube 
DBE connected with it. Water is snp- 
plied at 0, which descends tlirough the 
vertical tube, and issues through the ori- 
fices D and E at the extremities of the 
horizontal tube, so placed that the direc- 
tion of motion of the water is tangential 
to the circle described by the orifices. 
The efflux ia in opposite directions from 
the two orificea ; as the water flows through BD, the press- 
ures ou the sides balance each other except at D, where 
there is an uncompenaattd pressure on the side opposite the 
orifice; the effect of this pressure or reaction is to cause 
motion in a direction opposite to that of the jet. The same 
effect is produced by the water issuing at E, and a continued 
rotation of the machine is thus produced by the reaction of ■ 
the jet in each arm. j 

Let A be the available fall, measured from the level of the ' 
water in the vertical pipe to the centres of the orificea, v 
the velocity of discharge through the jets, and Fthe veloc- 
ity of theorificeain theirciroularpath. When the machine 
is at rest, the water iasnes from the orifices with the velocity 
V^gh (neglecting friction). But when the machine 
tates, we have for the velocity of discharge through tb© I 
orifices, from (1) of Art. 89, 



Rb-bs 



While the water passes through the orifices with th 
looity V, the oriflces tliemaelves are moviag in the oppt 
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direction with the velocity F. The absolute velocitj of the 
water is therefore 



v^V=: \/V^ + %gh-V. (2) 

Now the useful work done per second by each pound of 
water must equal the work due to the height A, diminished 
by the work remaining in the water after leaving the 

machine. Hence^ 

(v — F)2 
useful work = A — ^^ — ■= — — 

The whole work expended by the water fall is h foot- 
pounds per second ; consequently, to find the efficiency of 
the machine, we divide (3) by h (Anal. Mechs., Art. 216), 
and get 

efficiency = (Vj^ + ^ZlZll (5) 

= 1 - III + etc. (6) 

(by the Binomial Theorem), 

which increases towards the limit 1 as F increases towards 
infinity. Neglecting friction, therefore, the maximum 
efficiency is reached when the wheel has an infinitely great 
velocity of rotation. But this condition is impracticable to 
realize ; and even at practicable but high velocities of rota- 
tion, the prejudicial resistances, arising from the friction of 
the water and the friction upon the axis^ would considera- 
bly reduce the efficiency. Experiment seems to show that 
the best efficiency of these machines is reached when the 
velocity is that due to the head, so th«»t V* •=. ^^* 
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When F* = 2gh, we have, from (5), neglecting frictioii>M 

efficiency = K ^ — ^) ^' „ o^ggg^ ^y^ 

abont 11 per cent, of the energy of the fall being carried ■ 
away by the water discliargod. The actual efficiency real- \ 
ized of these machines appears to be about 00 per cent, bo 
that about 33 per cent, of the whole head is spent in over- 
coming frictional resistances, in addition to the energy 
carried away by the water. J 

ScH. — The reaction wheel in its crudest form is a veiyS 
old machine known m " Barker's Mill." It has been em-fl 
ployed to some extent in practice as an hydraulic motor, thcM 
water being admitted below and the arms cnrved. In thisfl 
case the water is transmitted by a pipe which descends he-M 
neath the wheel and then turns vertically upwards. Th« 
vertical axle is hollow, and fits on to the extremity of th<fl 
supply pipe with a stuffing box. In this construction tbdj 
upward pressure of tlic water may be made equal to tinm 
weight of the wheel, so that the pressure upon the axis mafl 
he nothing. These modifications do not in any way affecbl 
the principle of the machine, but the frictional refflstaneeaS 
may probably be diminished. I 

159. The Centrifngal Pnmp.— When large qnanti-B 
ties of water are to be raised on a low lift, no pump is Bofl 
suitable as a centrifugal pump. In this pump, water lam 
raised by means of the centrifugal force given to the watWl 
in a curved vane or arm, proceeding from the vertical axis. I 
The dynamic principles of this machine are the same ns- 1 
those of the reaction wheel (Art. 168) ; hut they differ iit i 
their objects. In the latter machine, a fall of water gives n -I 
rotatory motion to a vortical axis, while in the former sn 
rotatory motion is given to a vertical axis in order to eldd 
'Vaie a column of water. fl 
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Let h be the height to which the water is raised^ meas- 
ured from the level of the water in the well to the centre 
of the orifice of discharge, v the velocity of discharge through 
the orifice, and V the velocity of the orifice in its circular 
path, as in Art. 158. Then the work due to the centrifugal 
force must equal the work of raising the water through the 
height h, increased by the work stored in the water at 
efflux ; therefore 

.-. v = V F2 — 2gh, (1) 



and v — F= VF2 — 2^A— F 

[as in (2) of Art. 158]. 

Now the work applied per second to raise each lb. of 
water must equal the work in raising the water through the 
height h, increased by the work remaining in the water 
after leaving the machine. Hence 

applied work = A + ^ — ^ — - 

9 ' ^ ^ 

The useful work is h foot-pounds per second; therefore 

efficiency = -, -^ — — (3) 

(F- VF2-2^A)F 

= l-i^-.etc., (4) 

which increases towards the limit 1 as F increases towards 
infinity. Neglecting friction, therefore, the maximum 
efficiency is reached when the pump has an infinitely great 
velocity of rotation, . as in the ca^ ot IVi^ ^^^fc^o^x "^C\\^j^. 



OoE.— When F» = 'igh, we have, from (3), 

efficiency = 0.5. 
When F' = igh, we have, from (3), 

'°'™°°^ = 2(3^ = -^ 

When Y* = 6gh, we have, from (3), 

efficiency = 0.9. 

Henoe, theoretically, the centrifugal pump has a o 

siderable effici-ency when the vdocity of rotatia 

exceeds the velocity due to twice the height of the o 

umn. of water raiwd. 

ScH. — Centrifugal pumps work to the best advantage, 
only at tlie particular lift for wliicli they are designed.. 
Wten employed for variable lifts, as is constantly the 
in practice, their efBciency is much reduced, and does not 
exceed .5, and is often much less. 

Tlie earliest idea of a centrifugal pump was to employ an 
inverted Barker's Mill, consisting of a centml pipe dipping 
into water, connected with rotating arms placed at the Ic 
at whicli water is to he delivered. The first pump of this. 
kind which attracted notice was one exhibited by Mr. Ap-J 
pold in 1851, and the special features of this pump have 
been retained in the best pamps since constructed. The 
experiments conducted at the Great Exhibition on Appold't 
Centrifugal Pump with curved arms, gave the maximum 
efficiency 0.68. But when the arms were straight and ra- 
dial, the efficiency was as low as .24, showing the greafc 
advantage of having the curved form of the arms, whidt! 
causes the watfir to be projected in a tangential direction. 

160. Turbines, — A reaction wheel is defective in priai 
cipio, because the water after delivery has a rotatory v 
ity, in consequence of which a Urge part of the Iiei 



^ 



wasted (Art 158). To avoid this, it is necessary to employ 
a machine in which some rotatory velocity is given to the 
waWr before entrance, in order that it may be posaible to 
discbai'ge it with no velocity except that which is absolutely 
required to pass it throngh the machine. Such a machine 
is called a Turbine, and it is described as " outward flow," 
"inwai-d flow," or "parallel flow," according as the water 
during its passage through the machine diverges from, con- 
verges to, or moves parallel to the axis of rotation.* 

Turbines are wheels, generally of small size compared 
with water wheels, driven chiefly by the impulse of the 
water. The water is allowed, before entering the moving 
■ part of the turbine, to acquire a considerable velocity ; dar- 
ing its action on the turbine this velocity is diminished, 
and the imjjulse due to the change of momentum drives the 
tarbine. 

Eoughly speaking, the fluid acts in a water-pressure 
engine directly by its pressure ; in a water wheel chiefly by 
its weight causing a pressure, but in part by its kinetic 
energy, and in a turbine chiefly by its kinetic energy, which 
again causes a pressure, f 

In tlie outward and inward flow turbines, the water en- 
ters and leaves the turbine in directions normal to the axis 
of rotation, and the paths of the molecules lie exactly or 
nearly in planes normal to the axis of rotation. In ontward- 
flow turbines the "general direction of flow is away from 
the axis, and in inward-flow turbines towards the axis. In 
parallel-flow turbines, the water enters and leaves the tur- 
bine in a direction parallel to the axis of rotation, and the 
paths of the molecules lie on cylindrical surfaces concentric 
n-ith that axis. 

There are many forms of outward-flow turbines, of which 
the best known was invented by Fourneyron, and is com- 
monly known by his name, The iuwai'd-flow wjls invented 
by Prof. Jas, Thomson. 

* Cotterlll's Apji. UboIu., p. SW. t Bdc^. Brit.. ToL XIL, p. EW- 
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EXAMPLES. 



The theory of turbines is too intricate a subject toll 
considered in tliis treatise. Fur a general claBsification irfl 
tarbines, with descriptions, illiistriLtions, and discussions of 1 
these machines, as well aa for a further development of 
hydraulic machines in detail, the student is referred, among 
other treatises, to the following : Fairbaim's Millwork and 
Machinery, Colyer's Water- Pressure Machinery, B&rrow'ft_ 
Hydraulic Manual, Glynn's Power of Water, Prof. Uunm"?; 
Hydrauhcs. 

EXAMPLES. 

1. In a hydroetatie bellows (Fig. 70), the tnbe A iB| o 
an inch in diameter, and the area DE is a circle, the diam 
L'tcr of which is a yard. Find the weight whicli can bel 
supported by a presHure of 1 lb, on the water in A, 

Am. 83,944 lbs. 

3, Describe the siphon and Its a<;tioD, What wonld \ 
the eSect of making a small aperture at the highest poii^ 
of a siphon? 

3. A prismatic bell is lowered until the auriace of tM 
water within is (56 feet below the outer surface; 
approximately how much the air is compressed. 

Ans. To \ of its original Tolnme. | 

4. If a prismatic bc.11 10 feet high bQ sunk in eea wabe 
until the water rises half way up the boll, tind how far th?^ 
top of the bell must sink below the surface, the tempenkrf 
ture remaining the same, 

ABBome the water barometer _ SiJ feet for sea water. 

Alls. 28 fi 

5. In the position of the bell in Ex. 4, find how mntd 
air must be forced into it in order to keep ttie water dow 
to a level of 3 feet from its bottom. 

Ans. 0.73 W, where W is the weight of the air in t 
bell when at the surface. 
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6. If a small hole be made in the top of a diving bell, 
will the water flow in or the air flow out ? 

7. If a cylindrical diving bell, height 5 feet, be let down 
till the depth of its top is 55 feet, find (1) the space 
occupied by the air, and (2) the volume of air that must be 
forced in to expel the water completely, the water barometer 
standing at 33 feet. 

Ans. (1) 1.8 nearly; (2) ffths of the volume of the bell. 

8. The weight of a diving bell is 1120 lbs., and the 
weight of the water it would contain is 672 lbs. Find the 
tension of the rope when the level of the water inside the 
bell is 17 feet below the surface (h = 33 feet). 

Ans. 676.48 lbs. 

9. A cylindrical diving bell of height a is sunk in water 
till it becomes half full. Show that the depth from the 

surface of the water to the top of the bell is y^ — -• 

10. A cylindrical diving bell, of which the height inside 
is 8 ft., is sunk till its top is 70 feet below the surface of the 
water. Find the depth of the air space inside the bell 
(A = 33 feet). Ans. 2^ feet. 

11. (1) Describe the action of a common pump; (2) 
distinguish between a lifting pump and a forcing pump ; 
(3) to what height could mercury be raised by a pump? 

12. The length of the lower pipe of a common pump 
above the surface of the water is 10 feet, and the area of 
the upper pipe is 4 times that of the lower ; prove that if 
at the end of the first stroke the water just rises into the 
upper pipe, the length of the stroke must be 3 feet 7 inches 
very nearly (h = 33 feet). 

13. If the diameter of the piston be 3 inches, and if the 
height of the water in the pump be 20 feet above the well, 
wh»t is ihe pressure on the piston ? An9. 61.2 Ibe. 



396 EXAMPLES. 

14. If the diameter be 3^ inches, the height of the vftter 
in the pump 37 feet 5 ioches, the lever handle 4 feet, and 
the distance from the fulcrum to the end uf the piston rod 
4 inches, find the force neceeaary to work the pamp-handle. 

Ann. ^ lbs. 

15. The height of the column of water is 60 feet above 
the well, the piston has a diameter of 3 inches, the pump- 
handle ia 3| feet from the falcnim, and the distance of the 
falcrnm from the piston rod is Sf inches ; find the force 
necessary to work the pump. Ans. 15.3 lbs. 

16. If the height of the cistern above the well be 35 feQ 
the diameter of the piston 3 inches, and the leverage of t 
handle 12 : 1, find the force necessary to use in pumping. 

Ans. 2.83 lbs. ' 

1?. If the height of the cistern be 43 feet, the diamettf^ 
of the piston 4i^ inches, the length of the handle 49 inche^j 
and the distance of the fulcrum from the piston rod 3 
inches, find the force. Ans, 20,65 lbs. 

18. The diameter of the piston of a lifting pump is 1 foot, ^ 
the piston range is 3^ feet, and it makes 8 strokes per 
minnte; find the weight of water discharged per minute, 
supposing that the highest level of the piston range is less 
than 33 feet aboye the siufaco in the reservoir {h = 
feet). Ans. 312.57r lbs., or about 983 lbs. 

19. If in working tiic pump of Ex, 18, the lower level a 
the piston range be 31^ feet above the surface in the reaei^fl 
voir, find the weight of water discharged per minnte. 

Ans. 187,6n-lba. 

20. In a Bramah's press FO = 1 inch, FH = 4 inohoi 
the diameter of ^ = 4 inches, and diameter of C =^ iat 
inch; find the force on A produced by ft force of 21!bt 
applied at U. Ahs. 513 Ib& , 
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21. In one. of the Bramah presses used in raising the 
Britannia tube over the Menai Straits, the diameter of tlie 
piston was 1 inch, that of A 20 inches ; the force applied 
to C at each stroke was 2| tons ; find the lifting force pro- 
duced by the upward motion of A. Ana. 1000 tons. 

22. If the receiver be 4 times as large as the barrel of an 
air-pump, find after how many strokes the density of the 
air is diminished one-half. 

Ans. Early in the 4th stroke. 

23. After a vety great number of strokes of the piston of 
an air-pump the mercury stands at 30 inches in the 
barometer-gauge, the capacity of the barrel being one-third 
that of the receiver, prove that after 3 strokes the height of 
the mercury is very nearly 12f inches. 

24 A fine tube of glass, closed at the upper end, is 
inverted, and its open end is immersed in a basin of mer- 
cury, within the receiver of a condenser; the length of the 
tube is 15 inches, and it is observed that after 3 descents of 
the piston the mercury has risen 5 inches; how far will it 

have risen after 4 descents ? 

15 X 

Ans, The ascent x is given by the equation --z h t 

20 
= 4 + gT- If A = 30, a; =6.1 nearly. 

25. If ^ = SB (Art 151), find the elastic force of the 
air in the receiver after the 5th, 10th, 15th, and 20th 
strokes, the height of the barometer being 30 inches. 

Ans. 7.119 ins.; 1.689 ins.; 0.401 ins.; 0.095 ins. 

26. In the same pump, the barometer standing at 30, 
find the number of strokes, (1) when the mercury in the 
gauge rises to 25 inches, and (2) when the rarefaction is 
1-^100. Ans. (1) 6.2; (2) 16. 

27. If a hemispherical diving bell be sunk in water until 
the surface of the water inside the bell bisects its vertical 
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radius, find the depth of tlic bell, supposing t 
pheric preesure to Ix: 14.28 llw. to the sqnare incli (A = 
jj/tv", Frum Kiirfiiet' to surtiice T3.3 C 

28. There is a pump lifting wat«r 29 fL-et high, the 
diameter of its piston is 1 foot, the play of the piston is 3 
feet, and the pump makes 10 strokee per minute ; (I) how 
many galluus of water will be digchai;ged per minute, anJ^ 
(2) what is the pressure on the piston ? 

Alls. (1) 147 gala.; (2) 1420 Iba. 

29. Water flowing through a trough, 2 feet wide and 1 
foot deep, with n velocity of 10 feet per second falls upon 
an overshot wheel 50 feet in diameter. Find (1) the part 
of the fall operating by impulse ; (2) the maximum useful 
work of the wheel, the efficiency being 0.70 ; and (3) the 
number of revolutions the wheel makes per hour when 
doing maximum work. J 

Ans. (1) 1.55 feet; (a) 43076.25 ft.-lhs. per eec; (3)1 
114.59. 1 

30. Water is furnished to a breast-wheel at the rate of 
20 cubic feet per second with a velocity of 8 feet. The fall 
is 20 feet and the efficiency 0.75. What is the useful work 
done by the wheel when the periphery has a velocity of 3, 
4, and 5 feet per second respectively ? (See Seh. 1, Art 
155). 

Atis. 19185.94; 19315.94; and 19186.0 ft.-lbs. per seo. . J 
respectively. I 

31. What is the useful work done hy an nndershot ' 
wheel, 40 feet in diameter, making 120 revolutions per 
hour, the velocity of the water being 80 feet i>er second and 
the area of the vanes being 1^ square feet ? 

Ans. 1910 ft-lbs. per second. 

32. What is the efficiency of a reaction wheel when the 
water having a head of l(i feet> issues from the orifices with 
a velocity of 45 feet per second ? A?is. 0.8254. 



